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The phase of cross-correlation function of two different normal modes contains source range information, which can
be extracted by warping transform due to the dispersive characteristics of the shallow water waveguide. The autocorre-
lation function of the received pressure or particle velocity contains both modal autocorrelation component (MAC) and
modal cross-correlation component (MCC), with the former part usually treated as interference for source ranging. Be-
cause the real part of the vertical intensity flux (RPVIF) only contains MCC, a passive impulsive source ranging method
based on the frequency warping transform of RPVIF with a single vector receiver in shallow water is presented. Using
a waveguide-invariant-based frequency warping operator, the cross-correlation components of two different modes in the
vertical intensity flux are warped into separable impulsive sequences, the time delays of which are subsequently used for
source ranging. The advantages of source ranging based on warping the vertical intensity flux compared with warping the
pressure autocorrelation function are pointed out, and the experiment results are also presented.
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1. Introduction
In a low-frequency shallow water waveguide, the acoustic

field is always dominated by a set of normal modes that prop-
agate dispersively, with each frequency component traveling
with different group speed.[1] Thus, at a sufficiently large dis-
tance away from the source, each mode can be separated in the
time–frequency domain of the received signal. The informa-
tion carried by each mode can then be used for source local-
ization and geoacoustic inversion. However, due to the limit
of time frequency resolution, simple time–frequency analy-
sis is unsuitable for modal filtering at relatively close ranges.
It has been recently demonstrated that normal mode filtering
can be successfully achieved by combining traditional time–
frequency analysis and warping transform.[2]

Warping transform is a unitary transform, and was first
introduced to signal analysis by Baraniuk.[3] If an expression
for every mode in time/frequency is obtained, then the original
signal can be transformed into monotones with different fre-
quency or impulsive sequences with different time delays us-
ing a corresponding time/frequency warping operator through
time/frequency nonlinear resampling. Based on the expres-
sion for the mode’s instantaneous phase in time domain of an
ideal waveguide model, the warping operator h(t) =

√
t2 + t2

r

is proposed to filter normal modes from the signal received by
a single hydrophone, where tr is the arrival time of a signal.[2]

This time warping operator has been used for numerous appli-

cations, including geoacoustic inversion,[2,4–7] marine mam-
mals or impulsive source localization,[8–11] even in a range-
dependent shallow-water waveguide.[12] It should be noted
that all the above analyses are confined to impulsive sources
if the signal to be warped is the raw received signal. It is nec-
essary to deconvolute the influence of the source characteris-
tic for non-impulsive sources. To properly apply frequency
warping transform, the time coordinate at the receiver must
be aligned with the source time coordinate, and it is unprac-
tical for passive receiving system without a couple of arrival
time attempts as the receiver continuously records without any
knowledge of when, or even if, the non-cooperative source
transmits.

One should note that the traditional warping operator
h(t) =

√
t2 + t2

r is only suitable for the shallow water waveg-
uide with reflecting-dominated modes. In other words, it is
valid for the shallow water waveguides with waveguide in-
variant approximately equal to 1. In the waveguide with
a strong thermocline or a surface channel, the waveguide
invariant varies over a range of values, thus the effect of
warping operator h(t) =

√
t2 + t2

r will significantly decline.
So the waveguide-invariant-based warping operators suitable
for reflecting-dominated or refracted-dominated modes are
proposed.[13–15]

Warping the autocorrelation function of the pres-
sure/particle velocity or the cross-correlation function of the
pressure and particle velocity eliminates the source phase’s
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effect and the uncertainty of signal arrival time, thus it
avoids the confine of impulsive sources and alignment of the
receiver–source time coordinate.[15] Besides, the modal cross-
correlation component (MCC) in the signal autocorrelation
function has similar dispersive characteristics compared to
the mode itself.[8,9] In most cases, the mode’s autocorrelation
component (MAC) is concentrated near the time of zero com-
pared with the MCC, and zeroing this part of the signal auto-
correlation can delete it to a large extent.[13] However, for the
signal received at very close ranges, this method cannot delete
it ideally because the MCC and MAC overlap in time. Thus,
good modal cross-correlation component filtering and source
ranging results are difficult to achieve.

The warping transform of the vector field is firstly ana-
lyzed in Ref. [16], but the joint warping of the pressure and
particle velocity is not concerned. As the real part of the
vertical intensity flux only contains modal cross-correlation
component,[17] the frequency warping transform and its use
for passive source ranging are presented.

The rest of this paper is organized as follows. Section 2
presents theoretical analyses including the expression of the
vertical intensity flux described by the waveguide invariant,
the corresponding frequency warping transform, and the pas-
sive source ranging method. In Section 3, the frequency warp-
ing transform and source ranging method are applied on real
data. Finally, the conclusion is provided in Section 4.

