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Variational and diffusion Monte Carlo simulations of a hydrogen
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Defang Duan(段德芳), Fubo Tian(田夫波), and Tian Cui(崔田)‡
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The variational and diffusion Monte Carlo approaches are used to study the ground-state properties of a hydrogen
molecular ion in a spheroidal box. In this work, we successfully treat the zero-point motion of protons in the same formalism
with as of electrons and avoid the Born–Oppenheimer approximation in density function theory. The study shows that the
total energy increases with the decrease in volume, and that the distance between protons decreases as the pressure increases.
Considering the motion of protons, the kinetic energy of the electron is higher than that of the fixed model under the same
conditions and increases by 5%. The kinetic energy of the proton is found to be small under high pressure, which is only a
fraction of the kinetic energy of the electron.

Keywords: Monte Carlo simulation, molecule-in-a-box model, high pressure
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1. Introduction
In recent years, studies focused on the change in atomic

and molecular system properties during confinement inside
penetrable or impenetrable boundaries. Atoms or molecules
are known to exhibit different electrical and structural behav-
iors when squeezed into a small space. Therefore, determining
how these changes occur is important. With the emergence of
modern nanostructured materials, such as carbon nanotubes,
which are ideal containers for molecular insertion and stor-
age, research on confined molecules has become increasingly
meaningful. Researchers have recently succeeded in inserting
atoms and molecules into fullerene cages and derivatives in
experiments.[1] Additionally, confined molecules can be ap-
plied to the study of high-pressure materials with molecular
hydrogen.[2] The exploratory model must be supplemented to
better understand the basic change mechanism in the elec-
tronic and structural properties of the restricted molecules and
atoms.

The hydrogen molecular ion H+
2 , with only one electron

and two protons, is one of the simplest molecular ion systems
in the universe. In recent years, many researchers have studied
the properties of the hydrogen molecular ion and its isotopes,
such as the cold trapped molecular ion[3,4] and the effect of
H+

2 in the interaction of H2 with transition metals.[5] Recently,
Silva et al.[6] calculated the energy and polarizability of H+

2
confined to an ellipsoidal box in the ground and the first ex-

cited states with the variational method. The molecules are
confined to an ellipsoidal box to study the properties of the
molecules, which can also be called molecule-in-a-box model.
This model is simple but effective. The molecule-in-a-box
model was first proposed[7] to calculate the kinetic energy of
one hydrogen atom. Over the years, this model has been ex-
tensively used, especially in small molecular systems, such as
hydrogen and helium systems. The ground-state energy of the
hydrogen molecule and molecular ion in the ellipsoidal box
was reported to fix the protons in the focus position of the
box by LeSar and Herschbach[8,9] using a five-term James–
Coolidge variational function and by Pang[10] using quantum
Monte Carlo simulation. Although previous researchers ac-
quired some meaningful results,[11–13] they ignored the zero-
point motion of protons. Cruz et al. first attempted the cre-
ation of protons away from the special point under the hydro-
gen molecular ion system[14] and then applied this change to
the system.[15,16] They relaxed the position of protons to allow
free movement on the semi-major axis of the ellipsoid, result-
ing the change in the equilibrium distance between protons
and the total ground-state energy of the hydrogen molecules
corresponding to fixed size and shape. Assuming that the pro-
tons can move freely in the ellipsoid instead of only moving
on a semi-major axis, we continue to make improvements to
this model in this work.

Given that the model is a typical quantum atom sys-
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tem, theoretical study on hydrogen is rather difficult. The re-
searchers managed to develop three main theoretical methods,
namely, density functional theory,[17–19] molecular dynamics
simulation,[20,21] and Monte Carlo (MC) simulation.[22–24] For
simplicity of treating the dissociation of hydrogen[25] and the
zero-point motion of protons, we choose MC simulation to
study the system in this work. Considering the degrees of
freedom of electrons and protons, we extend the previous
molecule-in-a-box model, and study the hydrogen molecular
ion in a spherical box as a three-body problem. The variational
Monte Carlo (VMC) and diffusion Monte Carlo (DMC) meth-
ods are used to accurately solve the three-body problem under
the confinement condition, and their calculation precisions are
enough to reach the required accuracy.

This paper is organized in the following manner. Section
2 provides a detailed theoretical description, including the the-
oretical model, trial wave function, and Markov Chain. Sec-
tion 3 shows our results on the properties of the ground state
and the comparison of these results with previous studies[6,8]

to analyze differences in findings. The last section concludes
the paper and presents further discussion.

