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Direct numerical simulation on relevance of fluctuating velocities
and drag reduction in turbulent channel flow with
spanwise space-dependent electromagnetic force∗

Dai-Wen Jiang(江代文), Hui Zhang(张辉)†, Bao-Chun Fan(范宝春), and An-Hua Wang(王安华)
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Based on the Fourier–Chebyshev spectral method, the control of turbulent channel flow by space-dependent electro-
magnetic force and the mechanism of drag reduction are investigated with direct numerical simulation (DNS) methods for
different Reynolds numbers. A formula is derived to express the relation between fluctuating velocities and the friction drag
coefficient. With the application of electromagnetic force, the in-depth relations among the fluctuating velocities near the
wall, Reynolds stress, and the effect of drag reduction for different Reynolds numbers are discussed. The results indicate
that the maximum drag reductions can be obtained with an optimal combination of parameters for each case of different
Reynolds numbers. The fluctuating velocities along the streamwise and normal directions are suppressed significantly,
while the fluctuating velocity along the spanwise direction is enhanced dramatically due to the spanwise electromagnetic
force. However, the values of Reynolds stress depend on the fluctuating velocities along the streamwise and normal direc-
tions rather than that along the spanwise direction. Therefore, the significant effect of drag reduction is obtained. Moreover,
the maximum drag reduction is weakened due to the decay of control effect for fluctuating velocities as the Reynolds num-
ber increases.

Keywords: flow control, turbulent channel flow, electromagnetic force, direct numerical simulation
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1. Introduction
The boundary layer is produced on surfaces of moving

objects in the viscous fluid, which leads to deceleration, vi-
bration, and instability. In particular, the friction drag will
increase significantly in turbulent flow. Therefore, many con-
trol approaches have been used to modify the structures of the
boundary layer, which can reduce the friction drag of moving
objects. These approaches have a wide prospect of application
and great practical value in aviation and navigation.[1–5]

For flow control, the active methods can be distinguished
from passive methods by energy input. The electromagnetic
control has been considered as one of the most practical ac-
tive methods due to the flexible design and easy installation.[6]

As early as the 1960s, Gailitis found that the boundary layer
can be modified by electromagnetic actuators with alternat-
ing electrodes and magnets. Subsequently, the control effects
of streamwise vortex in turbulence channel flow were inves-
tigated numerically by Lim and Choi[7] with electromagnetic
force along the streamwise, spanwise, and wall-normal, re-
spectively. The results indicated that the streamwise vortex
can be suppressed by both the spanwise and wall-normal elec-
tromagnetic force, and the former has more remarkable effects
in suppressing streamwise vortices. Jiménez and Pinelli[8]

further found that the regenerating cycle mechanism of tur-
bulence depends on the two structures; i.e., quasi-streamwise

vortexes and streaks. Next, Satake and Du et al.[9–11] studied
the turbulent control by electromagnetic force with a spanwise
wave traveling along the streamwise direction. They found
that the initial near-wall streak structures would replace a wide
“ribbon” of low-speed velocity when parameters of electro-
magnetic force match well, which results in a drag reduction
rate up to 30%. Lee et al.[12] investigated the vorticity dy-
namics in the viscous sublayer with the application of elec-
tromagnetic force. The results indicated that turbulent struc-
tures can be improved near the wall and the skin drag can
also be decreased by suppressing the streamwise vortexes of
the viscous sublayer. Yin and You[13] studied the charac-
teristics for a cylinder wake with a turbulent boundary layer
by using electromagnetic force, and found the force can sup-
press the flow separation. Moreover, the streamwise travel-
ing and standing waves of velocity imposed at the walls of a
plane turbulent channel flow were investigated by Viotti and
Quadrio[14,15] with direct numerical simulation (DNS) meth-
ods, and the drag reductions were obtained at about 48% and
52% for traveling waves and standing waves, respectively.
Moubarak and Habchi[16,17] investigated two scales on the
energy cascade in a two-dimension (2D) turbulent flow with
electromagnetic force, and found that there exists a linear re-
lationship between the large-scale motion in the atmosphere
and the very small ones. Ostillamónico[18] calculated three-
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dimension (3D) turbulent with electromagnetic force by fully
solving the Navier–Stokes equations which were coupled with
the Poisson–Nernst–Planck equations. The results showed that
an ion concentration-dependent viscosity leads to the emer-
gence of a quiescent layer with a higher ion concentration,
and the presence of this layer could play a role in disrupting
the turbulence generation cycle as one would expect that the
turbulence is weaker in regions of higher viscosity, thus po-
tentially decreasing friction. Recently, a DNS study for a fully
developed turbulent channel flow was carried out by Altıntaş
et al.,[19] which introduced a spanwise oscillating electromag-
netic force near the lower wall. They observed that the sweeps
and ejections moved away from the wall in the fully turbu-
lent region with the application of electromagnetic force. The
control effects of streamwise traveling wave and bidirectional
wavy electromagnetic force on the wall-turbulence were in-
vestigated by our research group.[20,21] The results indicated
that the negative streamwise vortex induced by electromag-
netic force exists in the flow field with control, which can sup-
press the inherent positive streamwise vortex and merge the
inherent negative streamwise vortex in the turbulent flow field.
With the effects of the periodic action, the number of stream-
wise vortexes and streaks in the flow field was reduced, which
further led to the decrease of skin drag.

