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Dynamical decoupling is widely used in many quantum computing systems to combat decoherence. In a practical
superconducting quantum system, imperfections can plague decoupling performance. In this work, imperfections in a
superconducting qubit and its control system are modeled via modified Hamiltonian and collapse operator. A master
equation simulation is carried out on the qubit under 1/f environment noise spectrum. The average dephasing rate of
qubit is extracted to characterize the impact of different imperfections on the decoupling from dephasing. We find that
the precision of pulse position, on—off ratio, and filtering effect are most critical. Bounded pulses have weaker impact,
while variation in pulse width and qubit relaxation are insignificant. Consequently, alternative decoupling protocols, jitter
mitigation, cascaded mixers, and pulse shaping can be conducive to the performance of decoupling. This work may assist
the analysis and optimization of dynamical decoupling on noisy superconducting quantum systems.
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1. Introduction

A superconducting quantum system is one of the most
promising candidates for practical quantum computers. Con-
siderable efforts have been made to integrate the wide vari-
ety of superconducting qubits and their auxiliary equipment.
However, scaling up while maintaining relatively long co-
herence time is still difficult. Decoherence induces errors in
computing. Specifically, relaxation causes bit-flip error and
dephasing leads to phase-flip error. If we wish to run use-
ful algorithms on such a vulnerable superconducting quantum
computer, then errors have to be compensated for. One way
to do this is quantum error correction (QEC),!"?! where one
actively detects errors and then corrects them. Another way
is error mitigation, in which dynamical decoupling (DD) and
decoherence-free subspaces (DFSs) are prominent.’>= Com-
pared to QEC and DFSs, DD consumes much less time and
hardware resources because of no encoding overhead and is
more suitable for current superconducting quantum systems
with a few dozens of noisy qubits.[®7! In an advanced quantum
system with many qubits that reach fault-tolerant threshold, we
can even combine unconditional DD with conditional QEC to
achieve a balance between performance and overhead.!®! DD
can prolong quantum state storage time and be flexibly in-
serted into quantum circuits to improve fidelity of quantum
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state manipulation.®! It is also scalable because we can per-
form DD on each qubit independently and simultaneously in
multi-qubit systems. %111

Dynamic decoupling has been utilized in superconduct-
ing quantum systems to protect the Bell state,!'?] and the
entanglement between a qubit and a microscopic two-level
system. 3] Dynamic decoupling has also been applied to a flux
qubit!'*! and a transmon qubit!!3] as a probe for noise spec-
troscopy. Nevertheless, imperfections can result in lowered or
even lost effectiveness of DD. %! Imperfections relevant to the
efficiency of DD against dephasing originate from erroneous
generation of DD signal, distortion of the signal due to circuit
components, and qubit relaxation. To the best of our knowl-
edge, the effects of imperfections on the performance of DD
on superconducting qubits have not yet been systematically
discussed.

In the present paper, we study the impact of such imper-
fections on the results of DD via simulations. The rest of this
paper is organized as follows. We first describe the theoreti-
cal model of a qubit, its noise environment and driving pulses,
and we then conduct master equation simulation of the qubit
evolution. By comparing the performance of DD under dis-
tinctive imperfections, we finally discuss what imperfections
count and how to avoid their adverse effects.

*Project supported by the National Basic Research Program of China (Grant No. 2011CBA00304), the National Natural Science Foundation of China (Grant
No. 60836001), and the Research Fund from Beijing Innovation Center for Future Chip.
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2. Theoretical model
2.1. Qubit dynamics

A qubit state can be expressed as density matrix
p. The qubit’s evolution follows Liouville-Von Neumann

equation!!”!

dp i

— =——H 1
where i is the imaginary unit, 7 is the reduced Planck constant,
and H is the qubit Hamiltonian

)
H = —10;+ He(t) + Ha(1). )
o is the qubit transition frequency. o; is Pauli Z-matrix. H(r)
is the time-dependent control signal, and H,(¢) is the noise.
For a classical noise that leads to dephasing!'®!

Hy(1) = n(t)o, 3)

where n(t) is a random function of time.

An alternative way to express noise is power spectral
density. Low-frequency noise causes dephasing, while high-
frequency noise close to positive (negative) qubit frequency
leads to relaxation (excitation) (see Appendix A for more de-
tailed discussions). In superconducting quantum circuits, low
frequency noise is well approximated by 1/ f noise.!!”! There-
fore, we use 1/f noise to study dephasing. In other words,
n(t) has 1/ f power spectrum.

