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A novel multi-cavity Helmholtz muffler is proposed. The multi-cavity Helmholtz muffler is composed of steel struc-
tures and silicone membranes. With suitable construction, the Helmholtz muffler can be designed to exhibit negative mass
density in low frequency, and the muffling frequency can be adjusted when we change the internal structure of the cavity,
which will be very attractive for noise control. In this paper, we investigate the influence of the membranes and the cavi-
ties on noise reduction characteristics with theoretical calculations and simulations. The results show that the numbers of
membranes and the volumes of the cavities can have a great effect on the position of the muffling frequency. The number of
cavities can have a great effect on the width of the muffling frequency (reduce the noise by 10 dB). With different combina-
tions of the membranes and cavities, we can get different muffling frequencies, which can meet different muffling demands
in practical applications and is more flexible than the traditional Helmholtz cavity.

Keywords: multi-cavity, Helmholtz muffler, negative mass density, noise reduction
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1. Introduction
In modern naval warfare, submarines[1] play an indis-

pensable role, and anti-submarine detection has developed to-
wards low frequency.[2] Controlling the low-frequency noise
to avoid being detected by the enemy is the key to improv-
ing the stealth performance of the submarine.[3] However, it
is difficult to control the noise of submarines from the source
for many complex reasons, designing a kind of muffler[4] with
low frequency noise reduction characteristic is very important.

Because there are many limitations in the practical en-
gineering application of traditional materials, artificial com-
posite materials with special physical properties have become
the focus of attention.[5] In the last 20 years, artificial com-
posite materials have expanded into the field of dynamics,
used for flexible regulation of mechanical waves, such struc-
tures are called phononic crystals.[6–8] Then, in the mod-
ern industrial equipment and products of miniaturization, in-
tegration, and lightweight backdrop, people have made fur-
ther development of the new type of artificial microstruc-
ture feature size of subwavelength, later known as acous-
tic metamaterial.[9–12] The equivalent physical properties of
acoustic metamaterials exhibit either ‘single negative’ or ‘dou-
ble negative’ properties,[13] which perform as low frequency
sound absorption and low frequency sound insulation in the
process of sound wave propagation. Guided by this theory,
many researchers have designed many devices to filter wave or
reduce noise in low frequency. Fang et al.[14] designed a kind
of Helmholtz cavity, they showed that the equivalent volume
modulus of the whole structure is negative when the sound fre-

quency is in the bandgap. In his paper, the Helmholtz cavity is
arranged perpendicular to the direction of sound propagation,
the sound waves can trigger fluid movements in the neck of
each cavity, when the excitation frequency is close to the char-
acteristic frequency of the cavity, the response of the volume
modulus would be excited, it is related to 1/

(
ω2

0 −ω2
)
. So,

when the movement of the neck fluid column changes from the
same phase to the different phase, the negative volume modu-
lus will show up. Ding et al.[15] constructed a one-dimensional
periodic structure on the basis of Helmholtz resonator theory
and carried out a corresponding experiment, they proved that
there would be a sharp attenuated absorption peak when sound
waves pass through it. Lee et al.[16] constructed an acous-
tic metamaterial structure with double negative properties by
using the thin membrane and the edge cavity. Shen et al.[17]

constructed a Helmholtz muffler which is applied in a seawater
pipe system based on phononic crystal theory. The Helmholtz
cavity is placed periodically in the seawater pipe. They further
optimized the range or bandgap through adjusting the struc-
tural parameters of the Helmholtz cavity. This design has an
important application potential for the acoustic attenuation and
vibration reduction to a seawater pipeline.