2. Theory
2.1. The theoretical model

The original idea of the molecule-in-a-box model is that
one can place H+

2 into an ellipsoidal box, where the protons
are fixed at the focal points of the semi-major axis, and the
electron can move freely in the ellipsoid. Given that the pro-
tons are fixed, this model simulates the properties under differ-
ent constraint conditions by changing the volume or shape of
the ellipsoidal box, such as the ground-state energy, equilib-
rium bond length, and kinetic energy of electron. The model
has been applied to simulate the pressure effect of atoms,
molecules, and other bound electron systems.[6,8,10,26–28] Al-
though the molecule-in-a-box model works well when dealing
with various properties of matter, it overestimates the effect of
compression in most cases. We use a revised version of the
molecule-in-a-box model in the present work. By using this
configuration as the starting point, the electron and proton can
move freely inside the box to follow the Markov chain.

For the molecule-in-a-box model, the boundary is defined
by

x2

b2 +
y2

b2 +
z2

a2 = 1, (1)

where a and b are the semi-major and semi-minor axes, re-
spectively.

The Hamiltonian of this system can be written as

H = Te +Tp +V (R), (2)

where Te (Tp) represents the kinetic energy of electron (pro-
tons) and V (R) is the Coulomb potential energy of this system,
which can be written as

Te =−
1
2
∇2

1, (3)

Tp =−
1
2

m
M
(∇2

2 +∇2
3), (4)

V (R) =−
(

1
r12

+
1

r13

)
+

1
r23

. (5)

In this paper, subscript 1 represents the only electron, and sub-
scripts 2 and 3 represent the protons. The previous molecule-
in-a-box model calculation did not consider the motion of pro-
tons and did not have the term Tp. Given that only two protons
and one electron exist in the hydrogen molecular ion, the po-
tential energy only contains two items, namely, the potential
energy between the electron and protons and the potential en-
ergy between the two protons. The setting of atomic units used
in this work is me = e = h̄ = 1.

The Schrödinger equation can be written as follows:

HΨ = EΨ , (6)

whereΨ is the chosen trial wave function, and E is the ground-
state energy of H+

2 . In this work, we use VMC and DMC
methods to simulate H+

2 in a spheroidal box as a three-body
problem.

2.2. The trial wave function

The quality of the trial wave function can affect the calcu-
lation speed and results in VMC and DMC simulations. There-
fore, selecting the trial wave function is crucial. The chosen
trial wave function in this work contains the molecular orbital
wave function of electron, the movement of protons, and the
boundary conditions. This function is written in the following
form:

Ψ = Φ1Φ2 ∏
i=1,2,3

g(ri), (7)

where Φ1 is the molecular orbital wave function, which is writ-
ten as the linear combination of atomic orbital[10]

Φ1 = exp(−α · r12)+ exp(−α · r13), (8)

Φ2 denotes the movement of protons[29,30] and is written as

Φ2 = exp[−C2(r23−C1)]
2, (9)

and g(ri) describes the boundary conditions caused by the
spheroidal box[10] as follows:

g(ri) =
xi

b2 +
yi

b2 +
zi

a2 −1, i = 1,2,3. (10)

The wave function satisfies the zero value when the electron
or proton is outside of the spheroidal box. In the above men-
tioned trial wave function, α , C1, and C2 are the variational
parameters. In the process of VMC simulation, we can first
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optimize the chosen trial wave function and ground-state en-
ergy of H+

2 to determine the variational parameters. Simul-
taneously, the semi-major axis and corresponding semi-minor
axis are adjusted to determine their values at the lowest en-
ergy. On the basis of the VMC simulation, we use the DMC
method to reconfirm the values of semi-major and semi-minor
axes for a given volume and accurately calculate the related
physical quantities of this system.

2.3. Markov chain

In the calculation process, we explore the movement of
the proton and electron by using the Markov chain in the MC
simulation. The movement of the proton and electron can be
respectively written in the following forms:

X ′e = Xe +∆e · (δ −0.50), (11)

X ′p = Xp +∆p · (δ −0.50), (12)

where Xe (X ′e) and Xp (X ′p) are the vectors in terms of elec-
tron and proton positions, respectively; δ is a random num-
ber between 0 and 1; and ∆e and ∆p represent the maximum
distances of electron and proton movement each time, respec-
tively. The preceding formula ensures that the electron (pro-
ton) randomly moves between −0.5∆e (−0.5∆p) and 0.5∆e

(0.5∆p) in the ellipsoid. Xe and Xp are the positions of electron
and proton at this moment, respectively, which are subjected
to a dynamic rule process (Eqs. (11) and (12)) to randomly
generate the next positions X ′e and X ′p. This phenomenon is the
concept of the Markov chain, which is one of the important
factors of stochastic simulation.

