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Mott transition in a ruby lattice with fermions described by the Hubbard model including on-site repulsive interaction
is investigated by combining the cellular dynamical mean-field theory and the continuous-time quantum Monte Carlo
algorithm. The effect of temperature and on-site repulsive interaction on the metallic–insulating phase transition in ruby
lattice with fermions is discussed based on the density of states and double occupancy. In addition, the magnetic property
of each phase is discussed by defining certain magnetic order parameters. Our results show that the antiferromagnetic
metal is found at the low temperature and weak interaction region and the antiferromagnetic insulating phase is found at
the low temperature and strong interaction region. The paramagnetic metal appears in whole on-site repulsive interaction
region when the temperature is higher than a certain value and the paramagnetic insulator appears at the middle scale of
temperature and on-site repulsive interaction.
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1. Introduction
A honeycomb lattice and its analogs has attracted con-

siderable great interest in condensed matter physics for many
years due to their significant role in theoretical research and
promising potential in application. Many intriguing quantum
phases, have been observed in these systems, such as topolog-
ical insulators, Bose–Einstein condensation, and the quantum
Hall effect.[1–17] Among the variety of two-dimensional lat-
tices, the ruby lattice may be found in an entirely new class
of stacked two-dimensional topological insulators Bi14Rh3I9,
which is the most interesting one.[18] As shown in Fig. 1,
the crystal structure of Bi14Rh3I9 exhibits a periodic alternat-
ing stacking of two-dimensional bismuth-rhodium networks
and insulating spacers, where the two-dimensional bismuth-
rhodium networks can be understood as a decorated honey-
comb lattice, or ruby lattice. A ruby lattice with fermions
may also be simulated by an optical lattice with cold atoms, in
which the interaction between the trapped atoms can be tuned
by the Feshbach resonance.

The representative work on ruby lattice includes: the in-
vestigation of the dispersion of the topologically protected
spin-filtered edge states of the quantum spin Hall state on ruby
nets with zigzag and armchair edges; the finding of fractional
quantum Hall effect in ruby lattice with Rashba spin–orbit
coupling under the framework of a tight-binding model; and
the realization of a Chern insulator with an extremely flat low-
est band in a ruby lattice, through considering the simplified
spin-polarized version of tight-binding model with spin–orbit
coupling.[19,20] In addition, some other intriguing results have
also been obtained by using the two-dimensional Ising model

and the Kitaev spin model on ruby lattice.[21–23] However, few
have considered the effect of the on-site repulsive interaction
on the Mott transition in ruby lattice with fermions, which
plays a vital role on the quantum phase transition of strongly
correlated systems.

Bi
Rh
I

(a)

(b)

a
b

c

Fig. 1. (a) The sketch map of Bi14Rh3I9 lattice structure and the proto-
type of ruby lattice in this material at the certain plane. The blue sites,
red sites, and yellow ones represent bismuth, rhodium, and iodine, re-
spectively. (b) Aerial view of Bi14Rh3I9 reproduced from Ref. [18].

In this work, the celebrated Hubbard model[24–27] with
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the on-site repulsive interaction is adopted to describe
fermions in a ruby lattice. The cellular dynamical mean-field
theory (CDMFT)[28–32] is used to map the lattice to a self-
consistent embedded cluster in real space and the continuous-
time quantum Monte Carlo (CTQMC)[33,34] algorithm is used
as an impurity solver to deal with the mean field equations.
The CDMFT has proven to be more successful than the dy-
namical mean field theory[35,36] and the CTQMC is more ac-
curate than the general quantum Monte Carlo method. The
density of states and the double occupancy that play critical
roles in the decision of Mott metal–insulator transition have
been calculated based on the single-particle’s Green function,
as obtained by the CDMFT and CTQMC. The phase diagrams
reflect the effect of temperature and on-site repulsive interac-
tion on phase transition and they show the magnetic property
of each phase of the ruby lattice with fermions.