These studies indicate that the significant effects of turbu-
lence control can be achieved by using electromagnetic force
with spanwise oscillating or traveling wave. However, the
character structures of the steady flow fields, which depend
on the distribution of the electromagnetic force, cannot be ob-
tained due to the time-varying force. With the application
of space-dependent electromagnetic force, the regular quasi-
streamwise vortex structures in the flow field have been found
in our research group. The random velocity fluctuation and
mean Reynolds stress can be suppressed by these structures
at Re = 4000, which further leads to the drag reduction.[22]

Therefore, further investigations are necessary on the relations
among fluctuating velocities, Reynolds stress, and drag reduc-
tion, especially for different Reynolds numbers.

In this paper, the Fourier–Chebyshev spectral method is
used to investigate the turbulence channel flow controlled by
the space-dependent electromagnetic force using DNS. The
spanwise electromagnetic force with sinusoidal distribution
along the streamwise direction is selected to control the flow
field. Then, the variations of fluctuating velocities, the distri-
butions of Reynolds stress, and the effects of drag reduction
of flow field with different Reynolds numbers before and after
control are discussed. Moreover, the potential relations among
these three are further analyzed by deriving a formula that ex-
presses the relation between the coefficient of friction drag and
the fluctuating velocities.

2. Numerical calculations
2.1. Governing equation

Based on the fully developed turbulent flow of a weakly
conductive fluid, the flow can be controlled by electromagnetic
actuators which are installed on the lower wall of the channel.
With the electromagnetic force imposed as a source term, the
dimensionless Navier–Stokes equations of incompressible 3D
channel flow can be written as

∂𝑢

∂ t
+𝑢 ·∇𝑢=−∇p+

1
Re

∇2𝑢+𝑓 , (1)

∇ ·𝑢= 0. (2)

Here, all variables are nondimensionalized with respect to the
channel half width h and the center line Uc. 𝑢 is the velocity
vector, p is the pressure, Re = Uch/ν is the Reynolds num-
ber, where ν is the kinematic viscosity coefficient, and 𝑓 is
the electromagnetic force given by

𝑓 = (0,0, fz), (3)

where

fz=Ae−y/∆ sin
(

2π

Lx
kxx
)
. (4)

Here, fz is the spanwise electromagnetic force with sinusoidal
distributions along the streamwise direction, whose variation
depends on space rather than time, A is the non-dimensional
amplitude, ∆ is the effective penetration of electromagnetic
force, and Lx and kx are respectively the channel length and
wave number along the streamwise direction, where Lx/kx = λx

is the streamwise wave length.
The standard Fourier–Chebyshey spectral method is ap-

plied to spatial directions for Eqs. (1) and (2). More details
about the numerical methods can be found in Refs. [20]– [22].
The turbulent channel flow is controlled with the application
of electromagnetic force at t = 300 when the initial distur-
bance induced for generating a fully developed turbulence has
been essentially eliminated, which is steady from t = 500 to
t = 1000. The cases are selected with different Reynolds num-
bers Re = 4000, 5000, 6000, and 7000, corresponding to dif-
ferent viscous lengthscales δv = 5.54× 10−3, 4.57× 10−3,
3.93×10−3, and 3.44×10−3, respectively.