3. Results
We calculate the ground-state energy of H+

2 in different
volumes using two MC simulation methods. Figure 1 shows
the relationship between the ground-state energy and the box
volume, where the energy increases with the decrease in vol-
ume. The energy slightly changes with the decrease in vol-
ume when the volume is larger than 200a3

0 (a0 is the Bohr ra-
dius). However, the energy rapidly changes when the volume
is smaller than 200a3

0 mainly due to the increase in pressure
and system energy as the volume decreases. Under the same
conditions, our results are similar to those of LeSar and Silva
but slightly larger, mainly because we consider the motion of
the proton and include its kinetic energy.

Through the change in the ground-state energy of this sys-
tem along with the bound volume, we can obtain the pres-
sure corresponding to the given volume in accordance with
the equation P = −∂E/∂V . Figure 2 provides the equation
of states (EOS) of the H+

2 system. In Fig. 2, the calculated
pressures are larger than those of LeSar for the same density.
When the density is small, the calculated pressures and those

of LeSar are almost the same. However, with the increase in
density, our results are much higher than their calculated re-
sults. Given the limitation of this model, the calculations of
this study and those of LeSar are slightly larger than the real
values. The largest difference between our calculation and that
of others is that the protons are not fixed in the special points,
such as the focuses of the spheroidal box. Thus, the zero-point
motion of the protons becomes evident under large density.
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-0.4
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-0.2

E
/
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.u

.

V/a.u.

this work
R. LeSar
Josimar Fernando da Silva

Fig. 1. The ground-state energy (E) of hydrogen molecular ion ver-
sus the volume (V ) of the spheroidal box. Black squares are our DMC
calculation results. Red circles represent LeSar’s results,[8] and green
triangles represent Silva’s calculation results.[6] The trends of the three
curves are basically consistent, but our calculation results are larger.
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Fig. 2. The pressure versus the corresponding density. The black
squares are our results, and the red circles are LeSar’s results.[8] At
the low density, our results are basically the same as those of LeSar, but
as the density increases, our results are higher than LeSar’s results.

The major difference between the present work and the
previous studies is the assumption that the protons and elec-
tron can move freely in the same way in the simulation process
as emphasized earlier. Therefore, the calculations of the dis-
tances between protons under different pressures are crucial.
Figure 3 presents the calculation results for the mobile model
and those obtained by the previous fixed model. In Fig. 3,
the distances calculated in the mobile model are larger than
those calculated in the fixed model, but the trends of the two
curves are the same. The distances between the protons de-
crease as the pressures increase. On our calculated curve, the
distance is observed to have a slight increase at a pressure of
approximately 0.4 GPa. This phenomenon may be related to
the reduction in the electron density in the box.[16] Notably, the
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calculated distance in the volume of 879a3
0 is experimentally

similar to the bond length of the hydrogen molecular ion. Our
result is 2.09a0, and the experimental result is 2.08a0. This
finding also proves that the chosen trial wave function is rea-
sonable and our calculations are accurate.

0.01 0.1 1 10 100

1.2

1.4

1.6

1.8

2.0

2.2

R
p
-

p
/
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.

P/GPa 

this work
R. LeSar

Fig. 3. The distance between protons versus the pressure. The black
squares are our results in the mobile model, and the red circles are
LeSar’s results.[8]

