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Quasi-elastic neutron scattering (QENS) has many applications that are directly related to the development of high-
performance functional materials and biological macromolecules, especially those containing some water. The analysis
method of QENS spectra data is important to obtain parameters that can explain the structure of materials and the dynamics
of water. In this paper, we present a revised jump-diffusion and rotation-diffusion model (rJRM) used for QENS spectra
data analysis. By the rJRM, the QENS spectra from a pure magnesium-silicate-hydrate (MSH) sample are fitted well for
the Q range from 0.3 Å−1 to 1.9 Å−1 and temperatures from 210 K up to 280 K. The fitted parameters can be divided
into two kinds. The first kind describes the structure of the MSH sample, including the ratio of immobile water (or bound
water) C and the confining radius of mobile water a0. The second kind describes the dynamics of confined water in pores
contained in the MSH sample, including the translational diffusion coefficient Dt, the average translational residence time
τ0, the rotational diffusion coefficient Dr, and the mean squared displacement (MSD) 〈u2〉. The rJRM is a new practical
method suitable to fit QENS spectra from porous materials, where hydrogen atoms appear in both solid and liquid phases.

Keywords: revised jump-diffusion and rotation-diffusion model (rJRM), data analysis of quasi-elastic neutron
scattering (QENS) spectra, dynamics of water, magnesium-silicate-hydrate (MSH) samples
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1. Introduction
Quasi-elastic neutron scattering (QENS) has undergone

remarkable development since the 1970s.[1] A QENS exper-
iment measures the energy transfer (E) and momentum ex-
change (Q) between a neutron and a sample target. Because of
the very large incoherent scattering cross section of a hydro-
gen atom as compared to any other element present in the in-
vestigated samples, QENS[2–4] is a powerful tool for studying
the dynamics of water molecules in a confined environment.
The fitted results of QENS spectra can provide information
about both the long-time diffusive motions (on the time scale
of 0.1 ns) and short-time rotational motions of water molecules
contained in porous samples. So the analysis method of QENS
spectra is important to obtain parameters explaining the dy-
namics of confined water.

As we know, there are mainly three types of theoretical
models[5] used to fit QENS data: the empirical diffusion model
(EDM),[6–8] the relaxed cage model (RCM),[4,9,10] and the
jump-diffusion and rotation-diffusion model (JRM).[2,11,12]

Although all the three models have been used to fit QENS
spectra data, seldom of them can give well fitted QENS spec-
tra both for Q ≤ 1 Å−1 and Q > 1 Å−1 at the neutron energy
transfer larger than 50 µeV.

The JRM combines both the translational and rotational
motions of water, so it can give more comprehensive and
related parameters describing the water contained in porous
samples, but there still exist some approximations. In this
paper, a revised JRM (rJRM) has been developed based on
JRM by adding the contribution to the elastic part from the

translational motion of water and taking into account the con-
tribution of the neutron scattering lengths in Sears expansion
to deal with the rotational motion. The new model of rJRM
seems to give a better fitted line for a QENS spectrum from
a pure magnesium-silicate-hydrate (MSH) sample at Q values
0.3–1.9 Å−1 and E from −120 µeV to 120 µeV. Two kinds
of parameters can be extracted for QENS spectra fitted by the
rJRM. One depicts dynamics of water confined in the MSH
sample, and the other reflects the structure of the MSH sam-
ple.