2. Theoretical analyses
According to the normal mode theory, the received pres-

sure and particle vertical velocity at depth z after propagation
over a range r in a range-independent shallow water waveg-
uide can be expressed as[1]

P(r,z, f ) =
M

∑
m=1

Pm(r,z, f )ejkrm( f )r, (1)

Vz(r,z, f ) =
M

∑
m=1

Vzm(r,z, f )ejkrm( f )r, (2)

where krm( f ) represents the modal horizontal wavenumber at
frequency f , M denotes the number of propagating modes,
Pm(r,z, f ) and Vzm(r,z, f ) are the amplitudes of mode m in
pressure and vertical velocity,

Pm(r,z, f ) =
S( f )je−jπ/4

ρ(zs)
√

8πrkrm( f )
ψm(zs)ψm(z), (3)

Vzm(r,z, f ) =
S( f )e−jπ/4

ρ(z)ρ(zs)2π f
√

8πrkrm( f )
ψm(zs)ψ

′
m(z). (4)

Here, ψm(z) is the modal depth function of mode m, S( f ) is the
source spectrum, ρ(z) represents the water density at depth z,
and ψ ′m(z) is the derivative with respect to z. Due to the dif-
ference of ψ ′m(z) and ψm(z), the energy ratio of each mode

in vertical velocity is different from that of the pressure. Ac-
cording to Eqs. (1) and (2), the autocorrelation functions of the
pressure and the vertical velocity can be expressed as

IPP (r,z, f ) = P(r,z, f )P∗(r,z, f )

=
M

∑
m=1
|Pm|2 +

M

∑
m=1

M

∑
n6=m

PmP∗n ej∆knnr, (5)

IVzVz(r,z, f ) = Vz(r,z, f )V ∗z (r,z, f )

=
M

∑
m=1
|Vzm|2 +

M

∑
m=1

M

∑
n6=m

VzmV ∗znej∆kmnr, (6)

where ∆kmn = krm( f )−krn( f ), and the superscript asterisk de-
notes the complex conjugation operator. The first part is the
sum of all modes’ autocorrelation component, while the sec-
ond part represents the cross-correlation component of differ-
ent modes.

According to Eqs. (1)–(4), the vertical intensity flux can
be written as

IPVz(r,z, f ) = P(r,z, f )V ∗z (r,z, f )

=
j

2π f ρ(z)

( M

∑
m=1

ψ ′m(z)
ψm(z)

|Pm|2

+
M

∑
m=1

M

∑
n6=m

ψ ′n(z)
ψn(z)

PmP∗n ej∆kmnr
)
. (7)

The first imaginary part is the sum of all modes’ autocorre-
lation function, while the second complex part represents the
cross-correlation function of different modes. Thus, the real
part of the vertical intensity flux is

Ireal
PVz (r,z, f ) =

−1
ρ(z)2π f

M

∑
m=1

M

∑
n 6=m

ψ ′n(z)
ψn(z)

PmP∗n sin∆kmnr, (8)

and the imaginary part is

Iimag
PVz

(r,z, f ) =
1

ρ(z)2π f

( M

∑
m=1

ψ ′m(z)
ψm(z)

|Pm|2

+
M

∑
m=1

M

∑
n6=m

ψ ′n(z)
ψn(z)

PmP∗n cos∆kmnr
)
. (9)

One can note that Ireal
PVz

(r,z, f ) only contains MCC while

Iimag
PVz

(r,z, f ) contains both MAC and MCC.
The mode wavenumber difference and the frequency sat-

isfy the following power law relationship:[18]

∆kmn ( f ) = γmn f−1/β , (10)

where β is the waveguide invariant and γmn represents a mode
dependent constant. Inserting Eq. (10) into Eq. (8) and simpli-
fying the equation, we have

Ireal
PVz (r,z, f ) =

M

∑
m=1

M

∑
n6=m

Amn ( f )(ejrγmn f−1/β − e−jrγmn f−1/β

), (11)

where

Amn ( f ) =
j

ρ(z)4π f
ψ ′n(z)
ψn(z)

PmP∗n .
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According to Eq. (11), using the waveguide-invariant-based
frequency warping operator w( f ) =C f−β ,[15] Ireal

PVz
(r,z, f ) can

be warped into

FW
[
Ireal
PVz (r,z, f )

]
=

√∣∣∣∣dw( f )
d f

∣∣∣∣ M

∑
m=1

M

∑
n6=m

Amn(C f−β )

×(ejrγmnC−1/β f − e−jrγmnC−1/β f ), (12)

where C is a constant to ensure that the warped frequency
band has the biggest overlapping part with the original sig-
nal frequency band from f1 to f2.[15] As shown in Eq. (12),
only after one time transformation, all modal cross-correlation
components in Ireal