2. Model and methods

2.1. Model

As shown in Fig. 2(a), the ruby lattice can be viewed as
an expanded honeycomb lattice with triangles replacing the
vertices and squares replacing the bonds. The Hamiltonian of
the single-band Hubbard model with on-site repulsive interac-
tion used to describe fermions in ruby lattice can be written as

follows:

H = −t1 ∑
⟨i, j⟩,σ

(c†
iσ c jσ + c†

jσ ciσ )

− t2 ∑
⟨⟨i, j⟩⟩,σ

(c†
iσ c jσ + c†

jσ ciσ )+U ∑
i

ni↑ni↓, (1)

where the operator c†
iσ creates a particle with spin σ on site i

and the operator c jσ annihilates a particle with spin σ on site
j. t1 is the hopping amplitude between the nearest two sites
in the same triangle while t2 represents the hopping amplitude
between the nearest two sites belonging to two different trian-
gles. niσ = c†

iσ ciσ is the density operator and U is the on-site
repulsive interaction. ⟨i, j⟩ implies the nearest two sites in the
same triangle and ⟨⟨i, j⟩⟩ indicates the nearest two sites be-
longing to two different triangles.

For U = 0, the Hubbard model converts to the tight bind-
ing model and the Hamiltonian in momentum space becomes
H0 = ∑kΨ

†
k ℋ

0
kΨk, where Ψk =(cAk↑, cBk↑, cCk↑, cDk↑, cEk↑,

cFk↑, cAk↓, cBk↓, cCk↓, cDk↓, cEk↓, cFk↓)
T. The index i = A,

B, C, D, E, F of the creation and annihilation operators repre-
sents the six sites in each unit cell, as illustrated in Fig. 2(a), k
is the location in the first Brillouin zone, and ↑ and ↓ indicate
the spin-up and spin-down states, respectively. Since H0 is de-
coupled in the spin states, so ℋ0

k is block diagonalized (i.e.,
two blocks representing spin-up and spin-down electrons are
the same) and is expressed as follows:
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Fig. 2. Basic information of ruby lattice. (a) The sketch map of the ruby lattice. (b) The first Brillouin zone of the ruby lattice. (c) The
density of states of the isotropic (λ = 1) ruby lattice which is half-filled with fermions without interaction at T = 0.2. (d) The energy
dispersion in the first Brillouin zone of the ruby lattice.

057101-2



Chin. Phys. B Vol. 28, No. 5 (2019) 057101

ℋ0
k =−

(
1 0
0 1

)
⊗



0 t1 t2 e−i(akx+bky)/2 0 t2 e−i2bky t1
t1 0 t1 t2 e−i2bky 0 t2 e i(akx−bky)/2

t2 e i(akx+bky)/2 t1 0 t1 t2 e i(akx−bky)/2 0
0 t2 e ibky t1 0 t1 t2 e i(akx+bky)/2

t2 e ibky 0 t2 e−i(akx−bky)/2 t1 0 t1
t1 t2 e−i(akx−bky)/2 0 t2 e−i(akx+bky)/2 t1 0

 , (2)

where a = (3 +
√

3)/2 and b = (1 +
√

3)/2 are parameters
which are related to the lattice constant.

The energy dispersions of isotropic (λ = t1/t2 = 1) and
anisotropic (λ = t1/t2 ̸= 1) ruby lattices with fermions are pre-
sented in Fig. 3. It can be seen from Fig. 3(a) that the ruby
lattice which is one third filled with fermions is in an insulat-

ing state for λ = 0.5. For the isotropic case, the system is in
a metallic state where the bands E3 and E4 degenerate along
the line between Γ point and M point. The system is trans-
ferred to the insulating state when the ruby lattice is half-filled
with fermions for λ = 2.0 and one-sixth-filled with fermions
for λ = 10.
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Fig. 3. Energy band of the ruby lattice in the first Brillouin zone. (a) The energy dispersion of the anisotropic ruby lattice (λ = t1/t2,
λ = 0.5). (b) The energy dispersion of the isotropic ruby lattice while λ = 1.0 (c) and (d) The energy dispersions of the anisotropic
ruby lattice for λ = 2.0 and λ = 10, respectively. t1 = 1 for all cases.