However, many acoustic metamaterials with either single
negative or double negative[18] properties cannot reduce noise
in a relatively wider frequency range although they have one or
more muffling peaks. Besides, the position of the muffler fre-
quency cannot be regulated systematically in many metamate-
rials. We design a new kind of metamaterial with multi-cavity
Helmholtz muffler with membrane structure in this paper. We
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also investigate the influence of the number of membranes and
the volumes of the Helmholtz cavities on the frequency of
noise reduction. By changing the number of the rubber and
the volume of the cavity, we can obtain different muffling fre-
quencies and different widths of the muffling frequency. We
can also rough and fine adjust the peak of the muffling fre-
quency to meet different muffling demand. When we place the
muffler in the water, increase the number of Helmholtz cavi-
ties and stack more layers of silicone membranes, the range
of frequency to reduce noise can become wider and show the
tendency to move to lower frequencies. This new kind of muf-
fler provides a new idea for the design of underwater acoustic
structures.

2. Modeling and theoretical discussion
The Helmholtz cavity in Ref. [14] showed that this meta-

material has a negative volume modulus around 32 kHz, the
negative volume modulus is the same as the negative mass
density. It can also turn sound waves into falling waves, so
the transmission loss around this frequency shows up. The
acoustic metamaterial can have a very good acoustic absorp-
tion around 32 kHz. In our research, we proposed a new con-
cept of multi-cavity Helmholtz muffler with membrane struc-
ture. We added several cavities in our muffler structure on
the basis of the original Helmholtz cavity, and made the po-
sition and width of the sound absorption frequency adjustable
by changing the number of membranes and the volumes of the
cavities. The new structure can meet different muffling de-
mands in the practical application and it is more flexible than
the traditional Helmholtz cavity.

In order to study the influence of the membrane (sili-
cone) on the negative mass density of the Helmholtz cavity,
we add different numbers of membranes in the Helmholtz cav-
ity (n ≥ R0), the model is shown in Fig. 1, where l1 = 5 mm,
l2 = 20 mm, l3 = 10 mm, a = 20 mm, r = 30 mm, t = 1 mm,
and the thickness of the whole steel structure is t = 1 mm.

Figure 2 shows the simplified model of each cavity, as the
volume of the neck is much smaller than that of the cavity, the
neck fluid can therefore be approximately considered as in-
compressible. In contrast, the fluid in the cavity is considered
compressible, and it can provide a reverse resilience when the
fluid is pressurized. According to the above description, we
can consider the fluid in the neck as mass and the fluid in the
cavity as spring. Besides, the membrane we add in the cavity
should also be considered as mass.

For studying the mass–spring unit cell in Fig. 2, the equa-
tions of motion of each mass are

k0 (u1−u0) = (−iw)2 m0u0,

ki (ui+1−ui)+ ki−1 (ui−1−ui) = (−iw)2 miui,

kn (U−un)+ kn−1 (un−1−un) = (−iw)2 mnun, (1)

where i indicates the i-th unit cell (i ∈ {1, . . . ,n−1}), mi is the
mass of neck fluid and each membrane, ki is the elastic stiff-
ness of each cavity, ui is the displacement of each mass block,
and U is the displacement of the whole Helmholtz cavity. We
can rewrite Eq. (1) in a matrix form

𝐾𝑢+𝐵 =𝑀𝑢, (2)

where the displacement vector 𝑢, the output vector 𝐵, the
stiffness matrix 𝐾, and the mass matrix 𝑀 are defined as

𝑢=
(

u0 u1 · · · un
)T

, 𝐵 =
(

0 · · · 0 knU
)T

, (3)

plane wave radiation

r

a

l1 l2 l3

cavity neck cavity

t

t
t

(b)

(a)

Fig. 1. The model of the multi-cavity Helmholtz muffler: (a) the left
view, (b) the front view.
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Fig. 2. The simplified model of each cavity.
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𝐾 =



−k0 k0 0 0 · · · 0 0 0
k0 −(k1 + k0) k1 0 · · · 0 0 0
0 k1 −(k2 + k1) k2 · · · 0 0 0
...

...
. . .

...
...

0 0 0 0 · · · kn−2 −(kn−1 + kn−2) kn−1
0 0 0 0 · · · 0 kn−1 −(kn + kn−1)


n+1

,

𝑀 =


a0 · · · 0 · · · 0
...

. . .
... · · · 0

0 · · · ai · · · 0
...

...
...

. . .
...