The environment consists of multiple channels of qubit
decoherence. The dynamics of qubit in environment follows
Lindblad master equation!?’!

dp _

i 1
a = AP | Leli - 5 {LLep) | @

where H is the qubit Hamiltonian that represents coherent evo-
lution and Ly is the collapse operator of the k-th decoherence
channel. Assuming constant relaxation rate 7y;, then the ex-
pressions for relaxation and excitation are

Lielaxation = n (nth + 1)6* ’
Lexcitation = VN0,

where ny, is the residual thermal population of qubit.

®)

2.2. DD and relevant imperfections

Dynamic decoupling is the application of control se-
quences designed against unwanted system—environment cou-
pling, denoted by a Hamiltonian Hsg. The control Hamilto-
nian H,(¢) on the system has propagator!?!]

U.(t) = T exp (— ;l/OtHc(t')dt') , (6)

where 7 is the time-ordering operator. Under the frame

change with unitary operator U, (), Hsg becomes
H(1) = U (1) HseUe (1) + ihU. () U (1),

where U, (t) is the time derivative of U, (t). The propagator for

the controlled system is(??]

U(t) = Ue(t) T exp (— % /0 tFI(t’)dt’). 7

For N-order decoupling with cyclic control U, (¢ + T¢.) = U, (t)
of period T¢, the expansion of U (nT;) in T; to the N-th order
shows no effect on the system, for any natural number n. That
is, if we stroboscopically observe the system at the end of each
control cycle, then the system is effectively decoupled from
the environment to the N-th order. For decoupling sequences
to work, the noise in a control cycle should be correlated in
some way. 1/f noise is coherent noise and has quite a long
correlation time, which makes it perfect for the demonstration
of DD.

The basic DD protocols are Carr—Purcell (CP)?*! and
Carr-Purcell-Meiboom-Gill (CPMG)?4, which are com-
posed of evenly-spaced m-pulses. The initial qubit state and
the rotation axes of control pulses are all in the XY plane, but
the rotation axis of CP m-pulses is perpendicular to qubit initial
state while that of CPMG is parallel to it. CPMG is theoret-
ically better than CP because state error accumulates only in
the fourth order of pulse nutation error for CPMG, while in the
second order for CP.[?]

The Uhrig DD (UDD)?%! protocol has the same rotation
axis as CPMG but the k-th 7-pulse is applied at

Tk

— |, k=1,2,...,Npp, 8
Z(NDD+1>> Db ®)

tx = IpD SiI’l2 (

where tpp is the total evolution time and Npp is the total num-
ber of decoupling pulses. For noise with a power density
spectrum that increases with frequency and suddenly cuts off,
UDD works better than CPMG.?’! But for most noise types
that diminish with frequency, CPMG is the better choice.

The measurement system for DD in a three-dimensional
(3D) superconducting transmon qubit studied in this work is
presented in Fig. 1. For other superconducting qubit types, the
input ports for driving and measurement pulses may be sep-
arate. However, places where error can occur are basically
the same, as demonstrated in the light gray dashed boxes in
Fig. 1. First, low-frequency pulses are generated by an arbi-
trary waveform generator (AWG) to control the timing of driv-
ing and measurement pulses. Driving pulses have two chan-
nels that control qubit rotations in the XY plane. CP, CPMG,
and UDD pulses are originally written in Dirac § function,
assuming each pulse to be infinitely strong and fast. This con-
trol protocol is called bang—bang control. But in practice, su-
perconducting qubits are controlled by bounded pulses, with
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limited height and width, which is an inevitable source of er-
ror. Also, AWG has jitter errors. Consequently, the width
and position of a pulse can deviate from its assigned value.
Then, an IQ mixer takes the two-channel control pulses from
AWG and mixes them with continuous high-frequency signal
from a microwave source. Ideally, when the control pulses are
zero in both channels, the output signal from the mixer should
also be zero. However, the on—off ratio of the mixer is finite
and the output is not completely turned off. This composes
another source of imperfection. Next, the mixed signal goes
through a splitter to combine it with measurement signal, at-
tenuators to minimize thermal noise, a filter to exclude high-
frequency noise and multiple wiring coaxial cables, before it
reaches qubit cavity. The nonlinearity of these components
and impedance mismatch at their interfaces can all contribute
to the distortion of driving signal seen by the qubit, which is
named as filtering effect. Finally, the superconducting qubit it-
self has finite relaxation time and can randomly jump between
its two eigenstates during DD against dephasing, which may
affect the measurement results.

finite pulse

width AWG
width
jitter PNA
_nnn
position /\/\/\/\V‘
jitter m

finite on—off
ratio

300 K

20 dB

20 dB

10 dB

20 mK

filtering of
wiring and circuit
componets

J1

relaxation
and,
excitation

J

Fig. 1. The DD measurement system for a 3D superconducting trans-
mon qubit. Imperfections are described, some with schematic diagrams,
in light-gray dashed boxes.