2.2. Methods
2.2.1. Cellular dynamical mean-field theory

As an extension of the dynamical mean-field theory, the
cellular dynamical mean-field theory, which has been proven
to be quite efficient in describing the low dimensional strongly
correlated systems with strong quantum fluctuation, is used to
map the ruby lattice onto a six-site effective cluster embedded
in a self-consistent bath field. The self-consistent calculations
start with a guessed tiny self-energy Σ(iω) which is indepen-
dent of momentum.[37] The Weiss field g(iω) is given by the
coarse-grained Dyson equation

g−1(iω) =

[
∑
k

1
iω +µ + t(k)−Σ(iω)

]−1

+Σ(iω), (3)

where ω is the Matsubara frequency, µ is the chemical po-
tential, and ∑k implies the sum over all wave vectors in the
reduced Brillouin zone of the superlattice. t(k) is the Fourier

transform of the hopping amplitude of the Hamiltonian in
Eq. (1) and mathematically equals to the second factor of the
direct product in Eq. (2), which is a six-dimensional matrix
for the ruby lattice under the framework of cellular dynam-
ical mean field theory. The cluster Green function G(iω)

is obtained by continuous-time quantum Monte–Carlo algo-
rithm as the impurity solver and 1×106 continuous-time quan-
tum Monte–Carlo sweeps are carried out for each CDMFT
loop. New self-energy Σ(iω) is obtained by Dyson equation
Σ(iω) = g−1(iω)−G−1(iω).

2.2.2. Continuous-time quantum Monte Carlo algo-
rithm

The continuous-time quantum Monte Carlo algorithm
starts the procedure from a series expansion of the partition
function in the powers of interaction

Z = Tr e−βH = Z0Tτ

[
∑
k

1
k

(
−
∫

β

0
H1(τ)dτ

)k]
, (4)
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where Z0 = Tr e−βH0 is the unperturbed partition function,
Tτ is the time-ordering operator, and H1(τ) = eτH0H1 e−τH0

is the mapping of H1 in interaction picture. By inserting
H1 =U ∑i ni↑ni↓ into Eq. (4), we obtain

Z = Z0 ∑
k

−Uk

k!

∫
· · ·
∫

dr1 · · · dr2⟨Tτ n↑(r1) · · ·n↑(rk)⟩

×⟨Tτ n↓(r1) · · ·n↓(rk)⟩.

Based on Wick’s theorem, the time-ordering operator
⟨Tτ nσ (r1) · · ·nσ (rk)⟩ for each order of k can be expressed by
the determinants of matrix

𝒟(k) =


G0(r1,r1) G0(r1,r2) . . . G0(r1,rk)
G0(r2,r1) G0(r2,r2) . . . G0(r2,rk)

...
...

...
...

G0(rk,r1) G0(rk,r2) . . . G0(rk,rk)

 , (5)

which consists of the non-interacting Green functions G0.
There is no spin index in D(k) for the determinants due to the
equivalence of spin-un and spin-down. Through integrand of
Eq. (5), we can obtain the weight of order k

Wk = (−δτU)k detD↑(k)detD↓(k), (6)

where δτ = β/L is the slice of imaginary time. We can obtain
the standard Metropolis acceptance ratio R of adding vertex by
the detailed balance condition

1
LN

WkPk→k+1 =
1

k+1
Wk+1Pk+1→k, (7)

R =
Pk→k+1

Pk+1→k
=−UβN

k+1

(
detD↑(k+1)detD↓(k+1)

detD↑(k)detD↓(k)

)
. (8)

Here Pk→k+1 is the probability to increase the order from k to
k+1 (Pk+1→k is the probability to decrease the order from k+1
to k), 1/(LN) is the probability to choose a position in time
and space for the vertex you intend to add, while 1/(k+1)
is the probability to choose one vertex you intend to remove
from the existing k + 1 ones. To calculate the ratio R, we
have to deal with the function λ = detD(k + 1)/detD(k) =
det(I +(d(k+1)−D(k))M(k)), in which

M(k+1)

=


· · · −L1,k+1λ−1

· M′
i, j · −L2,k+1λ−1

...
...

...
...

· · · −Lk,k+1λ−1

−λ−1Rk+1,1 −λ−1Rk+1,2 . . . −λ−1

 , (9)

M′
i, j = M(k)i, j +Li,k+1λ

−1Rk+1, j, Ri, j = G0(i, j)M(k)i, j,

Li, j = M(k)i,lG0(l, j),

det


1 0 . . . 0 G0(r1,rk+1)
0 1 . . . 0 G0(r2,rk+1)
...

...
...

...
...

