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It is well-known that reaction—diffusion systems are used to describe the pattern formation models. In this paper,
we will investigate the pattern formation generated by the fractional reaction—diffusion systems. We first explore the
mathematical mechanism of the pattern by applying the linear stability analysis for the fractional Gierer—Meinhardt system.
Then, an efficient high-precision numerical scheme is used in the numerical simulation. The proposed method is based
on an exponential time differencing Runge—Kutta method in temporal direction and a Fourier spectral method in spatial
direction. This method has the advantages of high precision, better stability, and less storage. Numerical simulations show
that the system control parameters and fractional order exponent have decisive influence on the generation of patterns. Our

numerical results verify our theoretical results.
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1. Introduction

Reaction—diffusion systems have been used to describe
pattern formation. For example, Turing found that diffu-
sion could cause instability of a spatially uniform state and
lead to the formation of spatial patterns.!'! This diffusion-
driven instability or Turing instability has attracted attention
of scientists in many areas, such as biology,!”! physics,"!
neuroscience,*! optics,! chemistry,®! and geology.”! Typ-
ical examples of pattern formation are found in the Schnaken-
berg model,® the chloride-iodide-malonic acid reactive
model,®! the Gray—Scott model,!'%! and the Gierer—Meinhardt
model.!'!l These mathematical models have the general form

O =D, Vu+ f(u,v),
v =D,Vv+g(u,v), €))

where u demonstrates the autocatalytic behavior and is called
activator, while v hinders the activator autocatalysis and is
called inhibitor. D,,, D, are constant diffusion coefficients and
f, g describe the reaction kinetics.

The normal diffusion in system (1) corresponds to Brow-
nian motion which has finite moments in both waiting time
distribution and jump size distribution. However, particles do
not always carry out the recent jumps but can instead wait and
perform long jumps between successive jumps. When the fi-
nite moments conditions in the waiting time distributions and
jump size are not satisfied, anomalous diffusion of particles
occurs.['213] There are two types of anomalous diffusions: su-
perdiffusion and subdiffusion. Superdiffusion is faster than the
normal diffusion, and the corresponding jump size distribution
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has infinite moments, or alternatively, Lévy flights.['*] Sub-
diffusion is slower than the normal diffusion, and the corre-
sponding waiting time distribution has infinite moments. Both
types of anomalous diffusions play important roles in biologi-
cal, physical, and chemical processes. It has also been shown
that anomalous diffusion!3! in one-dimensional systems leads
to the occurrence of anomalous heat conduction. The spiral
wave and chemical turbulence were observed in the nonlin-
ear dynamics of the oscillating reaction diffusion patterns in
Ref. [16]. In Ref. [17], the pattern formation in an Oregonator
model with superdiffusion was studied.

The pattern formation occurring in anomalous diffusion
cases is depicted by space fractional reaction—diffusion equa-
tions

ot = —Dy(—A) " Pu+ f(u,v),
oy = —Dy(—A)*/ %y +g(u,v), @)

where 1 < oy, 0o < 2 depict the fractional superdiffusion.
The initial conditions are chosen as small perturbations away
from the steady state of both substances. Zero-flux bound-

ary conditions are chosen in the form (n-V) Z) =0, be-

cause patterns are evolved only by self-organization. To exam-
ine the diffusion-driven instability conditions for the reaction—
diffusion equations (2), we need to find the eigenvalue prob-
lem and evaluate its characteristic polynomial.

There is no universal and effective way to obtain the ex-
act solutions for most fractional differential equations. Con-
sequently, numerical solutions for the fractional differential
equations are needed. At present, the numerical approaches
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and supporting analysis of fractional-order differential equa-
tions are a fruitful research topic. Li and Xul'8! considered a
spectral method for the weak solution of the space—time frac-
tional diffusion equation. Khader et al.['%2% chose Cheby-
shev and Legendre Galerkin methods to discrete the fractional
advection-dispersion equations where the spatial derivative
was selected as the Caputo derivative. Hanert!! proposed
the Chebyshev spectral element method to solve the frac-
tional Riemann—Louiville advection-diffusion equation. Re-
cently, Zayernouri and Karniadakis??! presented a collocation
method based on fractional Lagrange interpolants for solving
the steady-state and time-dependent fractional partial differen-
tial equations.

