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We introduce a new consensus pattern, named a successive lag cluster consensus (SLCC), which is a generalized
pattern of successive lag consensus (SLC). By applying delay-dependent impulsive control, the SLCC of first-order and
second-order multi-agent systems is discussed. Furthermore, based on graph theory and stability theory, some sufficient
conditions for the stability of SLCC on multi-agent systems are obtained. Finally, several numerical examples are given to
verify the correctness of our theoretical results.

Keywords: successive lag cluster consensus, impulsive control, multi-agent systems

PACS: 05.45.Xt, 89.75.–k, 02.30.Yy DOI: 10.1088/1674-1056/28/5/050501

1. Introduction
Over the past two decades, multi-agent systems have at-

tracted extensive attention due to their applications in fields
such as unmanned aerial vehicle,[1] formation control,[2,3] bio-
science,[4,5] and so on. In Ref. [6], by utilizing the numer-
ical simulation, Vicsek et al. discovered an interesting phe-
nomenon in that the direction of movement of all particles
can achieve consensus for a discrete-time model with small
noise and higher density. Subsequently, based on the algebraic
graph theory, a theoretical result of consensus for the Vicsek
model was derived.[7] In Ref. [8], Ren and Beard have proven
that discrete-time and continuous-time multi-agent systems
can realize consensus if there is a spanning tree on a fixed
or switched topology. Thereafter, lots of researchers expanded
and enriched the consensus theory using different models and
methods.[9–13]

In communication engineering, the states of agents may
achieve lag consensus by noise interference. The lag con-
sensus means that the consensus is realized on two differ-
ent systems (i.e., leader–following multi-agent systems) with
a time delay. Recently, the lag consensus on second-order
multi-agent systems under adaptive feedback control was
considered.[14] In Ref. [15], by applying a pinning control
which is designed with local information from leader and
agents, Wang et al. obtained that the second-order multi-agent
systems can realize lag consensus. Furthermore, in Ref. [16],
Li et al. introduced the successive lag consensus (SLC), which
is a generalized consensus pattern of lag consensus. Compared
with lag consensus, successive lag consensus is discussed in a
system (or network), while the former is defined between two

systems (or networks).
The cluster is a common phenomenon in social and bio-

logical networks. In Ref. [17], Qin and Yu studied the cluster
consensus of multi-agent systems by distributed feedback con-
trol, based on graphic topology conditions. Some structural
conditions on the basis of coupling strength and coupling ma-
trix were proposed to achieve the cluster consensus of multi-
agent systems.[18,19] Moreover, the cluster lag consensus of
first-order multi-agent systems under distributed control was
also studied.[20] In Ref. [21], the authors studied the cluster lag
consensus of second-order multi-agent systems with switch-
ing topologies because there was a strongly connected digraph
in each cluster. Inspired by these works, we will introduce
a novel consensus pattern: successive lag cluster consensus
(SLCC), which means that the SLC appears in each cluster of
a network. There are many beautiful scenes of SLCC in nature.
For example, birds will separate into several flocks (clusters)
by some disturbances. The birds will then fly simultaneously
in succession to avoid collision in each cluster. Another exam-
ple is to make the traffic flow run smoothly.[20,21] The SLCC
is a generalized pattern of lag cluster consensus. Studying the
SLCC can solve the problem of traffic jam and avoid collision
between the vehicles.

In this paper, the SLCC on multi-agent systems with di-
rected graph is considered. Due to the low cost and robustness
of the impulsive control, we solve the problem of SLCC on
multi-agent systems by applying the delay-independent impul-
sive control. First, based on graph theory and stability theory,
a sufficient condition for the stability of SLCC on first-order
multi-agent systems is obtained. Second, we gain a sufficient
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condition of SLCC on second-order multi-agent systems by
applying the Lyapunov stability theory. Finally, several nu-
merical simulations are given to verify the theoretical results.