flow

wall

z x

y

Fig. 1. The schematic diagram of the computational domain.
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2.2. Friction drag in turbulent channel flow

Using the Reynolds decomposition in Eq. (1) along the
x direction with the streamwise velocity distribution of base
flow U (y) = 1− (1− y)2 = 2y− y2, one obtains

∂u
∂ t

+
∂uu
∂x

+
∂uv
∂y

+
∂uw
∂ z

= −∂ p
∂x

+
1

Re

(
∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2

)
, (5)

where u = U (y) + u′, v = v′, w = w′, and p = xΠ (t) + p′.
Here, y is the distance from the lower wall, u, v, and w are the
velocities along the x, y, and z directions, respectively. The
superscript ′ indicates the fluctuation. Π (t) is the real-time
adjustment of pressure to keep the flow stable.

Then, we have

∂ (U +u′)
∂ t

+
∂ (U +u′)(U +u′)

∂x

+
∂ (U +u′)v

∂y
+

∂ (U +u′)w
∂ z

= −Π (t)− ∂ p′

∂x
+

1
Re

[
∂ 2 (U +u′)

∂x2

+
∂ 2 (U +u′)

∂y2 +
∂ 2 (U +u′)

∂ z2

]
. (6)

Based on the assumption of the periodic flow structures in the
homogeneous directions[23] and the no-slip boundary condi-
tions, which are the basic characters of the turbulent wall-
bounded flow, we average Eq. (6) by integrating the equation
in the x and z directions, and we have

∂u′

∂ t
+

∂uv
∂y

=−Π (t)+
1

Re
∂ 2u
∂y2 , (7)

where the overbar indicates the average value of the corre-
sponding plane for a constant y.

Integrating Eq. (7) from 0 to 1 in the y direction with the
friction drag coefficient defined as Cf = τw/

(
ρU2

c /2
)
, then

Π (t) =− 1
Re

∂u
∂y

∣∣∣∣
w
=−τw =−Cf

2
. (8)

Substituting Eq. (8) into Eq. (7), we have

Cf

2
=

∂

∂y

(
uv− 1

Re
∂u
∂y

)
+

∂u′

∂ t
. (9)

With the triple integral
∫ 1

0
∫ y

0
∫ y

0 f (y)dydydy of Eq. (9), one
obtains

Cf =
4

Re
+6

∫ 1

0
(1− y)

(
−u′v′

)
dy−3

∫ 1

0
(1− y)2 ∂u′

∂ t
dy. (10)

And for the steady turbulence

∂u′

∂ t
= 0. (11)

Substituting Eq. (11) into Eq. (10), the friction drag coef-
ficient is obtained

Cf =
4

Re
+6

∫ 1

0
(1− y)

(
−u′v′

)
dy. (12)

The equation indicates that the friction drag coefficient is com-
posed of two parts for the steady turbulent channel flow. The
first term is the laminar drag coefficient, which depends on
Reynolds numbers. The second term is the y-weighted inte-
gration of u′v′, which is the Reynolds stress due to the ejection
and sweep in the turbulence.

Define

Cf0 =
4

Re
, (13)

Cf(y) = 6
∫ y

0
(1− y)

(
−u′v′

)
dy. (14)

Taking the derivative of Eq. (14), the distribution of Cf(y) with
y is

Cy
f(y) = 6(1− y)

(
−u′v′

)
. (15)

Generally, we have

y≡ δvy+, (16)

where δv is the viscous lengthscale and y+ is the wall units.
Substituting Eq. (16) into Eq. (15), we have

Cy+

f(y+) = 6
(
1−δvy+

)(
−u′v′

)
. (17)

The contribution of the Reynolds stress on the different loca-
tions in the wall-normal direction can be described in Eq. (17).