In this paper, we use the Fourier spectral method as
an efficient alternative approach in spatial discretization. In
terms of time discretization, we use the explicit fourth-order
time stepping method, exponential time differencing Runge—
Kutta method, which improves the stability and computation
efficiency. The exponential time differencing method was
proposed by Cox-Matthews in Ref. [23] and improved by
Kassam-Trefethen in Ref. [24]. Specifically, the main con-
tributions of this work are as follows:

(i) We derive the conditions of Turing instability for the
fractional Gierer Meinhardt system by using linear stability
analysis. The various numerical examples verify the linear
stability analysis results which show that the system control
parameters and fractional order exponent have decisive influ-
ence on the generation of patterns.

(i) We apply Fourier spectral methods to fractional-in-
space reaction-diffusion equations. The main advantage of this
method is that it gives the full diagonal matrix expression of
fractional operators, which has spectral convergence and does
not have to take the fractional power into consideration.

(iii)) We use the exponential time differencing Runge—
Kutta method, which has a much better performance in com-
puter time.

The rest of this paper is organized as follows. Sec-
tion 2 gives the spectral decomposition of fractional Lapla-
cian operator, then the mathematical mechanism of the frac-
tional pattern and the conditions inducing the Turing instabil-
ity are determined. In Section 3, we apply the Fourier spectral
method in spatial discretization and exponential time differ-
encing scheme in time discretization for solving the reaction
diffusion systems. In Section 4, the numerical examples of
fractional Gierer—Meinhardt model are given to verify the re-

sult of our analysis. Finally, we present a summary of this

paper.

2. The mathematical mechanism of Turing pat-
tern

In this section, we first give the definition of the spec-
tral decomposition of fractional Laplacian operator. Then, we
perform the linear stability analysis for the general reaction—
diffusion system (2). Finally, a set of conditions for Tur-
ing instability are derived for the fractional Gierer—Meinhardt
model.

Spectral decomposition plays a crucial role in the defini-
tion of the fractional Laplacian operator, (—A)O‘/ Zl<a<?.
We first define the spectral decomposition for Laplacian op-
erator (—A). Suppose (—A) has a complete set of orthonor-
mal eigenfunctions {¢;} satisfying homogeneous Neumann
boundary condition on a bounded region £ C R", with cor-
responding eigenvalues A;; i.e., (—A)@; = A;@; on 2. We can
define the space as follows:

Uy = {u =Y a0, ;= (u,0,), ¥ |a;|* A7 < oo}. 3)
=0 j=0

For any u € Uy, the fractional Laplacian operator can be
defined as

(—8)*u=Y a4 g;. O]
=0

For the zero flux boundary condition, it can be easily ob-
N2 .
. . T T(x— .
tained that there exist A; = (—bﬂ a> ., @j = cos (7/ lgf;’)) in

N2
one dimensional case Q = [a,b], and A} = (%) + (%)2,

kn(y—c)\ - . .
Qjx = cos( )cos (%) in two dimensional case

Q =la,b] x [c,d] with j, k=0,1,2,... It can be observed that
(—A)*/2 has the same interpretation as (—A) in terms of its

jn(x—a)
b—a

spectral decomposition.

Assume that the homogeneous steady state (u*,v*) cor-
responds to the solution of f(u,v) =0, g(u,v) = 0. Omitting
the diffusion terms in system (2), the spatially homogeneous
system becomes

du/dr = f(u,v),
dv/dr = g(u,v). 5)

Take linearization for the nonlinear ordinary differential equa-
tions (5) around the steady state (u*,v*) and let (U,V) =
(u—u*,v—v*), we obtain

d(Uu\ _(ffh\(U
dt(V>_(gugv)<V)’ ©

The homogeneous steady state (U,V) = (0,0) is stable when
the real part of the eigenvalues of Jacobian matrix A =

(f” f ) = (C“ 12 > is negative, i.e., ReA < 0.