PVz
(r,z, f ) are warped into separable impulsive

sequences with time delay which equals

tmn =±rγmnC−1/β/2π, (13)

when the source spectrum amplitude |S( f )| is flat and the
amplitude of Amn(C f−β ) is considered to be a slowly vary-
ing function of frequency compared to the phase dependence.
It should be noted that the waveguide-invariant-based warp-
ing operator is suitable for reflecting-dominated or refracted-
dominated modes when the waveguide invariant can be treated
as a single value. For the waveguide with both reflecting and
refracted modes, pre-processing to filter these two types of
modes is needed. Otherwise, the refracted modes are inter-
ference for warping the reflecting modes and vice versa.

According to Eq. (13), the target source range can be es-
timated by

r =±2πtmn/γmnC−1/β . (14)

The mode dependent constant γmn in Eq. (14) can be obtained
by curve fitting according to Eq. (10) when the waveguide
environmental parameters are known to calculate ∆kmn ( f ),
or obtained from a guide source with known range rg and
the corresponding time delay tgmn of the warped Ireal

PVz
(rg,z, f ).

More briefly, because the time delay tmn increases linearly with
range r, the target source range can be estimated by

r =
tmn

tgmn
rg, (15)

when a guide source is available. Equation (15) gives the
source ranging result of one modal cross-correlation compo-
nent; if there are multiple modal cross-correlation components
in the vertical intensity flux, the estimated source range can be
chosen as their mean value. Thus, target source range can be
achieved by following the steps below.

(i) Obtain the pressure P(r,z, f ) and particle vertical ve-
locity Vz(r,z, f ) through Fourier transform of the received sig-
nal in time domain.

(ii) Obtain the real part of the vertical intensity flux
Ireal
PVz

(r,z, f ) according to Eq. (7).

(iii) Warp Ireal
PVz

(r,z, f ) using the waveguide-invariant-
based frequency warping operator w( f ) = C f−β , i.e., get
FW

[
Ireal
PVz

(r,z, f )
]

through no-linear resampling Ireal
PVz

(r,z, f ) in
frequency domain.

(iv) Obtain the waveform of the warped real part of the
vertical intensity flux, i.e., IFFT

{
FW

[
Ireal
PVz

(r,z, f )
]}

, through

inverse Fourier transform of FW
[
Ireal
PVz

(r,z, f )
]
.

(v) Get the time delay tmn of the peaks in
IFFT

{
FW

[
Ireal
PVz

(r,z, f )
]}

and estimate the source range ac-
cording to Eq. (15). If multiple modal cross-correlation com-
ponents are available, use their average value as the final
estimated result.

3. Experimental results
To testify the validity of this analysis, the experimental

data recorded in the North Yellow Sea in the winter of 2008 is
processed. As shown in Fig. 1, the airgun source is towed at
10.5 m and the water depth is 32.5 m. The sound speed profile
is iso-speed of 1521 m/s. The received signals are recorded by
a vector sensor deployed at a depth of 18.1 m.

airgun 
source vector

sensor

10.5 m

18.1 m

32.5 m

Fig. 1. Configuration of the experiment.

The adaptive optimal kernel time–frequency representa-
tions of an impulsive signal (as shown in Figs. 2(a) and 2(b))
recorded by the pressure and vertical velocity channel with the
source-receiver range equal to 5 km are shown in Figs. 2(c)
and 2(d). On each subfigure, the modes are labeled to ease
the reading. As shown in Figs. 2(c) and 2(d), the pressure and
vertical velocity contain different modes. The pressure field
contains modes 1, 2, 3, and 5 with mode 1 having the greatest
contribution, while the vertical velocity contains modes 2 and
4 with mode 2 dominating the field.

Due to the dispersive characteristics of the normal mode
as shown in Fig. 2, both the time spread lengths of MAC and
MCC are related to the source frequency, source range, and
mode number. Comparing with the cross-correlation compo-
nent, most energy of the modal autocorrelation component is
concentrated closer to the time zero with a smaller time spread
length, so zeroing the signal autocorrelation near the peak (i.e.,
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near the time zero) can delete it to a large extent when the
source is relatively far away. However, with the increase of
frequency band and mode number, as well as the decrease
of source range, the energy of MAC and MCC overlapping
in time domain increases, so zeroing the signal autocorrela-
tion near the peak is not an ideal way to delete the interfer-
ence component (i.e., the modal autocorrelation component)
for warping.
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(a) (b)

(c) (d)

Fig. 2. The received signals and their time–frequency representations.
(a) Normalized waveform of the received pressure, (b) normalized
waveform of the received vertical velocity, (c) spectrogram of the re-
ceived pressure, and (d) spectrogram of the received vertical velocity.
In every subfigure, the mode numbers are labeled in white. The spec-
trogram color scale is linear and arbitrary.