0 · · · 0 · · · an


n+1

, (4)

where a0 = (−iw)2 m0 and ai = (−iw)2 mi.
We use MATLAB (R2016a) to compute the relationship

between the displacement ui of each mass block and the dis-
placement U of the whole Helmholtz cavity, equation (2) can
be rewritten as

𝑢= (𝑀 −𝐾)−1𝐵. (5)

For the whole structure we provide a vertical upward force F
in order to calculate the equivalent mass Meff, then Newton’s
second law can be expressed as

F = MeffẌ , (6)

where Meff is the effective mass, and X is the displacement of
the whole structure,

We add up all equations in Eq. (1) and obtain

kn (U−un) = (−iw)2 [m0u0 +m1u1 + · · ·+mnun] . (7)

For the whole structure (the cavity, neck, and membrane are
excluded), then Newton’s second law can be expressed as

F− kn (U−un) = (−iw)2 M0U, (8)

where F is the external excitation force and M0 is the mass of
the whole structure (the cavity, neck, and membrane are ex-
cluded). After substituting Eq. (7) into the system of equation
(8), the equation of motion can be written in the form

F = (−iw)2 [m0u0 +m1u1 + · · ·+mnun +M0U ] . (9)

Compared with Eq. (6), Meff can be defined as

Meff = M0 +m0
u0

U
+

m1u1 +m2u2 + · · ·mnun

U
. (10)

We consider three different cases about this muffler (n = 0, 1,
2), and put Eq. (5) into Eq. (10), the effective mass Meff can be
expressed as

Meff = M0 +
m0

1− w2

w2
0

, (n = 0) ,

Meff = M0 +
m0 +m1

(
1− w2

w2
0

)
1+ w4

w2
0w2

1
− w2

w2
1
−2 w2

w2
0

, (n = 1) ,

Meff = M0 +
m0 +m1

(
1− w2

w2
0

)
+m2

(
1−2 w2

w2
0
− w2

w2
1
+ w4

w2
0w2

1

)
1−3 w2

w2
0
−2 w2

w2
1
− w2

w2
2
+2 w4

w2
0w2

1
+2 w4

w2
0w2

2
+ w4

w2
1w2

2
− w6

w2
0w2

1w2
2

, (n = 2) . (11)

The effective mass density ρeff can be expressed as

ρeff =
Meff

ρV
, (12)

where w0 = 1
2π

√
k0
m0

, w1 = 1
2π

√
k1
m1

, and w2 = 1
2π

√
k2
m2

are
the natural frequencies of the neck fluid and each membrane,
V and ρ are the volume and density of the structure, mi, ki

(i = 0,1,2) are the equivalent mass and equivalent stiffness,
which can be expressed as

m0 = S0×L0×ρwater, mi =Vi×ρrubber,

Ki =
S2

0× v2×ρwater

Vj
, (13)

where Vi, Vj are the volumes of the membrane and the cavity,
respectively, and S0 is the area of the neck liquid.

We consider one of the Helmholtz cavities which is
shown in Fig. 3. All the modeling and simulation are done
by the FEM software COMSOL Multiphysics. The material
parameters are listed in Table 1, and the parameters are mea-
sured after modeling in the software COMSOL. The bottom
radius and the height of the neck liquid are r = 1 mm and
L0 = 5 mm. We calculate the ρeff of the three different cases
about this Helmholtz cavity (n= 0, 1, 2) by the software MAT-
LAB, the results are shown in Fig. 4. When we increase the
layers of rubber in this Helmholtz cavity, the frequency of
negative mass density decreases from 998.14 Hz (n = 0) to
387.63 Hz (n = 2). The reason for this is that the natural fre-
quency of the neck liquid and rubber decreases, so the reso-
nance frequency becomes lower. The sound waves would at-
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tenuate greatly at the frequencies where negative mass density
occurs based on the Helmholtz cavity single negative theory,
which we will also verify in later simulations. So, we can

choose different layers of rubber according to the requirement
of different muffling frequencies. It has a profound influence
on the structure of submarine construction.