2. Fitting methods of QEMS spectra
2.1. The jump-diffusion and rotation-diffusion model

The jump-diffusion and rotation-diffusion model has al-
ready been used to fit QENS spectra by Bordallo et al.[2] in
2006 and us in recent years.[11,12] We adopt this model, differ-
ent from Bordallo et al., by choosing the scattering function in
the form of S(Q,E) instead of S(Q,ω). The JRM can be stated
as

S(Q,E)

= A[Cδ (E)+(1−C)ST(Q,E)⊗SR(Q,E)]⊗R(Q,E), (1)

where Q is the neutron scattering vector (momentum ex-
change), E the energy transfer of neutron, A the Debye–Waller
factor (DWF), δ (E) the Dirac delta function, C the factor pre-
senting the part of elastic contribution to the total QENS spec-
tra, (1−C) the factor denoting the quasi-elastic component
in the whole QENS spectra, ST(Q,E) and SR(Q,E) the scat-
tering functions contributed by the translational motion and

†Corresponding author. E-mail: tlihua@jnu.edu.cn
© 2019 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

056105-1

http://dx.doi.org/10.1088/1674-1056/28/5/056105
mailto:tlihua@jnu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 28, No. 5 (2019) 056105

rotational motion, respectively, ⊗ the convolution action, and
R(Q,E) the experimental resolution function.

In Eq. (1), the DWF[13] can be given as

A = exp
(
− 1

3
〈
u2〉Q2

)
, (2)

where
〈
u2
〉

is the mean square displacement (MSD).
The translational component ST(Q,E) is usually modeled

by a Lorentzian with a half-width at half-maximum (HWHM)
ΓT(Q) as

ST(Q,E) =
1
π

ΓT(Q)

Γ 2
T (Q)+E2 . (3)

According to the model of Singwi and Sjölander,[14] the Q-
dependence of ΓT(Q) in the random jump diffusion process
can be depicted as follows:

ΓT(Q) =
h̄DtQ2

1+DtQ2τ0
, (4)

where h̄ is the Plank constant, Dt the self-diffusion coefficient
(translational diffusion coefficient), and τ0 the average trans-
lational residence time between two jumps.

The rotational component SR(Q,E) can be expressed by
the Sears expansion[2,11,15] as

SR(Q,E) = j2
0(Qa)δ (E)+

1
π

3

∑
l=1

(2l +1) j2
l (Qa)

× l(l +1)h̄Dr

[l(l +1)h̄Dr]2 +E2 , (5)

where jl (l = 0,1,2,3) is the spherical Bessel function, Dr the
rotational diffusion coefficient, and a the radius of gyration
taken as the O–H distance (0.98 Å) in a water molecule.[2]

In order to show the JRM fitting, the QENS spectra from
one sample previously studied[10] by using the new global
model are reanalyzed, which is the pure MSH sample mea-
sured at 210–280 K and Q values 0.3–1.9 Å−1. The QENS
data were collected by Professor Sow-Hsin Chen’s group at
the high-resolution backscattering silicon spectrometer at the
Spallation Neutron Source in Oak Ridge National Laboratory,
details of which are given in Ref. [10]. Figure 1 shows the
MSH QENS spectra fitted by using JRM for 230 K and 280 K
at Q values of 0.3 Å−1 and 1.5 Å−1, respectively. In Fig. 1,
the fitted line of the measured QENS data can be stated as the
sum of three parts of ENS, QENS1, and QENS2, which are
corresponding to the ACR(Q,E), A(1−C) j2

0(Qa)ST(Q,E)⊗
R(Q,E), and the rest of the expanded Eq. (1), respectively. The
ENS is the signal from the immobile species, such as water or
OH chemically bound in a sample. The QENS1 and QENS2
are the signals from mobile water confined in nanoscale pores
in the sample.
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Fig. 1. MSH QENS spectra data fitted by JRM for temperatures (a) 230 K and (b) 280 K at Q values of 0.3 Å−1 and 1.5 Å−1, respectively.