The unwarped and warped IPP received at different ranges
are presented in Fig. 3 under two conditions, 0 s zeroing length
and 0.01 s zeroing length. Because the water sound speed is
iso-speed, the waveguide invariant equal to 1 is used in the fre-
quency warping operator. As shown in Fig. 3(b), the warped
MCC is not apparent due to the existence of a much brighter
vertical line corresponding to the MAC, implying that the en-
ergy of MAC is much bigger than that of MCC. After setting
the signal autocorrelation before 0.01 s to zero to delete the
MAC, there is a bright oblique line in Fig. 3(d) correspond-
ing to the cross-correlation of modes 1 and 2. Compared with
the long time spread in Fig. 3(c), MCC is almost warped into
impulsive sequence in Fig. 3(d). But for the ranges within
2.5 km, this line is intermittent due to the unsatisfactory result
of zeroing.

For comparison, figure 4 presents the waterfall plot of un-
warped and warped vertical intensity flux at different ranges
with 0 s zeroing length. The first row is the real part while the
second row is the imaginary part. From Figs. 4(b) and 4(d),
we can conclude that both the real and imaginary parts of IPVZ

are transformed into impulsive sequences with the time de-
lay increasing linearly with the source range. Comparing with
warped IPP in Fig. 3(d), warped IPVZ presents a straighter and
cleaner line corresponding to the cross-correlation of modes
1 and 2. For the ranges smaller than 2.5 km, this line is still

straight. Because the pressure and vertical velocity contains
different modes, even for the imaginary part of vertical energy
flux, the energy of MCC is much bigger than MAC; thus, fig-
ure 4(d) presents a same oblique bright line as Fig. 4(b).
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Fig. 3. Waterfall plot of the unwarped and warped pressure autocorrela-
tion function at different ranges. (a) Unwarped pressure autocorrelation
function with 0 s zeroing length, (b) warped pressure autocorrelation
function with 0 s zeroing length, (c) unwarped pressure autocorrelation
function with 0.01 s zeroing length, and (d) warped pressure autocorre-
lation function with 0.01 s zeroing length.
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Fig. 4. Waterfall plot of the unwarped and warped vertical intensity
flux at different ranges with 0 s zeroing length. (a) Unwarped real part
of the vertical intensity flux, (b) warped real part of the vertical intensity
flux, (c) unwarped imaginary part of the vertical intensity flux, and (d)
warped imaginary part of the vertical intensity flux.

The estimated source ranges based on the time delay of
the impulsive sequences are given in Fig. 5, where the blue
circled line is the result of warped Ireal

PVz
(r,z, f ) and the black

asterisk line is the result of warped IPP. Here, the source emit-
ted at 5 km is chosen as the guide source, the time delay of
which is 0.0267 s. As the energy ratio of each mode in the
signal excited by the guide source and that of the target source
is the same, the target source range can be estimated directly
according to Eq. (15) without mode number identification. As
shown in Fig. 5, the blue circled result is much better than the
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black asterisk result, especially for the ranges within 2.5 km,
resulting from the fact that the warped IPVZ gives a straighter
and cleaner line.
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Fig. 5. Source ranging results. (a) Estimated range vs. real range. (b)
Relative error.

4. Summary
A passive source ranging method using the time delays of

the peaks in the frequency warped vertical intensity flux is pre-
sented. Compared with warping the pressure autocorrelation
function, there is no need to delete the modal autocorrelation
component for warping the vertical intensity flux, especially
for its real part. In addition, the source ranging result based
on the time delay of the warped vertical intensity flux is much
better for closer ranges.

One should note that the mode number identification is
usually needed before source ranging, to make sure that the
same combination of two modes is used for the guide source
and the target source. Otherwise, the estimated source range
is a wrong value, which is similar to the estimated result of
the matched field processing sometimes positioned at the false
peak of the cost function due to the similarity of the acous-
tic field. In more practical application scenarios, because the
mode amplitude is directly related to the source depth and their

difference is small for similar tonnage ships, the dominated
modes excited by two ships with similar tonnage are same at
the same frequency band. Thus, one can use a cooperative
surface ship as the guide source to estimate the ranges of other
non-cooperative surface ships. Another point that should be
noted is the amplitude of the ship radiated noise spectrum be-
cause its considerable fluctuation will have a devastating effect
on warping transform. For the engineering application of the
source ranging method proposed in this paper, further research
and more endeavors are needed to get stable, usable, and iden-
tifiable modal cross-correlation components.
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