8u 8v C21 C22
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Take linearization for the nonlinear fractional reaction
diffusion equations (2) around the steady state (¢*,v*) and let
(U,V)=(u—u*,v—v*), we obtain

AU = —Dy(—A)*/2U + 11U +c1aV,
AV = =Dy (—A)2/2V 421U +cpaV.

To examine the diffusion-driven instability conditions for
the fractional reaction—diffusion systems, we need to compute
the eigenvalue for the following equation:

AU = =Dy (=A)*/?U +c11U +c1aV,
AV = =Dy (=A)2?V + c3U + ¢V, (7)

with homogeneous Neumann boundary condition.

Assume that U, V are decomposed by the complete
set of orthonormal eigenfunctions U = }7 U i@j and V =
Yo Vj(pj. Substituting it into Eq. (7) leads to the following
linear algebraic systems:

210+ (=Dyp®%/? + ¢ — A)V; =0,

where u =A; = (5’%)2 for IDcaseand u =4 = (bjfna)z%-

(dkfﬂc)z for 2D case. The necessary and sufficient condition of

non-zero solutions for the homogeneous linear systems (8) is

‘ —D /2 ey — A 12

=0.
21 —Dyu®/% + cpp — A ‘

Now we apply the linear stability analysis in a spe-
cific activator—inhibitor system, Gierer—Meinhardt system. In
1972, Gierer and Meinhardt proposed a prototypical activator
and inhibitor system to model the generating mechanisms of

[25] The Gierer-Meinhardt model is widely

biological patterns.
used in the study of some basic phenomena in the process
of morphogenesis.!?®! To our knowledge, there are few pub-
lished works on the two-dimensional spatial fractional Gierer—
Meinhardt models. In the present paper, we consider the fol-

lowing fractional Gierer—Meinhardt model:

2
O = —e>(—=A) "y + v —u,
v

I/t2 1%

K
Oy =——(=A)%2/ 2y 4 — — — )
=y en
where the parameters are taken as € = 0.04 and n =0.1. It
can be easily obtained that the stead state for fractional Gierer—

Meinhardt model (9) is u* =v* = €.

The Jacobian matrix is (f“ fv> = (C” Clz) =

8u 8v C21 €22

20 —10
tional Gierer—Meinhardt model is

( 1=l >, and the characteristic polynomial for the frac-

A’z - (Cll +c2 *Duﬂal/z *Dv,uaZ/z)Z/

+(c11 — Dult®/?) (22 — Dyu®'?) —c1ae21 = 0. (10)
The corresponding eigenvalues are
1
A= 5{(611 +cn— Dy ®/? — D, u®/?)
+[(cn1 + 2 — D™/ = Dyu/?)?
—4((c11 — Dyu®/?)
% (22 — Dy ®/?) —cipear)) 2} (an

If the Turing pattern is formed as a result of system evo-
lution, there exists a range of wave numbers u such that
max{ReA (i)} > 0. We call the function ReA(u) the dis-
persion curve, in which the information about existence of
nonuniform stationary patterns can be obtained.

For different k, the different dispersion curves are plotted
in Fig. 1. For every x, four dispersion relations are yielded for
different combinations of fractional order ¢; and . In our
computation, we find that the eigenvalue A is real. Figure 1(a)
shows the dispersion curves for k¥ = 0.0162 with fixed o) =2
and different order o. It can be observed that max{A(u)}
changes from positive to negative with decreasing ¢, which
means that the homogeneous state finally becomes stable as
time evolves for ap = 1.7.

Figure 1(b) shows the dispersion curves for k¥ = 0.0128
with different values of ¢¢; and op. Under the circumstance of
oy =2and ap = 1.8, max{A (1)} < 0 and the system is stable.
While in other three cases, the stationary pattern is formed as
system evolves because of max{A(u)} > 0.

k=0.0162 =0.0128 xk =0.008
0.5
- (©
e
—05H 0 N el Tl e
=< =< . ~< —1.0¢f
_oslf —ai=19a=2 "% ~1.5
1ol ar=2,a0=2 N | ap=1.9
T ——a=2,05=1.9 —2.0 —-ap; = 1.8
—1.2 a;=2,a;=1.8 ap = 1.7
—1.4t 1.4t 25
0 200 400 600 800 1000 0 200 400 600 800 1000 0 400 800 1200 1600 2000
I I p