This paper is organized as follows. In Section 2, some
preliminaries about graph theory and some basic definitions
are given. In Section 3, the SLCC of first-order multi-
agent systems under delay-dependent impulsive control is ad-
dressed. In Section 4, the globally exponential stability of
SLCC on second-order multi-agent systems is investigated. In
Section 5, some numerical examples are illustrated to verify
the effectiveness of the proposed delay-independent impulsive
control. In Section 6, the conclusion is given.

The following notations are used. 𝐼n and 𝑂n denote the
n×n identity matrix and zero matrix, respectively. 𝑋T is the
transpose of matrix 𝑋 . Matrix 𝑋 is positive definite if 𝑋 > 0.
Let diag{λ1,λ2, . . . ,λn} be an n× n diagonal matrix, where
λ1,λ2, . . . ,λn are diagonal elements. ‖ · ‖ stands for Euclidean
norm. ⊗ denotes the Kronecker product. 𝒞([−q,0],Rn) is a set
of all continuous functions from [−q,0] to Rn, where q > 0.

2. Preliminaries
The directed graph of a multi-agent system with size N

can be defined as 𝒢 = {𝒱,ℰ ,ℋ}, where 𝒱 = {1,2, . . . ,N} is
the set of agents and ℰ ⊆ 𝒱×𝒱 is the set of edges. An ordered
pair (i, j) ∈ ℰ of graph 𝒢 if and only if the i-th agent can re-
ceive information from the j-th agent directly, where the i-th
agent is the goal agent and the j-th agent is an initial agent.
If the graph 𝒢 is strongly connected, then there is a path be-
tween any two agents. ℋ = (ai j)N×N is the adjacency matrix
of graph 𝒢, where ai j = 1 for (i, j)∈ ℰ , otherwise ai j = 0. The
diagonal elements are defined as aii = 0, i = 1,2, . . . ,N. The
degree matrix of graph 𝒢 is 𝒟= diag{δ1,δ2, . . . ,δN} ∈RN×N ,
where δi = ∑

N
j=1 ai j, i = 1,2, . . . ,N. Then the coupling matrix

of graph 𝒢 is 𝐴=ℋ−𝒟.
A general model of first-order multi-agent systems is

given as

𝑥̇i(t) =
N

∑
j=1

ai j𝑥 j(t), i = 1,2, . . . ,N, (1)

where 𝑥i(t) = (xi1(t),xi2(t), . . . ,xin(t))T ∈Rn is the state vari-
able of the i-th agent at time t.

To study SLCC, we first divide the set of agents
{1,2, . . . ,N} into m (m> 1) nonempty subsets G1,G2, . . . ,Gm,
where G1 = {1,2, . . . ,r1}, G2 = {r1 + 1,r1 + 2, . . . ,r2}, . . . ,
Gm = {rm−1 + 1,rm−1 + 2, . . . ,rm}. We also call Gi as the
i-th cluster. Our goal is to realize SLC among agents in
each cluster. For i ∈ {1,2, . . . ,N}, let ∘(i) be the subscript
of the cluster to which the agent i belongs, i.e., i ∈ G∘(i).
G̃0 = {1,r1 + 1, . . . ,rm−1 + 1} is the set of all agents without
control and G0 = {r1,r2, . . . ,rm} is the set of the last agent

of each cluster. Let G = {1,2, . . . ,N} = 𝒱 , G̃ = G∖G̃0, and
G′ = G∖G0. Based on the above division, the coupling matrix
can be rewritten accordingly as

𝐴=


𝐴11 𝐴12 . . . 𝐴1m
𝐴21 𝐴22 . . . 𝐴2m
. . . . . . . . . . . .
𝐴m1 𝐴m2 . . . 𝐴mm

 , (2)

where each block matrix 𝐴i j ∈ R(ri−ri−1)×(r j−r j−1), i, j =

1,2, . . . ,m. When i, j = 1, we let r0 = 0.
Definition 1[22] The average impulsive interval of impul-

sive sequence Ω = {tk|k = 1,2, . . .} is equal to Ta, if there exist
N0 > 0 and Ta > 0, such that

t − t0
Ta

−N0 ≤ N(t, t0)≤
t − t0

Ta
+N0, ∀t ≥ t0 ≥ 0,

where N(t, t0) denotes the number of impulsive times of the
impulsive sequence Ω in the interval (t0, t).