V0 V0 V0

V1 V1

V2
V1(membrane)

V1(membrane)

V2(membrane)

(a) (b) (c)

Fig. 3. The internal structure of one of the Helmholtz cavities: (a) the number of the membrane is n = 0, (b) n = 1, (c) n = 2.

Table 1. The material parameters.

Component Young’s modulus/GPa Poisson’s ratio Density/kg·m−3 Sound velocity/m·s−1

Steel (structure) 200.6 0.3 7780 –

Water (in cavity) – – 1000 1450

Membrane (silicone) 2×10−4 0.5 980 –

Volume (n = 0)/m3 Volume (n = 1)/m3 Volume (n = 2)/m3

Steel (structure) 2.41×10
−6

2.41×10
−6

2.41×10
−6

Water (in cavity) V0 = 9.742×10−6 V0 = 2.844×10−6

V1 = 6.791×10−6

V0 = 2.844×10−6

V1 = 2.247×10−6

V2 = 4.415×10−6

Silicone (membrane) – V1 = 1.069×107 V1 = 1.069×10−7

V2 = 1.296×10−7

In order to further verify the feasibility of the analytical
solution after simplifying the model, the node-based smoothed
finite element method (NS-FEM) is used to conduct a compar-
ative analysis of the muffler structure.[19]

Applying the divergence theorem, the smoothed strain
gradient matrix 𝐵i (xk) on cell Ω k can be obtained as follows:

𝐵i (xk) =
1

V (k)

∫
Γ (k)

n(k) (x)Ni (x) dΓ

=



bix(xk) 0 0
0 biy(xk) 0
0 0 biz(xk)

biy(xk) bix(xk) 0
0 biz(xk) biy(xk)

biz(xk) 0 bix(xk)


, (14)

with

bih (xk) =
1

V (k)

N

∑
n=1

Ni
(
XGP

i
)

n(k)ih A(k)
i , (h = x,y,z) , (15)

where Γ
(k)

i is the boundary of the domain Ω k, N is the total
number of boundary areas of Γ

(k)
i , and XGP

i is the central point
(Gaussian point) of the boundary area Γ

(k)
i whose area and

outward unit normal are denoted as A(k)
i and n(k)ih , respectively.

The stiffness matrix can be assembled as

Ki j =
Nn

∑
k=1

K(k)
i j , (16)

where K(k)
i j is the stiffness matrix associated with node k and

is calculated by

K(k)
i j =

∫
Ω k

𝐵T
i 𝐷𝐵 jdΩ =𝐵T

i 𝐷𝐵 jV (k). (17)

The vibration equation can be written as

Mü+Ku = F, (18)

Mü+K
ü

(−iw)2 = F. (19)

In Eqs. (6) and (12), Meff and ρeff can be defined as

Meff =
F
ü
= M− K

w2 , (20)

ρeff =
|Meff|
ρV

. (21)

We calculate the relationship between ρeff and the frequency
ω by the software MATLAB. The results are also shown in
Fig. 3, which have good agreement with the analytical solu-
tion. The small error of the resonance peak frequency by NS-
FEM method is mainly derived from the selection of nodes at
the fluid–solid coupling interface and the number of selected
nodes.
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Fig. 4. The dimensionless equivalent density in the muffler with a sin-
gle Helmholtz cavity: (a) the number of the membranes is n = 0, (b)
n = 1, (c) n = 2.

3. Simulation
The above-mentioned analytical examples have shown

that the frequency of negative mass density can be changed by
choosing different numbers of membranes. In this section, we
consider the influence of the Helmholtz cavity on the muffling
frequencies. Figure 5 shows the Helmholtz muffler with differ-
ent numbers of cavities (only shows the situation of no mem-
brane). We applied the plane wave radiation on one side and
measured the transmission loss of sound on the other side by
the software COMSOL. Because there is fluid–solid coupling
in the whole muffler, the physical fields of the steel structure
and the membrane structure are set as solid mechanics (solid),
and the physical fields of the cavity and the pipe are set as
acoustic pressure (acpr). The schematic diagram is shown in

Fig. 1(a), the transmission loss is defined as follows:[4]