Fig. 1. The relation of eigenvalue A with p for (a) k = 0.0162, (b) k¥ = 0.0128, and (c¢) k¥ = 0.008.
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Fix the fractional order ap = 2 and and take o; =2, 1.9,
1.8, and 1.7, the dispersion curves for k = 0.008 are plotted in
Fig. 1(c). One can notice that the Turing instability occurs as
oy decreases. Thus, we can conclude that the fractional orders
o and o have significant effects on the dispersion relations.
Turing patterns can be controlled by changing the value of the
fractional Laplacian in Eq. (2).

3. Numerical method
3.1. Space discretisation

The two-dimensional computation domain Q = [a,b] X
[c,d] is discretized into tensor product grids {(xj,y) : x; =
a+ jAx—Ax/2, yy =c+kAy—Ay/2, j=0,1,.... M—1, k=
0,1,...,N —1}. The spatial mesh sizes are chosen as h, =
(b—a)/M and hy = (d —c)/N. We consider a finite number
of orthonormal trigonometric eigenfunctions

0alry) = \E\ECOS (J'ﬂb(x_aa))
X COS <kjrd(y__CC)> )

where j=0,1,.... M—1and k=0,1,...,N—1.
The solution « at (x;,yx) can be expanded by the truncated

series
M—1N-1

Yo ) nn®k(xjve)

m=0 n=0

I/tj7k ~

The coefficients i x can be efficiently computed by fast direct
discrete cosine transforms (DCT)

- 1 MZINZ] jmm knm
Ump = m Jgo k:ZOuj’kCOS <M) Ccos (N) .

By applying the discrete cosine transform to the fractional re-
action diffusion equation (2), we obtain two-dimensional rep-
resentation in spectral space

dil\m n " n
o —Dy ()t + Fonms
Py G 4z
= = DuCnn)® S+ G (12)

The linear term of the ordinary differential equations
is diagonal. Moreover the nonlinear term can be evaluated
in physical space and then transformed to spectral space.
Here, u and v are the double cosine transforms of the chem-
ical concentrations u# and v, respectively. fmﬂ and g, , are
the double cosine transform coefficients of the matrix F' =
(P, 30))v(x73%))) and G = (g(ua(xj,31)), v, 30)) ). i =
0,....M—1,k=0,....N—1.

3.2. Time discretization

We consider the time discretization for Eq. (12). This

method is similar to the integral factor method. By multi-

Dy(An)?1/%t

plying Eq. (12) by the integration factors e and

Dy(Qnn) %2/

e , we obtain

/24 ~
d(eDu(lm‘n) Ium‘,n) _ Du<xm n)al/zl/\
=¢e ’ fm,na

dt
d(ePrmn) 5, (o) 22/~
dt ’ = ev\imn ngl' (13)

Here we take the first equation in Eq. (13) as an example to ap-
ply the exponential time differencing formula of Runge—Kutta
type. The process for the second equation is similar. We in-
tegrate the first equation in Eq. (13) over a single time step of
length 7 (from ¢t = ¢, to t,1 =1, + T), getting

~ _~ T
UnH:eTLUnJre”‘/ e "INWU(t,+1),1,+1)d7T, (14)
0

a1/2

where the matrix L is formed by D, (A,.) and elements in

2, . . . . .
Dy (A n)1/?t fm.n. Many existing exponential time dif-

N are e
ferencing methods are used to approximate the integral terms
in this formula. Matthews utilized exponential time differenc-
ing methods based on Runge—Kutta time step in Ref. [23],
which is called exponential time differencing Runge—Kutta
method. Set F' = (fmyn), then the fourth order exponential time
differencing Runge—Kutta scheme is given as follows:

~

Uni = e°U, +1(493(L7) —302(L7) + ¢ (LT))
X F(Up,ty) +27(02(L7) —2¢3(L7))

T T
X (F(:ulatn+2> +F(,u27tn+2>)