3. Method

QuTiP[?3! is a useful toolbox for numerical simulation
in quantum systems. It provides master equation solver
brmesolve(-) that allows us to specify the noise power spec-
trum, but its Hamiltonian has to be time-independent. An-
other solver in QuTiP, mesolve(-), is capable of dealing with
time-dependent Hamiltonian and collapse operators but does
not include noise power spectrum. To simulate a qubit under
DD pulses with 1/f noise, we put 1/f noise into the Hamilto-

nian, as shown in Eq. (3), and we utilize mesolve(-) to address

the problem.
decoupling
X(m) (a)
preparation compensation
X(m/2) X(/2)
measure (o)
tpp/2
|0) |0) |0) 0)
T N T N /T N\
\ ‘\\\ D ' )| | \
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Fig. 2. Simulation of qubit evolution under CP decoupling pulses. (a) Above
are qubit control (blue) and measurement (green) pulses for Npp = 1 with
1/f noise (purple). Below is the corresponding qubit evolution on Bloch
sphere. Left to right: initial |0) state, dephasing during the first 71pp /2, de-
coupling during the second fpp /2, final state deviated from |0) because of
dephasing; (b) Qubit evolution with time for different Npp and correspond-
ing linear fitting curves. Each point is an average of 100 times of simulation.

As can be seen in Fig. 2(a), in experiments of DD on a
superconducting qubit, we first rotate the qubit to XY plane
by an X(7/2) pulse, then perform X(7) or Y(x) DD pulses
for Npp times with intervals defined in Subsection 2.2. At
last, the qubit is rotated back for measurement by an X (77/2)
or —X(m/2) compensation pulse, which ensures that the total
rotation angle of all control pulses is an integer multiple of 27.

In our simulation, for each Npp and fpp, we generate a
time-domain sequence of 1/f noise (see Appendix B) and add
it to the same control Hamiltonian as in experiments. Starting

from the initial density matrix |0) (O

, we calculate mesolve(-)

for one time step and update the density matrix. The stepwise
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calculation is repeated until the density matrix of the final state
is recorded. This procedure is repeated for 100 times and the
final density matrices are averaged. Finally, the expectation
value of o, is evaluated for the averaged density matrix. We
sweep fpp to achieve the average time evolution of (o;) and
sweep Npp from 1 to 10. An example of the results is shown
in Fig. 2(b). Then the slope of time evolution is extracted as
the average dephasing rate (G;), which is a good indication of
DD performance. A large (G;) means fast dephasing and bad
performance of decoupling.

Without DD, we adjust the qubit dephasing time to 7, ~
200 ns by modifying the strength of 1/f noise. For the mo-
ment, we use rectangular pulses. Trapi = 40ns is chosen
as the Rabi oscillation period. A short Trgp; is preferable,
but the minimal Tgr,p; available is limited by the precision of
AWG. For an ordinary measurement system, the maximum
sample rate of AWG is around 10° sample/s, which makes
Travi = 401ns a practical choice. The length of a & pulse is
Trabi/2 = 20 s, for both X-control and Y-control. The prepa-
ration and compensation pulses are 10 ns long each, a quarter

of Trabi-

4. Results and discussion

We now present the simulation results and compare the
influence of the imperfections listed in Fig. 1. We will then
briefly discuss the ways to fight against imperfections that

have significant effects on the performance of DD.

4.1. Qubit relaxation

We begin our analysis with the effect of limited qubit
relaxation time. We simulate bounded CP on a noisy qubit
with Ty = 1/(271) = 560ns, along with a good qubit with
Ty = 10us, and compare them to an ideal qubit with no re-
laxation. Figure 3 elucidates that longer 77 has little improve-
ment on the performance of DD. In our following discussions,
we can safely assume 7] = oo when simulating the effects of
other factors.