Lemma 1[23] For any 𝑥,𝑦 ∈Rn and any positive-definite
matrix 𝑄 ∈ Rn×n, we have

2𝑥T𝑦 ≤ 𝑥T𝑄𝑥+𝑦T𝑄−1𝑦. (3)

Lemma 2[24] The linear matrix inequality(
𝒬(x) 𝒮(x)
𝒮T(x) ℛ(x)

)
> 0, (4)

where 𝒬(x) = 𝒬T(x), ℛ(x) = ℛT(x), is equivalent to one of
the following conditions:

1) 𝒬(x)> 0, ℛ(x)−𝒮T(x)𝒬−1(x)𝒮(x)> 0,
2) ℛ(x)> 0, 𝒬(x)−𝒮(x)ℛ−1(x)𝒮T(x)> 0.

3. SLCC of first-order multi-agent systems
In this section, to achieve SLCC on first-order multi-agent

systems (1), we introduce some suitable coupling functions
and delay-dependent impulsive controllers. Based on the sta-
bility theory, we will discuss the globally exponentially SLCC
of first-order multi-agent systems.

The first-order SLCC protocol in multi-agent systems un-
der impulsive control is described by 𝑥̇i(t) =

N
∑
j=1

ai j𝑥 j(t)+𝑔i(𝑥(t)), t ̸= tk, i = 1,2, . . . ,N,

∆𝑥i(tk) = 𝑢i(tk), t = tk, k = 1,2, . . . , i ∈ G̃,

(5)

where 𝑥(t) = (𝑥T
1 (t),𝑥

T
2 (t), . . . ,𝑥

T
N(t))

T ∈ RNn. Ω = {tk|k =

1,2, . . .} is an impulsive sequence, and tk−1 < tk, limk→+∞tk =
+∞. ∆𝑥i(tk) = 𝑥i(t+k )−𝑥i(t−k ), 𝑥i(t+k ) = limt→t+k

𝑥i(t), and

𝑥i(t−k ) = limt→t−k
𝑥i(t). For simplicity, we assume 𝑥i(t−k ) =

𝑥i(tk), which means 𝑥i(t) is left-hand continuous. 𝑢i(tk) is
the impulsive control input of the i-th agent at tk. And 𝑔i ∈Rn

is the coupling function which will be determined later.
Definition 2 If for any initial condition 𝑥i(t) = 𝜙i(t) ∈

𝒞([−(i−1)τ∘(i),0],Rn), we have

lim
t→+∞

‖𝑥i(t − τ∘(i))−𝑥i+1(t)‖= 0, ∘ (i) = ∘(i+1), (6)
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then the SLCC of first-order multi-agent systems (5) is said to
be achieved, where the consensus delay τ∘(i) > 0, i ∈ G′.

According to Definition 2, the cluster consensus man-
ifold of system (5) can be given as ℳ = {𝑥(t) =

(𝑥T
1 (t),𝑥

T
2 (t), . . . ,𝑥

T
N(t))

T ∈ RNn : 𝑠1(t) = 𝑥1(t) = 𝑥2(t +
τ1) = · · · = 𝑥r1(t +(r1 − 1)τ1),𝑠2(t) = 𝑥r1+1(t) = 𝑥r1+2(t +
τ2) = · · ·= 𝑥r2(t +(r2 − r1 −1)τ2), . . . ,𝑠m(t) = 𝑥rm−1+1(t) =
𝑥rm−1+2(t + τm) = · · · = 𝑥rm(t +(rm − rm−1 − 1)τm)}. Some
preliminary functions and coupling functions will be intro-
duced to ensure the invariance of the cluster consensus mani-
fold (the proof about invariance is given in Appendix A). First,
some preliminary functions are defined by