2.3. Program verification

For the sake of testing the code and algorithm, the turbu-
lent channel flow without control for Re = 4000, 5000, 6000,
and 7000 is compared with the result from Kim et al.[24] The
result indicates that the mean velocity profiles for Re = 4000,
5000, 6000, and 7000 in the paper are coincident and corre-
spond with those in Ref. [24] and the classic wall law.

u
+











100 101 102

y+

Re/
Re/

Re/

Re/

u+/y+

u+/.lny+⇁.

obtained by Kim et al.

obtained by this paper

Fig. 2. Mean velocity profile of the turbulence without control.
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3. Results and discussion

The induced flow field is a stable laminar flow field with
the effect of electromagnetic force. The spanwise electromag-
netic force introduced in the paper is defined by Eq. (4), which
is independent of time. The spatial distribution of electromag-
netic force with parameters kx = 3, A = 1.0, and ∆ = 0.02,
as a case, is shown in Fig. 3. The electromagnetic force can
induce spanwise motion in the conductive fluid, and produce
layers called Stokes layer near the wall. When the conductive
fluid is affected by the electromagnetic force, as a case of the
laminar flow field for Re = 4000, the spanwise velocity distri-
bution of the induced laminar flow field is presented in Fig. 4,
where the red and blue areas refer to the positive and nega-
tive values, respectively. As a result of the main flow along the
positive direction of the x-axis, the distribution of the spanwise
velocity is inclined significantly to the downstream, which is
asymmetric but periodic with the electromagnetic force.



↩


x

y

z



fz

λx

2λx

3λx

Fig. 3. The spatial distribution of electromagnetic force.

y




λx 2λx 3λx

−0.5 0 0.5

w

.
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x

Fig. 4. The spanwise velocity distribution of the induced laminar flow
field.























↩

D
r/
%

A

kx

50

0

-50

(a) 























↩

D
r/
%

A

kx

50

0

-50

(b)























↩

D
r/
%

A

kx

50

0

-50

(d)























↩

D
r/
%

A

kx

50

0

-50

(c)

Fig. 5. The variations of drag reduction rate with amplitude and wave number for different Reynolds numbers: (a) Re = 4000, (b) Re = 5000,
(c) Re = 6000, and (d) Re = 7000.

In the flow control, the rate of drag reduction is usually
introduced to evaluate the control effect of electromagnetic
force, which is defined as

Dr = (1−< τw > / < τwn >)×100%, (18)

where < τw > and < τwn > are the average values of the

wall shear stress with and without control, respectively. The
variations of Dr with kx and A are shown in Fig. 5, where
figures 5(a), 5(b), 5(c), and 5(d) correspond to the cases of
Re = 4000, 5000, 6000, and 7000, respectively. From the fig-
ures, the variations of Dr with the parameters of electromag-
netic force have similar distributions for different Reynolds
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numbers. At low wave numbers, the values of drag reduc-
tion rate vary dramatically with the amplitude (i.e., the abso-
lute values of the reduction and increase in drag are large),
whereas the values of that vary slowly at high wave numbers.
Moreover, the maximum drag reduction can be obtained with
the optimal parameter combination in each case of the four
Reynolds numbers. The parameters of electromagnetic force
correspond to the maximum drag reduction rate in Fig. 5, as
shown in Table 1. From the table, the maximum drag reduction
rate decreases as the Reynolds numbers increase, and the cor-

responding wave number of electromagnetic force increases,
while the variation of the amplitude is around 1.0.

Table 1. The parameter combinations corresponding to the maximum
drag reduction rate for different Reynolds numbers.