We calculate the average ∆e in the VMC simulation to
better understand the motion of electron and protons and the
effects of considering the motion of protons. Figure 4 shows
that the average ∆e in the mobile model is larger than that
in the fixed model, and the trends of the two curves are the
same. The average ∆e increases with the increase of the semi-
major axis. However, ∆e in the mobile model increases rapidly
with the semi-major axis of less than 4.0 a.u., and the growth
of ∆e is slowly or even basically unchanged when the semi-
major axis exceeds 4.0 a.u. In the fixed model, the turning
point is around 3.0 a.u., and ∆e still increases slowly when
the semi-major axis is larger than 3.0 a.u., indicating that the
motion of protons can affect the motion of the electron. Con-
sidering the motion of the proton, the change trend of ∆e in
the mobile model is obviously different from that in the fixed
model, which is similar to a certain phase transition. How-
ever, ∆e is just a calculating parameter, which is not directly
related with measurements. The discontinuous ∆e does not
necessarily indicate a traditional phase transition, which gen-
erally means that due to the changes in temperature, pressure,
or other external conditions, certain properties of the medium
usually change discontinuously. In order to observe the im-
pact of proton motion on electron motion and verify if there is
a phase transition, we calculate the corresponding kinetic en-
ergy of the electron (Te) at different volumes in the two models
and the relationship between Te and 1/V . Figure 5(a) demon-
strates that the kinetic energy decreases with the increase in
box volume, and Te in the mobile model is larger than that in
the fixed model. We calculate Te under the two models in de-
tail (see Table 1) and find that the kinetic energy increases by
about 5%. Combining Figs. 4 and 5(a) for the same model, the
larger the average ∆e is, the smaller the Te is. In Fig. 5(b), the

variation trends of the curves in the two models are basically
the same, and Te and 1/V are basically proportional to each
other. We think that there is no obvious phase transition.

2 3 4 5 6

1.6

2.0

2.4

2.8

∆
e
/
a
.u

.

a/a.u.

mobile model
fixed model

Fig. 4. The average ∆e versus semi-major axis a (in atomic units). The
black squares are the calculation results in the mobile model, and the
red circles are the calculation results in the fixed model. The motion of
proton makes the average step of the electron ∆e larger.
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Fig. 5. (a) The average Te versus the volume V and (b) Te versus 1/V .
The black squares are our results in the mobile model, and the red circles
are our results in the fixed model. In panel (a), as the volume increases,
the kinetic energy of the electron Te decreases, and the Te we calculated
in the mobile model is larger than that calculated in the fixed model. In
panel (b), Te and 1/V in the two models are basically proportional to
each other.

Table 1. The kinetic energy of electron (Te) at different volumes in the
two models and the increase of Te under the corresponding conditions.
T (I)

e and T (II)
e represent the kinetic energy of electron in the fixed and

the mobile models, respectively.

V T (I)
e T (II)

e ∆T/T (II)
e

30 1.58911 1.66945 4.8%
59 1.12604 1.19566 5.8%
103 0.89885 0.94189 4.6%
167 0.75623 0.80242 5.8%
252 0.67307 0.70881 5.0%
502 0.59222 0.61751 4.1%
879 0.55065 0.56854 3.1%
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Fig. 6. The ratio of average Tp and Te versus the pressure. As the pres-
sure increases, Tp/Te decreases, indicating that the proportion of Tp in
the total kinetic energy decreases accordingly.

Finally, we discuss the relationship of the ratio of the
kinetic energy of proton and electron (Tp/Te) and pressure.
Overall, Tp/Te exponentially decreases with increasing pres-
sure. Tp/Te is small and always of the order of a few thou-
sandths in magnitude, which is of the same order of magni-
tude as the ratio of mass of electron and proton. Given that the
proton kinetic energy accounts for a small proportion of the
total kinetic energy, this energy may be ignored if the calcula-
tion accuracy is extremely low, which is related to the specific
model and the discussed problem. This result provides a valu-
able reference for the calculation method, which fails to fully
estimate the influence of proton motion on the possible error.

4. Conclusion
In summary, we employ the improved molecule-in-a-box

model which is simple but effective in calculating the ground-
state properties of the hydrogen molecular ion under high pres-
sure. We consider the zero-point motion of protons and regard
the hydrogen molecular ion as a three-body system. Our re-
sults are larger than the previous results in the fixed model due
to the influence of proton motion. In this work, the results
show that the total energy of the system decreases with the in-
crease in volume and the distance between protons decreases
with the increase in pressure. We also calculate the EOS of the
hydrogen molecular ion, and our results are similar to those of
our predecessors under low density (low pressure), but higher
than theirs in the high density range. We quantitatively study
the effect of the zero-point motion of protons on electrons. The

kinetic energy of electrons in the mobile model increases by
5% compared with that in the fixed model. Finally, the study
shows that the kinetic energy of the protons is small compared
with that of the electron, which is only a few thousandths of Te.
Therefore, Tp can be neglected when the calculation accuracy
is low.
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