𝜈i(t) = ∑
k∈G′

(ai+1,k+1−aik)𝑥k+1(t)+
m

∑
p=1

[ai+1,rp−1+1𝑥rp−1+1(t)

−ai,rp𝑥rp(t − τ∘(i))], i ∈ G′. (7)

Next, the coupling functions are given as
𝑔rp−1+1(𝑥(t)) = 0, p = 1,2, . . . ,m,

𝑔i(𝑥(t)) =−
i−1
∑
j=1

𝜈i− j(t − ( j−1)τ∘(i)), i ∈ G̃.
(8)

Then we have

𝑔i(𝑥(t − τ∘(i)))−𝑔i+1(𝑥(t)) = 𝜈i(t), i ∈ G′. (9)

According to Definition 2, the SLCC error of system (5)
can be defined as 𝑒i(t) = 𝑥i(t − τ∘(i))−𝑥i+1(t), for ∘(i) =
∘(i+ 1), i ∈ G′. When t = tk, from the SLCC error 𝑒i(tk) =
𝑥i(tk − τ∘(i))−𝑥i+1(tk), though tk ∈ Ω , we can not affirm that
tk −τ∘(i) belongs to impulsive sequence Ω = {tk|k = 1,2, . . .}.
Hence, we make the following assumption.

Assumption 1 There exists a positive integer l < N, such
that tk −τ∘(i) ∈ Ω , tk −2τ∘(i) ∈ Ω , . . . , tk −(l−1)τ∘(i) ∈ Ω , tk −
lτ∘(i) /∈ Ω , where i ∈ G̃, k = 1,2, . . . .

Based on the SLCC error and Assumption 1, the impul-
sive controllers can be designed as

𝑢i(tk) =𝐵
i−1

∑
j=1

c j𝑒 j(tk − (i−1− j)τ∘(i)), (10)

where 𝐵 = diag{b1,b2, . . . ,bn} is an impulsive gain matrix
and the constants c j are defined as ci−1 = ci−2 = · · ·= ci−l = 1,
ci−l−1 = ci−l−2 = · · ·= c2 = c1 = 0, for l < i ≤ N and i ∈ G̃.

Remark 1 By applying the consensus protocol
∑

N
j=1 ai j𝑥 j(t), the invariance of complete consensus mani-

fold can be obtained in general model of first-order multi-
agent systems (see Refs. [8] and [9]). However, for SLCC,
the invariance can not be achieved if the consensus protocol
∑

N
j=1 ai j𝑥 j(t) is used alone. So, due to the feature of SLCC,

the coupling functions (8) are introduced to ensure the invari-
ance of the cluster consensus manifold.

Remark 2 In Refs. [17]–[21], to achieve cluster consen-
sus, every block matrix of 𝐴 must be a zero-row-sum matrix.

In this paper, there is no strict limitation to each block matrix
𝐴i j because we can ensure the invariance of cluster consensus
manifold by coupling functions (8) (see Appendix A).

Remark 3 From Eq. (10), when tk − τ∘(i) ∈ Ω , tk −
2τ∘(i) ∈Ω , . . . , tk−(l−1)τ∘(i) ∈Ω , tk− lτ∘(i) /∈Ω , some delay-
dependent controllers 𝑢i(tk) are designed, where l < i≤N and
i ∈ G̃. This means that the agents 1,2, . . . , l and the first agent
of each cluster are not controlled. According to the SLCC
error and Assumption 1, we introduce a delay-dependent im-
pulsive control to accelerate the implementation of SLCC.