0 0 . . . 1 G0(rk,rk+1)
G0(rk,r1) G0(rk,r2) . . . G0(rk,rk) G0(rk+1,rk+1)


= G0(rk+1,rk+1)−G0(rk+1,ri)M(k)i, jG0(r j,rk+1). (10)

For the step k− 1, we obtain the ratio R and update formulas
of M(k−1)

R =
k

UβN

(
detD↑(k−1)detD↓(k−1)

detD↑(k)detD↓(k)

)
. (11)

FT

CTQMC

FT

iteration loop

guess a tiny self energy Σc(Κ, iωn)

first step

maximum dntropy method analysis code

<ni↓ni↑>

Σc(Κ, iωn)=g↼Κ, iωn)-1−G(Κ, iωn)-1

Gc(Κ, iωn)
g(Κ, iωn)-1=G↼Κ, iωn)-1+Σc(Κ, iωn)

g↼Xi↩Xj↪ τi↩τj↽G↼Xi↩Xj↪ τi↩τj↽

ρ(ω)

- -

-

- -

-

- - - -

- - --

Fig. 4. The process of the self-consistent calculation for the ruby lattice. Iteration loop of the self-consistent calculation based on the CDMFT
and the CTQMC are presented in detail. The self-consistent calculations start with a guessed tiny self-energy Σ(iω). Weiss field g(iω) is given
by the coarse-grained Dyson equation and the cluster Green function G(iω) is obtained by continuous-time quantum Monte-Carlo algorithm.
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Using the updated formula for M, Green’s function can be
obtained both in imaginary time and at Matsubara frequencies

G(τ − τ
′) = G0(τ − τ

′)−G0(τ − τi)Mi, jG0(τ j − τ
′), (12)

G(iω) = G0(iω)

−G0(iω)

[
1
β

∑
i, j

Mi, j e−ω(τi−τ j)

]
G0(iω). (13)

This self-consistent iteration is carried out until the accu-
racy of the self-energy reaches what we expected. The detail
of continuous time quantum Monte–Carlo algorithm could be
found in the references.

3. Results
The density of states and the double occupancy are impor-

tant quantities for the decision of metal–insulator phase transi-
tion in the two-dimensional strongly correlated systems. The
density of states is given by D(ω) =− 1

π ∑
6
i=1(ImGii(ω − iδ ))

(i is the lattice points’ index in the cluster) and calculated by
the maximum entropy method.[38] The six-fold rotation sym-
metry of the ruby lattice guarantees that the six sites’ local
densities of states are the same. Here, we present the den-
sity of states of isotropic (λ = 1.0) and anisotropic (λ = 2.0)
ruby lattices with fermions. Figure 5(a) shows that the den-
sity of states of the isotropic ruby lattice at Matsubara fre-
quency ω = 0 decreases with the increase of the on-site re-
pulsive interaction and opens a pseudogap around U = 8.5
for T = 0.2. The pseudogap indicates the Mott transition
from metal state to insulating phase. For U = 8, the tem-
perature for the metal–insulator transition is around T = 0.13

in the isotropic ruby lattice which can be seen in Fig. 5(b).
Through combining Figs. 3(c) and 5(c), it can be conclude
that the anisotropic (λ = 2.0) ruby lattice with fermions under-
goes a transition from band insulator to Mott insulator around
U = 6 and T = 0.2. Figure 5(d) shows that there is no pseudo-
gap state but is precursor of Kondo resonance in the isotropic
(λ = 1.0) ruby lattice at lower temperature T = 0.1 and small
interaction regime, the phase corresponds to a Kondo metal.
Strictly speaking, the transition at finite temperature decided
by the opened pseudogap at ω = 0 in density of states is actu-
ally a crossover.

The confinement of fermions in the lattice site of the ruby
lattice with fermions can be described by double occupancy
(Docc) which is defined as Docc = ∂F/∂U = 1

6 ∑i⟨ni↑ni↓⟩,
where F is the free energy.[39,40] Docc increases as the tem-
perature decreases in the lower interaction regime and is al-
most independent of temperature in the large interaction re-
gion. The increase of Docc at low temperatures means the sup-
pression of the local moments due to the formation of quasi-
particles. The independence of Docc on interaction indicates
that the itinerancy of the particles is suppressed by the large
enough interaction (U > Uc). Docc can be used to check the
phase-transition order because it is directly connected to the
free energy. At finite temperature, the continuity of double oc-
cupancy as a function of interaction indicates crossover and
the discontinuity accompanied by hysteresis is thought as a
signal of first-order phase transition.[9] The smooth decrease
of Docc indicates that this phase transition is a second-order
phase transition.
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Fig. 5. (a) Density of states of isotropic ruby lattice for different interaction at T = 0.2. (b) Density of states of isotropic ruby lattice for
different temperature at U = 8. (c) Density of states of anisotropic ruby lattice (λ = 2.0) for different interaction at T = 0.2. (d) Density of
states of isotropic ruby lattice (λ = 1.0) at lower temperature (T = 0.1) for different interactions.