+7(93(L7) =2¢2(L7)) F (3,10 +7),  (15)
where the stages U;, i = 1,2,3 are given as

w = e U, + Lt/2¢,(Lt/2)F(Uy,t,),

ty = 72U, + Lt/2(¢)(L7/2)
—2¢:(L7/2))F(Up,t,)
+ 102 (LT/2)F (W1, ty + T/2),

s = XU, + (g1 (L7) = 205(L7)) F (12,5 + 7), (16)

and the functions ¢;, i = 1,2, 3 are defined as

el —1 e?f—1—z et—1—z7-7%/2
o1 = , =, 3=
z z z

The final solution can then be obtained by applying the cosine
inverse transforms for U.

4. Numerical experiments

Example 1 We consider the following fractional
reaction—diffusion equation on Q = [0, 1]%:

Ou = —D(—A)*2u+ f(,u) (17

subject to the homogeneous Neumann boundary condition.
The initial data is given as u(x,y,0) = cos(x) + cos(y) and
right-hand side f(¢,u) = 0.lu. For the convenience of compar-
ison, we solve this problem by the Fourier method and finite
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difference method (FDM) proposed in Ref. [27]. We demon-  and x = 0.008. The initial conditions are chosen as
strate the efficiency and accuracy of the two methods by re-

. o 20 2 142
porting the L*-norm error Uy = % [1 +0.01 Z cos (?)] sech? ( m)
k=1

2e

L™ (Ne,Ny) =|| U = U ||oo= ke — ikl
(N, Ny) =] o= max, | max, =it cosh(1 — /225 52) s
Vo = .
where u is the numerical solution and i is the reference solu- 3cosh(1)

tions calculated by evaluating the fractional equation (17) with
212 Fourier modes. The convergence results in the L*-norm
are presented in Table 1 at# =1 with D=1 and ot = 1.8. As

In the following numerical tests, the spatial mesh sizes are cho-
sen as i, = hy, = 1/64. The time step is chosen as 7 = 1d —2.

seen in the table, the Fourier method is more accurate than the Table 1. The L= error and CPU time for Fourier and EDM methods in
FDM. The CPU time is also give in Table 1 for comparison Example 1 at T = 1 with 7 = 0.001.
between the methods. It can be concluded that our method has NN Spectral FDM
a much better performance in execution time. YUY IPemor  CPUSs L®error  CPUJ/s
Example 2 Consider the fractional Gierer-Meinhardt 1010 2.87x107%  0.8521 1171072 1.965
. —4 -3
model (9) on Q = [~1,1]> with homogeneous Neumann 2020 5.59x10 0.9432 2.96x10 17.75
bound dition. Th ‘ tak — 0.04 and 30x30  1.67x107*  1.1097 1.32x107% 2495
oundary condi 1op. e parameters are taken as € = 0.04 an 0x40  641x10-5 13326 720x10~* 1453
1n = 0.1. We consider three cases of kK = 0.0162, k = 0.0128,
t= t =100
1 i 0.06
0.04 0.04 -05 0.05
0.04 0.04
0.03 - 0 0.03 0.03 0.03
0.02 0.02 08% 0.02
0.01 1 0.01 : 0.01
-1 0 1
X
1 kOl 0.06 0.06
0.04 0.04 0.05 0.05
0.03 . 0.04 0.04
> 0 003 0.03 0.03
0.02 0.02 0.02 0.02
-1 0.01 0.01 0.01 0.01
— 0 1
x
0.06 0.08 0.10
) . 0.10
0.05 0.06 0.08
1 0.08
0.0 0.04 0.06 0.06
0.03
0.02 0.02 0.04 0.04
0.01 : 0.02 0.02
0.08 0.08 0.10 10
0.08 0.08
0.06 0.06 0.06 0.06
0.04 0.04 0.04 0.04
0.02 0.02 .02 0.02

Fig. 2. Turing pattern for k = 0.0162, oy =2, (a) ap = 1.7, (b) p, = 1.8, (c) p = 1.9, and (d) a, = 2.