TL = Li−Lt = 10lg
Ii

It
, (22)

where Li and Lt are the power levels of the incident sound and
transmission sound, Ii and It are the powers of the incident
sound and transmission sound

Ii =
∫
Sp

|Pi|2

2ρc0
ds, (23)

It =
∫
Sp

|Pt|2

2ρc0
ds, (24)

where Pi and Pt are the incident sound pressure and transmis-
sion sound pressure, Sp is the surface area of the inlet and
outlet, and the transmission coefficient of sound intensity is
defined as follows:

tI =
It

Ii
=
|Pt|2 /2ρc0

|Pi|2 /2ρc0
=
|Pt|2

|Pi|2
. (25)

If the area of pipe inlet and outlet is the same, the relation-
ship of transmission loss and transmission coefficient can be
defined as follows:

TL = 10lg
(
t−1
I
)
. (26)

We calculate the transmission loss by the software COMSOL,
the single-cavity simulation results are shown in Fig. 6. We
consider the number of membranes in the cavity is n = 0, 1,
2, respectively, the muffling frequency has a good agreement
with what we calculate in the previous section, and we can see
that the muffling frequency decreases as the number of mem-
branes increases. It can help us to get relatively lower muf-
fling frequencies. However, we can find that the range of the
muffling frequency is very narrow regardless of the number of
membranes. If we want to achieve 10-dB muffling efficiency,
the range of frequency is only around 50 Hz, which is unfavor-
able to the stealth performance of the submarine. So, we need
to widen the range of the muffling frequency to make it harder
for submarines to be detected by enemies.

cavity 3
cavity 1

cavity 2

cavity 4

Fig. 5. Helmholtz muffler with different numbers of cavity.

Figure 7 shows the transmission loss of a multi-cavity
Helmholtz muffler (the schematic diagram is depicted in
Fig. 5). We find that when we add a cavity, the range of muf-
fling frequency can increase by around 50 Hz, and when we
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open all four cavities, the frequency range increases up to over
200 Hz. Besides, the increased frequency region is always
near the original one where we open only one cavity, so, in-
creasing the cavity only widens the range of frequencies with-
out much effect on the position of the frequencies. Moreover,
the volume of the cavity has a slight effect on the attenuation
peak and this effect is much smaller than the membranes. So,
we can use the membrane to roughly adjust the sound atten-
uation frequency and use the cavity to fine adjust the sound

attenuation frequency. The volume sizes of four cavities are

V2 > V4 > V1 > V3 (depicted in Fig. 5), we can find in Fig. 7

that the larger the cavity volume, the smaller the frequency of

the attenuation peak , and if the volumes of two cavities are

similar, the attenuation peak will be very close or even over-

lap. So that if there are enough cavities, there will be no at-

tenuation valley, it is helpful to obtain a continuous range of

muffling frequency.
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Fig. 6. Transmission loss of single-cavity Helmholtz muffler: (a) the number of membrane n = 0, (b) n = 1, (c) n = 2.
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Fig. 7. Transmission loss of multi-cavity Helmholtz muffler with (a) two cavities, (b) three cavities, (c) four cavities, the number of membranes
is n = 0, 1, 2, and the order is the same as that in Fig. 6.

From the simulation, we can draw the conclusion that
the number of rubbers determines the position of the muffling
frequency and the volume of cavity can fine adjust the muf-
fling frequency, while the number of cavities determines the
range of muffling frequency. This discovery provides us more
choices for constructing the submarine muffler.

It can be seen that the attenuation peak will be very close
or even overlap when the volumes of two cavities are similar.