Reynolds number
Maximum drag

Wave number Amplitude
reduction rate

4000 58.9% 3 1.0
5000 49.4% 4 1.0
6000 45.2% 5 1.0
7000 42.4% 6 1.0
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Fig. 6. The distribution of streaks at y+ = 5 in the flow field before and after control with the optimal electromagnetic force: (a) Re = 4000,
(b) Re = 5000, (c) Re = 6000, and (d) Re = 7000.
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To find the reasons that the maximum drag reduction rate
decreases with the increase of Reynolds number, it is neces-
sary to study the in-depth mechanisms from the flow fields be-
fore and after control, respectively. The streaks are the basic
elements of near wall turbulence coherent structures. There-
fore, the distribution of streaks in the flow field at y+ = 5 is
first investigated, as shown in Fig. 6, where figures 6(a), 6(b),
6(c), and 6(d) represent the cases of Re = 4000, 5000, 6000,
and 7000, respectively. The left figures indicate the distribu-
tion of streaks before control, and the right figures indicate the
distribution of streaks after control with the electromagnetic
force in Table 1, where red and blue represent high-speed and
low-speed streaks, respectively. As shown in the left figures,
high-speed and low-speed streaks are alternate with different
lengths and curvatures in the flow field for Re = 4000. With
the increase of Reynolds number, the strength of high-speed
and low-speed streaks is enhanced, and the number of these
streaks is increased. However, in the right figures, the strength
of high-speed and low-speed streaks controlled by electromag-
netic force at Re = 4000 is decreased significantly in the flow
field. The distributions of these streaks are alternate along the
spanwise direction with the well-organized characters. In par-
ticular, the periods of these streaks along the streamwise direc-

tion are the same as that of the electromagnetic force. More-
over, the distributions of high-speed and low-speed streaks are
similar to the increase of Reynolds number, while the strength
of these streaks is enhanced and the regularity of the streaks is
gradually weakened. The control effects of the optimal elec-
tromagnetic force decay with the increase of Reynolds num-
ber.

The variations of fluctuating velocities (i.e., u′, v′, and w′)
can be further investigated and their values can be obtained
from the value on each grid point before and after control.
Therefore, with the coordinate axes u′, v′, and w′, the discrete
distributions of u′, v′, and w′ for y+ = 5 are obtained from
values of fluctuating velocities on these locations (y+ = 5), as
shown in Fig. 7. Here, black and red discrete points repre-
sent the distributions of fluctuating velocities before and after
control, respectively. Figures 7(a), 7(b), 7(c), and 7(d) cor-
respond to the results of Re = 4000, 5000, 6000, and 7000,
respectively. For the case of Re = 4000 before control, the dis-
tributions of u′, v′, and w′ are dispersed. After control, the dis-
tributions of u′ and v′ converge to the origin, especially for u′,
which means that their absolute values are decreased. How-
ever, the absolute value of w′ is increased dramatically and
the distribution region of w′ is enlarged with the effect of the
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Fig. 7. The discrete distribution of fluctuating velocities at y+ = 5 before and after control with the optimal electromagnetic force: (a)
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spanwise electromagnetic force. These variations eventually
lead to the straight cylindrical distribution of fluctuating ve-
locities after control as red discrete points in Fig. 7(a). From
Eq. (12), drag is a function with respect to u′ and v′ rather than
w′. Therefore, the increase of w′ does not lead to the increase
of drag, while the decrease of u′ and v′ leads to the decrease of
drag. Moreover, the distribution regions of the three fluctuat-

ing velocities gradually increase with the increase of Reynolds
number, as shown in Figs. 7(b), 7(c), and 7(d), which means
that some values of the fluctuating velocities increase. Af-
ter control, the central tendency of the fluctuating velocities is
weakened, which means that the control effect of the optimal
electromagnetic force is weakened.

The Reynolds stresses depend on the product of u′ and
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v′ rather than w′. Therefore, the variations of the product can
be described by the probability distributions of u′v′ with y+,
where the left and right figures in Fig. 8 respectively represent
the cases before and after control, and figures 8(a), 8(b), 8(c),
and 8(d) correspond to the cases of Re = 4000, 5000, 6000,
and 7000, respectively. P is the value of probability at a con-
stant y+, which is defined as

P
(
c1 6 u′v′ 6 c2

)
=

Nc1c2

Nx×Nz
. (19)