2.0

1.5¢

(0.) /%o per ns

Fig. 3. Bounded CP decoupling results for qubits with 77 = 560 ns, and
Ti = 10 us, and infinite 7.

4.2. Bounded pulses

Now we compare the performance of ideal pulses with
bounded ones. The impacts of finite pulse width on differ-
ent decoupling protocols are shown in Fig. 4. As Npp in-
creases, the interval between adjacent pulses decreases for a
fixed rpp. Therefore, the effect of decoupling improves with
Npp, for both ideal and bounded cases. Bounded pulses de-
teriorate the performance of all three DD protocols, indicated
by higher (6,) than their ideal counterparts. The differences
become more obvious for bigger Npp. Ideal CP and CPMG
are almost as good but CPMG works better when bounded be-
cause it is more robust to error. UDD has poor performance,
even in ideal case, because it essentially is designed for high-
frequency noise.

(a)

X(n/2) X(m) for CP or Y(m)

/Y(m) for CPMG

CP and CPMG UDD
2.0 T T T T T
(b) —%— ideal CP -¥ - bounded CP
—F— ideal CPMG -F - bounded CPMG
2 1.5F —&— ideal UDD -& boundedUDD |
-
9]
o
X 1.01 1
N
5
T 05f 1
0 A A A A A
0 2 4 6 8 10

Npp

Fig. 4. (a) Waveform of ideal (blue dotted line) and bounded (red solid line)
CP, CPMG, and UDD for Npp = 5; (b) Comparison between CP, CPMG, and
UDD pulses with ideal and bounded strength. Error bar is linear fitting error
(not simulation error).

4.3. Jitter

From now on, we concentrate on the bounded CP because
it is more prone to error than CPMG and more sensitive to 1/ f
noise than UDD. In other words, it epitomizes more clearly
the influence of imperfections. We then consider the jitter of
AWG. Jitter is modeled with the truncated normal distribution
between +0.25 ns with mean ¢ = Ons and standard deviation
o = 0.1 ns. We add this random jitter to the position or width
of each CP pulse and the simulation results are illustrated in
Fig. 5. The jitter in pulse width causes a slight reduction in
performance of CP, while the jitter in pulse position signifi-
cantly increases (G) and is obviously detrimental to the per-
formance because the error caused by positive and minus jitter
in pulse width can counteract to a large extent, while the error
due to the jitter in position cannot. Hence, the jitter in pulse
position should be carefully treated if we want to suppress the
dephasing.
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(a)

pulse width variation pulse position variation

2.0 T T T T T
(b) —3— accurate
-F - pulse width variation
2 1.5} e - 3-- pulse position variation 1
= .
15}
<
o 1.0 1
=
g
~ 0.5 1
0 1 1 1 1 1
0 2 4 6 8 10

Npp

Fig. 5. (a) Waveform of bounded CP with jitter for Npp = 5. The blue-
dotted line is the accurate waveform, while the red-solid line contains
jitter in pulse width (left) or position (right). The extent of jitter is ex-
aggerated for clarity; (b) Impact of jitter in position or width on the
performance of bounded CP pulses.

4.4. Finite on—off ratio

The finite on—off ratio of mixer is modeled as 10% residue
when its input is zero. Equivalently, the LO to RF isolation of
the mixer is 20dB. In Fig. 6, we plot the average trajectories
for different Npp. These trajectories deviate greatly from ideal
ones in Fig. 2(b) so that they can no longer be fitted linearly.
The oscillation of state in time is apparently due to qubit ro-
tation by the residual drive when control should be turned off.
Consequently, the dynamic decoupling cannot work properly
if the on—off ratio of mixer is not good enough.

1.0

0.8
0.6
04
€ 02
0

—0.2

—-0.4

0 200 400 600

Time/ns

800

Fig. 6. Qubit average trajectories with bounded CP when mixer output
cannot be completely turned off.

4.5. Filtering effect

Filtering effect is another inevitable source of error. We
use a low-pass Butterworth Filter (BF) to emulate the filtering
of circuit components. The order of the filter is 1 or 3, and
the —3 dB bandwidth is 0.2 or 0.4 times Nyquist frequency
fc. From Fig. 7, we can see that different filtering parameters
produce similar effects, despite the fact that the waveforms af-
ter filtering are different. The performance with filter is much
worse than that without them. Thus filtering effect is a signifi-
cant factor that may make DD fail.