For t ∈ (tk−1, tk], i ∈ G′, the error system can be shown as

𝑒̇i(t) = 𝑥̇i(t − τ∘(i))− 𝑥̇i+1(t)

=
N

∑
j=1

ai j𝑥 j(t − τ∘(i))+𝑔i(𝑥(t − τ∘(i)))

−
N

∑
j=1

ai+1, j𝑥 j(t)−𝑔i+1(𝑥(t))

= ∑
j∈G′

ai j𝑒 j(t). (11)

From Assumption 1, if tk − τ∘(i) ∈ Ω , . . . , tk − (l − 1)τ∘(i) ∈
Ω , tk − lτ∘(i) /∈ Ω , then

𝑒i(t+k ) = 𝑥i((tk − τ∘(i))
+)−𝑥i+1(t+k )

= 𝑥i(tk − τ∘(i))+𝑢i(tk − τ∘(i))−𝑥i+1(tk)−𝑢i+1(tk)

= 𝑒i(tk)+𝑢i(tk − τ∘(i))−𝑢i+1(tk). (12)

Denote t ′k = tk −τ∘(i), we obtain t ′k = tk −τ∘(i) ∈ Ω , t ′k −τ∘(i) =

tk −2τ∘(i) ∈ Ω , . . . , t ′k − (l−2)τ∘(i) = tk − (l−1)τ∘(i) ∈ Ω , t ′k −
(l −1)τ∘(i) = tk − lτ∘(i) /∈ Ω . Accordingly, we have

𝑢i(tk − τ∘(i)) = 𝑢i(t ′k) = B
i−1

∑
j=1

c j𝑒 j(t ′k − (i−1− j)τ∘(i)), (13)

where the constants c j are defined as ci−1 = ci−2 = · · · =
ci−l+1 = 1, ci−l = ci−l−1 = · · ·= c2 = c1 = 0. Therefore, equa-
tion (13) can be rewritten as

𝑢i(tk − τ∘(i))

= 𝐵[c1𝑒1(t ′k − (i−2)τ∘(i))+ c2𝑒2(t ′k − (i−3)τ∘(i))

+ · · ·+ ci−l𝑒i−l(t ′k − (l −1)τ∘(i))

+ci−l+1𝑒i−l+1(t ′k − (l −2)τ∘(i))

+ci−l+2𝑒i−l+2(t ′k − (l −3)τ∘(i))

+ · · ·+ ci−2𝑒i−2(t ′k − τ∘(i))+ ci−1𝑒i−1(t ′k)]

= 𝐵[𝑒i−l+1(t ′k − (l −2)τ∘(i))+𝑒i−l+2(t ′k − (l −3)τ∘(i))

+ · · ·+𝑒i−2(t ′k − τ∘(i))+𝑒i−1(t ′k)]

= 𝐵[𝑒i−l+1(tk − (l −1)τ∘(i))+𝑒i−l+2(tk − (l −2)τ∘(i))

+ · · ·+𝑒i−2(tk −2τ∘(i))+𝑒i−1(tk − τ∘(i))]. (14)

We set h = i + 1. According to the SLCC error, one has
∘(i) = ∘(i + 1) = ∘(h). From Assumption 1, tk − τ∘(i) ∈
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Ω , tk −2τ∘(i) ∈ Ω , . . . , tk − (l −1)τ∘(i) ∈ Ω , tk − lτ∘(i) /∈ Ω , we
have

𝑢i+1(tk) = 𝑢h(tk) =𝐵
h−1

∑
j=1

c j𝑒 j(tk − (h−1− j)τ∘(i)), (15)

where the constants c j are defined as ch−1 = ch−2 = · · · =
ch−l+1 = ch−l = 1, ch−l−1 = ch−l−2 = · · ·= c2 = c1 = 0. Thus,
equation (15) can be rewritten as

𝑢i+1(tk)

= 𝐵[c1𝑒1(tk − (h−2)τ∘(i))+ c2𝑒2(tk − (h−3)τ∘(i))

+ · · ·+ ch−l−1𝑒h−l−1(tk − lτ∘(i))

+ch−l𝑒h−l(tk − (l −1)τ∘(i))

+ch−l+1𝑒h−l+1(tk − (l −2)τ∘(i))