From Figs. 1(a) and 1(b), it can be seen that the QENS
spectra are fitted well only for 230 K at 0.3 Å−1 (shown in
Fig. 1(a)) and 280 K at 1.5 Å−1 (shown in Fig. 1(b)). Why?
Is there a miss of some parts in the QENS spectra fitting? Re-
examining the translational component in JRM, we find that
the elastic fraction is accounted for only by a delta function

representing the immobile water in Eq. (1). But there should
be an elastic signal coming from the mobile water even with-
out the presence of chemical bound water,[10,13,16] which is not
included in Eq. (3). Re-examining the rotational component in
JRM, the part of the QENS spectra due to localized rotational
motion taken from the Sears expansion[15,17] should be a func-
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tion of the neutron scattering lengths due to the interaction
of the incident neutrons with the confined water molecules,
which is also not included in Eq. (5). By adding the contribu-
tion to the elastic part from the mobile water and taking into
account the contribution of the neutron scattering lengths in
the Sears expansion, a revised JRM (rJRM) is developed in
the next section.

2.2. The revised jump-diffusion and rotation-diffusion
model

In the rJRM, the elastic part is added to ST(Q,E) (instead
of Eq. (3)) as

ST(Q,E) = p(Q)δ (E)+(1− p(Q))
1
π

ΓT(Q)

Γ 2
T (Q)+E2 ,

p(Q) =

[
3 j1(Qa0)

Qa0

]2

, (6)

where p(Q) is the elastic component coming from the mo-
bile water confined in pores,[8,10,13] j1 the first order spherical
Bessel function, and a0 the confining radius.

In the rJRM, SR(Q,E) includes the contribution of neu-
tron scattering lengths[15,17] (instead of Eq. (5)) as

SR(Q,E) = x
{

b2
0 j2

0(Qa)δ (E)+
1
π

3

∑
l=1

(2l +1)b2
l j2

l (Qa)

× l(l +1)h̄Dr

[l(l +1)h̄Dr]2 +E2

}
, (7)

where

b2
l =

{
4a2

coh +2(1−η)a2
inc, l is even,

2(1+η)a2
inc, l is odd.

The acoh and ainc play the roles of effective coherent and inco-
herent neutron scattering lengths, η = 0.95 represents the ef-
fect of the nuclear statistics on the scattering cross section,[17]

x is the parameter to cancel units of b2
l . The taken values of

a2
coh and a2

inc are obtained approximately from those of H2 and
O2 and listed in Table 1.

Table 1. Effective neutron scattering lengths used in the rJRM fitting.

Taken values H2
[17] O2

[17]

a2
coh/barn 0.307 0.142 0.33

a2
inc/barn 6.34 6.34 0.02

After the above two revisions based on the JRM, the ex-
panded Eq. (1) can be shown as follows after inserting Eqs. (4),
(6), and (7):

S(Q,E)

= ACR(Q,E)+A(1−C)p(Q)xb2
0 j2

0(Qa)R(Q,E)

+A(1−C)(1− p(Q))xb2
0 j2

0(Qa)
1
π

ΓT(Q)

Γ 2
T (Q)+E2 ⊗R(Q,E)

+A(1−C)(1− p(Q))x
1
π

ΓT(Q)

Γ 2
T (Q)+E2

⊗ 1
π

3

∑
l=1

(2l +1)b2
l j2

l (Qa)
l(l +1)h̄Dr

[l(l +1)h̄Dr]2 +E2 ⊗R(Q,E)

+A(1−C)p(Q)x
1
π

3

∑
l=1

(2l +1)b2
l j2

l (Qa)