We first consider the case of k¥ = 0.0162 and fix @) =2.  keep increasing 0, then a chain cluster of Turing spotted pat-
From the discussion on the stability of the Gierer-Meinhardt  terns initially evolve with o = 1.9 and 2; as seen in Figs. 2(c)
system in Section 2, Turing instability will occur for o = 2,
1.9, and 1.8. And the systems will become stable for a; = 1.7.

and 2(d). As the simulation time increases to 700, we obtain

. . o ] pure Turing spot patterns. The stationary state spatial struc-
We plot the solution of u at different time in Fig. 2 for different

- . tures have a period which grows as o, increases. These re-
. As seen in Fig. 2(a), the solution u approaches the steady P & 2

state u* = € = 0.04 for oy = 1.7. The steady state breaks up
and various patterns can be observed by increasing o). The fractional Gierer—Meinhardt model; that iS, Turing lnstablllty

sults confirm the presence of linear stability analysis for the

stripe pattern can be observed in Fig. 2(b) for op = 1.8. If we  occurs when the real part of eigenvalue is positive.
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Fig. 4. Turing pattern for k =0.008: (a) oy =2, . =2;(b)ot; =19, =2;(c) oy = 1.8, p =2;and (d) oy = 1.7, ap = 2.

Next we consider the case of k¥ = 0.0128. Figure 3 shows
the scenarios of pattern formation with different diffusion in-
dices. As the dispersion curve shows in Section 2, the systems
will become stable for oy =2 and op = 1.8, see Fig. 3(a).
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While Turing patterns appear when the parameters are set as
a =2, =19, 0, =2, =2,and a; = 1.9, p =2. With
increasing o from 1.9 to 2, a stripe pattern turns into a spot
pattern. Fix o = 2 and decrease o, we can observe that the
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period of spot becomes larger.

Finally, we consider the case of k¥ = 0.008. Figure 4
shows the scenarios of pattern formation with op =2,1 < a1 <
2. The Gierer—Meinhardt model becomes stable as time ad-
vances when @ =2 and o = 2. The component of « is shown
in Fig. 4(a). When a; =2,1.9, 1.8 and o = 2, Turing patterns
then appear. The common feature of Figs. 4(b)—4(d) is that the
patterns are formed at the initial stage of diffusion, and remain
unchanged. The spots become sparse with decreasing o1 .

Remark 1 In this paper, we use the same initial condi-

el to generate the Turing pattern.

tions (18) as integer cas
The other initial conditions can generate similar results. We
also compute the fractional Gierer—Meinhardt model with the
random initial conditions. The stable pattern with k¥ = 0.0162,
a; =2,and op = 1.7, 1.8, and 1.9 are shown in Fig. 5. Com-
pared to Fig. 2, it can be found that the solution u approaches
the steady state for ap = 1.7. Moreover, the stripe pattern also
preserves for op = 1.8 and op = 1.9, leading to the spotted

patterns.

t=1700 t =700
(a) 0.50 (b) - - "‘ - 0.04
0.8 gL W 1 Bo.o4 0.09
’ 0.46 Che e - 0.04
0.4 0.4 00 M - e 0.04 0.07
0.42 - - 0.04
> 0 = o % .‘ *® 0 1 0.04 0.05
—0.4 0.38 —0 4. - 0:04
' i O ®_.% ¥ oo 0.03
- 0.34 _ 5 - |
0.8 0.8 = 0.04
0.30 -‘\ a2 @ .‘ 0.03 0.01
-1 0 1 ~1 0 1
x x x

Fig. 5. Turing pattern for k¥ = 0.0162 with random initial condition: (a) &, = 1.7, (b) op = 1.8, and (c) ap = 1.9.

5. Conclusion

We investigated the mathematical mechanism of the frac-
tional Turing pattern by linear stability analysis. Our analyses
help to explain the generation of the Turing pattern and calcu-
late the threshold of the instability. We combined the Fourier
spectral method for space discretization and exponential time
differencing Runge—Kutta method for time discretization to
simulate the fractional reaction—diffusion equations. Numer-
ical experiments show that the fractional reaction—diffusion
equations can exhibit the various characteristics of the Turing
pattern. Besides the system control parameters, the fractional
order exponent also decides the generation of Turing pattern.
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