+ · · ·+ ch−2𝑒h−2(tk − τ∘(i))+ ch−1𝑒h−1(tk)]

= 𝐵[𝑒h−l(tk − (l −1)τ∘(i))+𝑒h−l+1(tk − (l −2)τ∘(i))

+ · · ·+𝑒h−2(tk − τ∘(i))+𝑒h−1(tk)]

= 𝐵[𝑒i−l+1(tk − (l −1)τ∘(i))+𝑒i−l+2(tk − (l −2)τ∘(i))

+ · · ·+𝑒i−2(tk −2τ∘(i))+𝑒i−1(tk − τ∘(i))+𝑒i(tk)]. (16)

By combining Eqs. (12), (14), and (16), we obtain

𝑒i(t+k ) = 𝑒i(tk)+𝑢i(tk − τ∘(i))−𝑢i+1(tk)

= 𝑒i(tk)+𝐵[𝑒i−l+1(tk − (l −1)τ∘(i))+𝑒i−l+2(tk − (l −2)τ∘(i))

+ · · ·+𝑒i−2(tk −2τ∘(i))+𝑒i−1(tk − τ∘(i))]

−𝐵[𝑒i−l+1(tk − (l −1)τ∘(i))+𝑒i−l+2(tk − (l −2)τ∘(i))

+ · · ·+𝑒i−2(tk −2τ∘(i))+𝑒i−1(tk − τ∘(i))+𝑒i(tk)]

= (𝐼n −𝐵)𝑒i(tk).

Let 𝐸p = (𝑒T
rp−1+1,𝑒

T
rp−1+2, . . . ,𝑒

T
rp−1)

T. Then, the error
system can be rewritten as

𝐸̇p(t) =
m
∑
j=1

(𝐴̂p j ⊗𝐼n)𝐸 j(t), t ̸= tk,

𝐸p(t+k ) = [𝐼rp−rp−1−1 ⊗ (𝐼n −𝐵)]𝐸p(tk), t = tk,
k = 1,2, . . . ,

(17)

where 𝐴̂p j is the rest of block matrix 𝐴p j by deleting its last
column and last row, p = 1,2, . . . ,m, j = 1,2, . . . ,m.

Remark 4 In Refs. [16] and [25]–[27], the synchroniza-
tion delay τ is a fixed positive constant. In this paper, the
agents are divided into m parts to realize SLC of each cluster
with different consensus delay τp, p = 1,2, . . . ,m. When the
agents i and j belong to different clusters, we do not pay at-
tention to whether they can achieve lag consensus. That is to
say, the SLC on multi-agent systems with variable consensus
delay has been transformed into an m-cluster problem.

Definition 3 Globally exponentially SLCC of multi-agent
systems (5) is achieved (that is the error system (17) is
globally exponentially stable) for 𝑥i(t) = 𝜙i(t) ∈ 𝒞([−(i −

1)τ∘(i),0],Rn), if there exist a > 0, T > 0, and M > 0, such
that

‖𝐸∘(i)(t)‖ ≤ Mexp(−at) (18)

holds for all t > T , i ∈ G′.
Let

𝐴̂=


𝐴̂11 𝐴̂12 . . . 𝐴̂1m

𝐴̂21 𝐴̂22 . . . 𝐴̂2m
. . . . . . . . . . . .

𝐴̂m1 𝐴̂m2 . . . 𝐴̂mm

 ,

then the following theorem can be obtained.
Theorem 1 If there exist real number ρ and θ > 0 such

that
(𝐴̂T + 𝐴̂)⊗𝐼n < ρ𝐼n(N−m),

𝐼rp−rp−1−1 ⊗
(
(𝐼n −𝐵)T(𝐼n −𝐵)

)
< θ𝐼n(rp−rp−1−1),

p = 1,2, . . . ,m,

(19)

lnθ

Ta
+ρ < 0, (20)

then the SLCC of first-order multi-agent systems (5) under
dependent-delay impulsive control (10) can be achieved for
any initial conditions.