× l(l +1)h̄Dr

[l(l +1)h̄Dr]2 +E2 ⊗R(Q,E). (8)
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Fig. 2. MSH QENS spectra data fitted by rJRM for temperatures (a) 230 K and (b) 280 K at Q values of 0.3 Å−1 and 1.5 Å−1, respectively.
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A QENS spectrum can be fitted by the rJRM by summing three
parts representing the ENS, QENS1, and QENS2, which are
given respectively by the sum of the first and second items,
the third item, and the rest items in Eq. (8). To test the rJRM
fitting, the QENS spectra analyzed are the same as those fit-
ted by JRM in Subsection 2.1 for the whole Q values, which
are from the pure MSH sample measured at 210–280 K for
Q of 0.3–1.9 Å−1. Figure 2 shows the rJRM fitting for the
MSH QENS spectra. From Figs. 2(a) and 2(b), it can be seen
that the QENS spectra data are fitted well for E ranges from
−120 µeV to 120 µeV both for high and low Q. Comparing
with Figs. 1(a) and 1(b), it is found that the rJRM fitting is
better for 230 K at 1.5 Å−1 (shown in Fig. 2(a)) and 280 K at
0.3 Å−1 (shown in Fig. 2(b)), because of the obvious higher
contribution of the QENS2 due to accounting for the contribu-
tion of neutron scattering lengths in Eq. (7).

3. The extracted parameters
3.1. The fitted parameters

There are seven parameters extracted by using rJRM to
fit a QENS spectrum, which are A, C, Dt, Dr, τ0, a0, and x.
These fitted parameters can be divided into two types. One is
structure parameters including C and a0, which describe the
immobile water fraction and the radius of pores existing in the

sample, respectively. The other is parameters including DWF
or MSD, Dt, Dr, and τ0, which all describe the dynamics of
mobile water confined in pores. Figure 3 shows the seven fitted
parameters, with their fitted standard errors, and the MSD cal-
culated by Eq. (2) as a function of the Q value (0.3–1.9 Å−1)
at 230 K and 280 K.

From Fig. 3(a), it can be seen that the DWF is nearly equal
to 1 for Q from 0.3 Å−1 to 1.9 Å−1 at 230 K, but it is smaller
than 1 and increases slightly with increasing Q at 280 K. This
makes all the calculated MSD (in Fig. 3(b)) < 1.6 Å2 for all the
Q at 230 K, whereas the MSD decreases from 11.5 Å2 down
to near zero with increasing Q at 280 K. This is the first new
result compared with the QENS spectrum fitted by RCM[4,10]

or EDM,[6–8] where the MSD cannot be directly obtained be-
cause of the DWF taken approximately as unity in the data
fitting process. From Fig. 3(c), it can be seen that the ratio
of immobile water (mainly bound water) C decreases with in-
creasing Q at both 230 K and 280 K, but it is larger at the lower
temperature. Figure 3(d) shows that the x values all are close
to 1 for both 230 K and 280 K. From Fig. 3(d), it can also
be seen that the x values are slightly larger at the lower tem-
perature 230 K for Q > 1 Å−1. This may be attributed to the
more active rotational motion for water molecules confined in
smaller pores (larger Q) and at the lower temperature 230 K.
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Fig. 3. (a)–(h) Seven fitted parameters with their fitted standard errors and the calculated MSD versus scattering vector at two temperatures of
230 K and 280 K.
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Figure 3(e) shows that the fitted a0 formed in the MSH
sample decreases with increasing Q, and its value is almost
the same at 230 K and 280 K for the same Q. This can be
explained from the fact that the larger radius is probed at the
smaller Q, and the radius of a pore formed in the sample is
unrelated to the measured temperature. This is the second
new result that the structure parameter a0 different with var-
ious Q can be extracted by the rJRM fitting, although its fit-
ted standard error is larger for larger Q at lower temperature.
This result will be discussed more in Subsection 3.2. From
Fig. 3(f), it can be seen that τ0 is smaller than 0.1 ns at 230 K
and 280 K, and its fitted standard error is larger for the larger
Q at the lower temperature. Figures 3(g) and 3(h) show the
fitted parameters of Dt and Dr, which range 1–100 Å2/ns and
40–8000 ns−1, respectively. From Figs. 3(g) and 3(h), we can
also see that Dt and Dr vary with increasing Q and different
temperatures. The former decreases with increasing Q at a
measured temperature, but the latter increases. The former
values are smaller at 230 K than those at 280 K, but vice versa
for the latter. Their fitted standard errors all are small except
for Dt at lower temperature 230 K for larger Q. The decrease
of parameter Dt with Q indicates the inactive translational mo-
tion of water molecules confined in smaller pores detected at
larger Q. So do the lower values of Dt for water at lower tem-
perature. Similarly, the behavior of parameter Dr in Q and
temperature can be explained as more active rotational motion
of water molecules in smaller pores and at lower temperature.
The information about Dr is the third new result obtained by
the rJRM fitting. More discussion about the Dr will be given
in Subsection 3.2.