We make V1 = V2 ≈ V3 = V4 = 9.874× 10−6 m3 (depicted in
Fig. 8), and keep the material parameters and incentive con-
ditions the same as before. We add one rubber in the multi-
cavity Helmholtz muffler, the simulation results are showed in
Fig. 9. We can find that the four peaks of transmission loss
on behalf of four cavities are overlap completely into only one
peak, and the frequency which makes the transmission loss
below 10 dB becomes continuous, ranges from near 450 Hz
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to 700 Hz, the width is about 250 Hz. The results have more
advantages in application than the previous. First, the muf-
fler can get a continuous frequency to absorb wave, and there
is no wave absorption trough in the enemy’s detection fre-
quency. Second, the width of frequency to reduce noise is
relatively wider than the muffler with different volumes. It
is more beneficial to widen the range of low frequency noise
reduction. We also investigated the influence of volumes on
the peak frequency of the transmission loss and the influence
of volumes on the width of frequency to reduce noise below
10 dB. In the following simulation, we change the volumes of
the multi-cavity (with one rubber added) but keeping the vol-
ume of the four cavities the same, the results are depicted in
Fig. 10. We find that the volume and frequency are inversely
proportional in Fig. 10(a), when the volume is the maximum
(V1 = V2 ≈ V3=V4= 9.874 mm3), the peak frequency of the
transmission loss gets the minimum, which is near 500 Hz, and
the peak frequency can get 5000 Hz when the volume is near
10000 mm3. Moreover, there is the interesting phenomenon
that when the volume ranges from 5000 mm3 to 10000 mm3,
the frequency curve drops very slowly, which only goes down
from 1000 Hz to 500 Hz, it also verifies the conclusion in the
previous simulation that the volume of cavity has little influ-
ence on the general position of the muffling frequency but can
fine adjust the muffling frequency. In Fig. 10(b), we can see
that the width of frequency to reduce noise below 10 dB has
nothing to do with the volume of the cavities, which means
that we can fine adjust the muffling frequency without having
to consider the decrease of the width of noise reduction fre-
quency.

cavity 1

cavity 2

cavity 3

cavity 4

Fig. 8. The muffler with four equal volume cavities.
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From what has been discussed above, we can obtain three
effective methods to regulate the position and width of the

sound absorption frequency of this muffler, the first is in or-
der to get the continuous and wider muffling frequency, we
can make the volume of the four cavities equal, the second is
we can change the number of rubbers which are added into the
multi-cavity to change the general position of the muffling fre-
quency, the third is we can change the volumes of multi-cavity
between 5000 mm3 to 10000 mm3 to fine adjust the muffling
frequency.
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Fig. 10. (a) The influence of volumes on the peak frequency of the
transmission loss, (b) the influence of volumes on the width of noise
reduction frequency below 10 dB.

4. Conclusion
We introduced a multi-cavity Helmholtz muffler with

membrane structure and investigated the influence of the num-
ber of Helmholtz cavities and silicone membranes on noise re-
duction characteristics. In this paper, the relationship between
the equivalent negative mass density and the number of mem-
branes was deduced based on the equivalent model, and the
muffling frequency has a good agreement with the simulation.
We found that the position of the muffling frequency is deter-
mined by the number of membranes, with the increase of the
number of the membranes in the cavity, the frequency may de-
crease greatly, which provides us with a way to roughly regu-
late the position of the muffling frequency. In contrast, the vol-
ume of cavity can slightly affect the muffling frequency, when
we increase the volume from 5000 mm3 to 10000 mm3, the
muffling frequency only goes down from 1000 Hz to 500 Hz,
which states that we can use the volume of cavity to fine tune
the muffling frequency. Moreover, when we make the volumes
of the four cavities equal, the muffling frequency becomes
continuous and the width becomes wider, and the muffling
frequency can also decrease with the increase of the volumes.
Besides, the width of the frequency has nothing to do with the
volume, so we can fine adjust the muffling frequency without
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having to consider the decrease of the width of noise reduction
frequency. By changing the number of rubbers and the vol-
ume of the cavity, we can get different positions of muffling
frequency and different widths of muffling frequency. We can
also rough and fine adjust the peak of the muffling frequency
to meet different muffling demands, which means in modern
naval warfare, we can design different kinds of muffler struc-
tures according to the noise frequency of the submarine itself,
and so make the submarine avoid being detected by an en-
emy’s radar. The theoretical and simulation investigations in
our work may provide guidelines for designing novel muffling
structures for submarine.
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