VAR

order =3, BW=0.2f. order=1, BW=02f. order=3, BW=0.4f,

2.0 : .
(b) - @& - no filter
Q - ¥ - 3rd-order BF to 0.2f,
& 1.5} * --F - 1st-order BF to 0.2f.
5 —3F— 3rd-order BF to 0.4f.
A 1.0
N S
I'\b/ 0.5+ ®-90.0.0--9
0 1
0 2 4 6 8 10
Npp

Fig. 7. (a) Waveform of bounded CP after passing through a Butterworth
Filter (BF) with different order and bandwidth parameters; (b) Bounded CP
decoupling results for unfiltered and filtered pulses.

VNNV AN

trapezoid shape truncated Gaussian shape  raised cosine shape

(b) 2.0 ; . . . :

—_
t
T

(6.) /%o per ns
—
o

| —&— trapezoid

-% trapezoid+BF

0.5 . i
—3— Gaussian -+ Gaussian+BF
—&— raised cosine -k raised cosine+BF
00 2 4 6 8 10

Npp

Fig. 8. (a) The shape of trapezoid, truncated Gaussian, and raised cosine
pulse; (b) Bounded CP decoupling results using the above pulses, with and
without filtering effect.

We sometimes engineer the pulse shape to achieve better
gate fidelity. The steep rising and falling edges of a rectan-
gular pulse have infinite high-frequency components, which
bring about distortion when the pulse encounters filtering.
We change the shape of edges to mitigate such deformation.
Trapezoid, truncated Gaussian and raised cosine types of pulse
shapes are simulated here, as shown in Fig. 8(a), in which
raised cosine is theoretically the best because of its smooth
transitions. ) When we use these three pulse types instead of
rectangular pulse, the performance before and after filtering
are summarized in Fig. 8(b). The filtering effect is modeled by
a 3rd-order BF with 0.01 f; bandwidth. The rising and falling
time for all three pulse types are 10 ns. For truncated Gaussian
shape, we use ¢ = 5ns, and truncate to 20. The waveforms
before and after the pulses pass through the filter are nearly
identical, even for the narrow bandwidth we choose. Perfor-
mance of CP with and without filtering for these pulses are also
almost the same, which implies that filtering no longer adds
to error with optimized pulse shaping. However, because the
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shaped pulses in our simulation share the same pulse height
as rectangular pulses, they are much wider and suffer more
from dephasing within pulse duration. Thus their performance
are inferior to perfect rectangular pulses and approaches that
of filtered rectangular pulses, as shown by the blue dash—dot
and red- dashed lines in Fig. 7, respectively. Pulse shaping
can eliminate the error caused by filtering effect, but does not
necessarily assist DD to perform better. As a matter of fact,
when the qubit itself has short dephasing time, we need shorter
pulses with larger height if we want to improve DD perfor-
mance by pulse shaping.

4.6. Solutions

The impacts of all imperfections discussed in this paper
and corresponding countermeasures are summarized in Ta-
ble 1.

Table 1. Types of imperfections, the severity of their effects on DD and
how to alleviate these effects.

Imperfection Severity of effect Solution

1. qubit relaxation subtle -

2. bounded pulse medium better protocols
3. pulse width jitter subtle -

4. pulse position jitter detrimental jitter mitigation
5. finite on—off ratio detrimental cascaded mixers
6. filtering effect detrimental pulse shaping

More complicated DD protocols are favorable as far
as bounded pulses are concerned. For example, Eulerian
DD?23% eliminates the effect of bounded pulses and con-
catenated DD features higher-order robust decoupling of
qubits against dephasing as well as relaxation. Pulse posi-
tion jitter can be mitigated by synchronizing the AWG and
the microwave source with a 10 MHz clock standard, reduc-
ing rounding errors with carefully chosen parameters or high-
precision AWG, and avoiding mechanical vibrations of de-
vices and wiring. As experimental results in our lab indicate,
if the LO to RF isolation of the mixer is less than 80 dB, corre-
sponding to an on—off ratio of 10000:1, residual drive will lead
to visible degradation. Therefore, we usually cascade two or
three mixers with 20 dB—40 dB isolation each to avoid this
problem. Pulse shapes with gradual transition edges are ro-
bust to the filtering effect. The simulations and analysis of im-
perfections can be further generalized to other applications of
DD, such as the improvement of sensitivity of quantum sens-

ing with NV centers. 3!