057101-5



Chin. Phys. B Vol. 28, No. 5 (2019) 057101

       

.

.

.

.

.

.

.

D
o
c
c

U
       

.

.

.

.

.

.

.

D
o
c
c

U

    
.

.

.

.

.

.

U/ 
U/

U/ 
U/

D
o
c
c

/T

    


.

.

.

.

.

.

D
o
c
c

/T

T/.

T/.

T/.

U/ 
U/

U/ 
U/

(a)
(b)

(c) (d)

λ=1 λ=1

λ=1 λ=2

T/.

T/.

T/.

T/.

T/.

Fig. 6. (a) and (b) The double occupancy Docc of isotropic and anisotropic (λ = 2.0) ruby lattices as a function of the interaction U for
different temperature, respectively. (c) and (d) The double occupancy Docc of isotropic and anisotropic (λ = 2.0) ruby lattices as a function of
temperature T for different interactions, respectively.

. . . . .


.

.

.

.

U

T

. . . . .


.

.

.

.

U



.

.

.

.

m

m
DE

D
E

(a) (b)

(c) (d)

PM metal

PM insulator

AFM insulator AFM insulator

AFM metal AFM metal

T/.

Fig. 7. Phase diagrams of the isotropic ruby lattice. (a) and (b) The sketch map of paramagnetic order and antiferromagnetic order in ruby
lattice, respectively. (c) Competition between temperature and interaction for Mott transition in isotropic ruby lattice. (d) Relation between
interaction and single particle gap ∆E, transition between antiferromagnetic metal and antiferromagnetic insulator in ruby lattice at T = 0.1.

When compared to the square lattice and honeycomb

lattice, the ruby lattice is more complicated because of its

substantial magnetic frustration. Therefore, it is a huge

challenge to systematically discuss the magnetic property of

such a substantially frustrated system. Here, we discuss

the paramagnetic (PM) and antiferromagnetic (AFM) proper-

ties of metallic and insulating states of the ruby lattice with

fermions through defining the magnetic order parameter m =
1

Nc
∑i sign(i)(⟨ni↑⟩ − ⟨ni↓⟩), where niσ is the particle density

operator, sign(i) = 1 for i = A, C, E and sign(i) =−1 if i = B,

D, F as shown in Fig. 2(a). From the definition of the mag-

netic order parameter, it can be known that m = 0 corresponds

to the paramagnetic phase while m ̸= 0 represents the antifer-

romagnetic phase. The sketch maps of paramagnetic and anti-
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ferromagnetic orders are, respectively, shown in Figs. 7(a) and
7(b). For such a frustrated system, the pattern of magnetic or-
der shown in Fig. 7(b) can only be stable in the regime t1 ≫ t2
used to express the total magnetic order result of the isotropic
ruby lattice instead of the exact spin direction on every single
site. Figure 7(c) gives the phase diagram with the competi-
tion between interaction and temperature of ruby lattice with
fermions while figure 7(d) shows the evolution of single parti-
cle gap (∆E) and magnetic order parameter (m) as a function
of interaction (U) when λ = 1 and T = 0.1.

4. Conclusion
A combination of cellular dynamical mean-field theory

and continuous-time quantum Monte Carlo method was used
to solve the Hubbard model on ruby lattice with fermions.
The Mott transition in ruby lattice with fermions was dis-
cussed based on the density of states and the double occu-
pancy. Meanwhile, the certain magnetic property of each
phase in ruby lattice with fermions was presented by defin-
ing the specific magnetic order parameters. It can be seen
clearly that both the antiferromagnetic and the paramagnetic
states are found in the metallic phase and insulating phase at
certain temperature regions and interaction scales. The anti-
ferromagnetic metal and the antiferromagnetic insulator were,
respectively, found in weak and strong on-site repulsive inter-
action regions at low temperatures. The paramagnetic metal
appeared in whole on-site repulsive interaction scale above a
certain temperature while the paramagnetic insulator appeared
at the middle scale of temperature and on-site repulsive inter-
action. We hope that our study will be a useful step for under-
standing the interaction driven metal–insulator transition and
will also provide practical instruction for the investigation on
real materials, such as topological insulators.
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