3.2. Discussion

Among the parameters describing the structure of the
sample, we focus on the discussion about a0. Figure 4(a)
shows a0 as a function of Q and T . It can be seen that the
fitted a0 ranges from 19 Å to 2.0 Å, which are smaller than the
values of the neutron detected space 2π/Q. From Fig. 4(a), it
can be seen that a0 is almost of the same value for the same
Q at different T except for T < 230 K. It can also be seen that
the larger the Q value, the smaller the a0 value. The result in-
dicates that the radius of pores contained in the MSH sample
ranges from 2.0 Å to 19 Å for the QENS experimental detec-
tion. This is consistent with the result that the MSH and CSH
globules are packed together in the similar way,[18] and there
are pores (radius < 3 nm) existing in the MSH sample. The fit-
ted parameter a0 shows more information compared with the
same MSH QENS data analyzed in Ref. [10] by the new global
model, where the fitted a0 is only the average radius of pores
in the MSH sample.

Among the parameters describing the dynamics of con-
fined water, we focus on the discussion about Dr. Figure 4(b)

gives the fitted Dr as a function of Q and T . From Fig. 4(b),
it can be seen that Dr ranges from 40 ns−1 to 8000 ns−1 and
increases with the increasing Q at a given T , and it reaches
peak values at 230 K. This shows distinctly that the rotational
dynamics of confined water exhibits different behaviors below
and above 230 K. The 230 K is a crossover temperature for ro-
tational dynamics of water confined in pores of 2.0–19 Å. The
result is new compared with the same MSH QENS data ana-
lyzed over rotational dynamics of confined water in Ref. [10]
by the new global model, where the crossover at 230 K was not
observed because the lowest temperature was taken as 230 K.
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Fig. 4. The fitted parameters of (a) a0 and (b) Dr versus scattering vector
Q and measured temperature T .

4. Conclusion
We propose a rJRM model to fit QENS spectra data based

on JRM model used before by adding the contribution to the
elastic part from the translational motion of water and taking
into account the contribution of neutron scattering lengths in
Sears expansion to deal with the rotational motion of water.
The rJRM seems to be better compared to JRM for fitting
MSH QENS spectra measured at Q values 0.3–1.9 Å−1 and
temperatures from 210 K to 280 K. Seven parameters (A, C,
Dt, Dr, τ0, a0, and x) are extracted, which include not only
those referring to the dynamics of confined water such as A,
Dt, Dr, and τ0, but also those revealing the structure of the
sample such as C and a0.
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The rJRM model can give well fitted line for the MSH
QENS spectra, not only for the whole Q range of 0.3–1.9 Å−1,
but also for the whole E range from −120 µeV to 120 µeV.
Comparing with other models used to fit QENS spectra, es-
pecially the new global model,[10] the rJRM can obtain three
new results for the extracted parameters. The first is the DWF
or MSD that can be fitted directly. The second is nine val-
ues of a0 indicating the radius 2.0–1.9 Å of pores existing in
the MSH sample. The third is that the fitted Dr increases with
the increasing Q at a measured temperature and reaches peak
values at 230 K, showing that the 230 K is a crossover tem-
perature for dynamics of confined water based on rotational
motion. Although the rJRM is used to fit only one pure MSH
sample here, in principle, it is expected useful also to analyze
QENS spectra from porous materials, where hydrogen atoms
appear in both solid and liquid phases. Further research on
new sample is recommended.
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