5. Conclusion

In this paper, we have built a model of a superconducting
qubit under 1/f noise and DD driving pulses. We use QuTiP
to simulate qubit evolution and compare the performance of

DD via average dephasing rate under the influence of vari-
ous imperfections. Bounded pulses perform worse than ideal
ones. Jitter in pulse position, poor on—off ratio and filtering ef-
fect can greatly degrade DD performance, while jitter in pulse
width and qubit relaxation has smaller effects. Pulse shaping
can prevent the pulses from distortion by filtering effect, but
short pulses are necessary to improve DD performance. These
methods and some of the conclusions in this work can be ap-
plied to more complicated systems, such as quantum informa-
tion processing system with multiple superconducting qubits.

Appendix A: Understanding relaxation and de-
phasing

The interaction between a qubit and a harmonic oscilla-
tion mode from its environment is described by the Jaynes-
Cummings Hamiltonian:

@,
Hic/hi= quz +aa’atgla’o. +acy). (Al

g and ®, are the resonant frequency of the qubit and the os-

cillation mode, respectively. ¢, = ((]) _01> is Pauli Z-matrix.

a and a' are annihilation and creation operator of the mode.

01y . . .
o-=1gp) the lowering operator that destroys an exci-
ton and changes qubit state from |1) to |0), while its conjugate

transpose 0} = is the raising operator that creates an

00
10
exciton and transforms |0) to |1). g is the coupling strength be-
tween the qubit and the mode. We denote A = @y — @, as the
frequency difference between the qubit and the mode. When
A > g, which is the so-called weak coupling regime, there
is no direct energy exchange because of energy conservation.
But qubit energy levels are slightly modified by the number of
excitons in the mode. Accordingly, the fluctuations in exci-
ton number result in spectral broadening. Spectral broadening
can be regarded as uncertain rotation velocity around Z axis
on Bloch sphere. Hence, dephasing occurs, which means that
the phase of the qubit state becomes randomized. Meanwhile,
A < g is a strong coupling regime. The qubit can absorb a
photon from the mode and experience a transition from |0) to
[1), which is excitation. It can also emit a photon to the mode
and undergo a transition |1) to |0), which is relaxation. When
A ~ g, dephasing, excitation and relaxation can happen at the
same time. For a superconducting qubit of a few GHz resonant
frequency, its coupling with low-frequency modes from its en-
vironment are the source of dephasing, while high-frequency
modes contribute to excitation and relaxation.

Appendix B: Generation of 1/ f noise in time do-
main

We denote the power spectral density of random noise
n(t) as Sy (f). They are connected by z(f), the Fourier trans-
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form of n(z):

-exp(—2mift)dt,

2(f) = [7un(t)- -
P,

Snn(.f) = |Z(f) 2

For the purpose of simulation, a discrete-time version of n(t)
has to be generated from S,,,(f) repeatedly. We assume Sy, (f)
=0. This is
a good approximation for most noise types, such as 1/ f noise.
According to the Nyquist theorem, let At = 1/(2fnax) be the
time step of our length-N sequence nseq, Where finax = feut,
Note
that a practical power spectral density is symmetric, Sy, (f) =

can be truncated, namely: when f > fou, Spn(f)

then we should also sample N points from S,,(f).

Sun(—f), so we can choose M = N /2 + 1 sampling points for
f > 0. The sampled sequence is defined as Sseq = {Spn(—(M —
2)AL), Sin(—(M=3)Af), ... Sun(=Af), S (0), Sun(AS), ...,
Sun((M =2)Af), Sun((M —1)Af)}. The interval between adja-
cent points in Seeq iS Af = finax/ (M —1). We also define zeeq =
{z(=(M =2)Af), 2(=(M =3)Af), ..., 2(=Af),2(0),2(Af),

cos Z((M =2)Af),z((M — 1)Af)} as the fast Fourier trans-
form (FFT) of ngeq. When we calculate zseq from Sgeq, arbitrary
phases are added to recover randomness because Sseq does not
contain phase information. We generate phases that obey uni-
form distribution in [0,27), ¢(j), j =1,2,... ,M —2. Let
D= fcut/Af’ then

—J-Af) = \/28m(—j-Af) -N-exp(—i@(j)),
]7 172""7 )
i=1.2,....D
2(0) = zo,
z2(j-Af) =0, otherwise,

z(0) may not be convergent for some noise spectrums such as
1/f noise, so we substitute it with an independent DC compo-

nent zo. Finally, we use inverse FFT (iFFT) to get ngeq:
Nseq = Re(iFFT(zgeq)), (B3)

where Re(-) takes the real part of a complex number.
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