Here, [c1,c2] is a subinterval of [−0.002, 0.002] which is the
range of the value of u′v′. Nc1c2 is the number of the value of
u′v′ distributed in [c1,c2]. Nx and Nz are the numbers of grid
points in the x and z directions, respectively. Red and blue ar-
eas represent the large and small values, respectively. From
the case before control in Fig. 8(a), the distribution of u′v′ al-
most converges to u′v′ = 0, and the peak value of P is large
due to the flow dominated by the effect of viscosity in the area
y+ < 5. With the increase of y+, the influence of turbulent
fluctuation dramatically strengthens and exceeds the effect of
viscosity, which leads to the increase of the value u′v′ in some
regions. Therefore, the distribution of u′v′ is more homoge-
neous and the peak value of P is decreased rapidly. However,
with the optimal electromagnetic force, the distribution of u′v′

is significantly close to u′v′= 0 in near-wall regions (y+≤ 30),
which indicates that the values of u′v′ have been suppressed ef-
fectively. In the region y+ > 30, the central tendency of u′v′

distribution is weakened, which means the control effect is
weakened, because the electromagnetic force decays rapidly
with the increase of y according to Eq. (4). As the Reynolds
number increases, similar variations are obtained in Figs. 8(b),
8(c), and 8(d). However, the central tendency of u′v′ distribu-
tion is weakened (particularly in the regions y+ ≤ 30), which
means that the control effects of the optimal electromagnetic
force decrease with the increase of Reynolds number.

The Reynolds stresses u′v′ can be obtained from the mean
value of u′v′. According to Eq. (17), the turbulent drag coef-
ficient Cy+

f(y+) depends on the y+-weighted integration of u′v′,
which has a larger weight near the wall in the component of
turbulent drag. The distributions of Cy+

f(y+) and u′v′ before and
after control by the optimal electromagnetic force for different
Reynolds numbers are shown in Fig. 9, where figures 9(a),
9(b), 9(c), and 9(d) correspond to the computational results
for Re = 4000, 5000, 6000, and 7000, respectively. From
the case of Re = 4000 in Fig. 9(a), the absolute value of u′v′

before control increases rapidly at first then decreases slowly
with the increase of y+, and Cy+

f(y+) has similar variations. Af-

ter control, the absolute value of u′v′ decreases significantly,
especially near the wall. The reason is that the values of u′v′

have been suppressed effectively with the effect of the optimal
electromagnetic force, particularly in the region of y+ ≤ 30, as
shown in Fig. 8. Therefore, Cy+

f(y+) decreases with the decrease

of the absolute value of u′v′ based on Eq. (17). Moreover,
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Reynolds numbers: (a) Re = 4000, (b) Re = 5000, (c) Re = 6000, and (d) Re = 7000.

054701-8



Chin. Phys. B Vol. 28, No. 5 (2019) 054701

the suppression effect of the optimal electromagnetic force for
u′v′ is weakened with the increase of Reynolds number, as
shown in Figs. 9(b), 9(c), and 9(d), due to the weakening ef-
fect of the central tendency of u′v′ distribution in Figs. 8(b),
8(c), and 8(d). Therefore, the absolute values of u′v′ increase,
which leads to the increase of Cy+

f(y+) and indicates the weaken-
ing effect of drag reduction with the increase of Re in Fig. 9.

4. Conclusion
The relations on fluctuating velocities and the friction

drag coefficient with the spanwise space-dependent electro-
magnetic force in turbulent channel flow and the mechanism
of drag reduction are investigated with DNS for different
Reynolds numbers. The results show that the maximum drag
reductions are obtained with an optimal combination of pa-
rameters for each case of different Reynolds numbers. With
the application of the optimal electromagnetic force, u′ and v′

(i.e., the fluctuating velocities along the streamwise and nor-
mal directions) are suppressed, while w′ (i.e., the fluctuating
velocity along the spanwise direction) is enhanced dramati-
cally due to the spanwise electromagnetic force. However, the
values of Reynolds stress depend on u′ and v′ rather than w′.
Therefore, the distributions of u′ and v′ converge to the origin
point, and the distributions of the product u′v′ also converge
to u′v′ = 0, which further leads to the decrease of Reynolds
stress and drag reduction. Moreover, the control effect of the
optimal electromagnetic force for the three fluctuating veloci-
ties gradually decays with the increase of Reynolds numbers,
resulting in the weakening effects of central tendency for u′v′.

Finally, the maximum drag reduction decreases due to the de-
cay of control effect for Reynolds stress with the increase of
Reynolds number.
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