Proof Define the following Lyapunov function:

V (t) =
1
2

m

∑
p=1

𝐸T
p (t)𝐸p(t). (21)

When t ∈ (tk−1, tk], letting 𝐸 = (𝐸T
1 ,𝐸

T
2 , . . . ,𝐸

T
m)

T, the
derivative of V (t) along trajectories of error system (17) can
be given as

V̇ (t) =
m

∑
p=1

𝐸T
p (t)𝐸̇p(t)

=
m

∑
p=1

𝐸T
p (t)

m

∑
j=1

(𝐴̂⊗𝐼n)𝐸 j(t)

=
1
2
𝐸T(t)

(
(𝐴̂T + 𝐴̂)⊗𝐼n

)
𝐸(t)

≤ ρV (t). (22)

Hence, we obtain

V (t) ≤ V (t+k−1)exp{ρ(t − tk−1)},
t ∈ (tk−1, tk], k = 1,2, . . . . (23)

When t = tk, we obtain

V (t+k ) =
1
2

m

∑
p=1

𝐸T
p (t

+
k )𝐸p(t+k )

=
1
2

m

∑
p=1

𝐸T
p (tk)[𝐼rp−rp−1−1 ⊗ (𝐼n −𝐵)]T

× [𝐼rp−rp−1−1 ⊗ (𝐼n −𝐵)]𝐸p(tk)

≤ 1
2

m

∑
p=1

𝐸T
p (tk)θ𝐼n(rp−rp−1−1)𝐸p(tk)

= θV (tk). (24)
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Combining inequalities (23) and (24), further results are
given as follows.

For t ∈ (t0, t1], V (t) ≤ exp{ρ(t − t0)}V (t+0 ). Then,
we have V (t1) ≤ exp{ρ(t1 − t0)}V (t+0 ) and V (t+1 ) ≤
θV (t1) ≤ θexp{ρ(t1 − t0)}V (t+0 ). For t ∈ (t1, t2], V (t) ≤
V (t+1 )exp{ρ(t − t1)} ≤ θexp{ρ(t − t0)}V (t+0 ). So, in general,
for t ∈ (tk−1, tk], we obtain

V (t)≤ θ
k−1exp{ρ(t − t0)}V (t+0 ), k = 1,2, . . . . (25)

From Definition 1, we know

t − t0
Ta

−N0 ≤ N(t, t0)≤
t − t0

Ta
+N0, for any t ≥ t0 ≥ 0. (26)

Therefore, if θ < 1, combining inequalities (25) and (26), we
have

V (t) ≤ θ
(

t−t0
Ta −N0)exp{ρ(t − t0)}V (t+0 )

= θ
−N0exp

[(
lnθ

Ta
+ρ

)
(t − t0)

]
V (t+0 ). (27)

If θ ≥ 1, we obtain

V (t) ≤ θ
(

t−t0
Ta +N0)exp{ρ(t − t0)}V (t+0 )

= θ
N0exp

[(
lnθ

Ta
+ρ

)
(t − t0)

]
V (t+0 ). (28)

Hence, for any θ > 0, we obtain

V (t) ≤ max{θ
−N0 ,θ N0}exp

[(
lnθ

Ta
+ρ

)
(t − t0)

]
V (t+0 ),

∀t ≥ t0 ≥ 0. (29)

Since 1
2𝐸

T
p (t)𝐸p(t) ≤ V (t), for p ∈ {1,2, . . . ,m}, from

inequality (29), we have

‖𝐸p(t)‖ ≤
√

2max{θ−N0 ,θ N0}V (t+0 )

×exp
[

1
2

(
lnθ

Ta
+ρ

)
(t − t0)

]
.

Thus, according to Definition 3, the error system (17) is
globally exponentially stable under delay-dependent impul-
sive control (10), then the first-order multi-agent systems (5)
can achieve SLCC. This completes the proof.

Remark 5 We do not consider the interrelation between
successive lag cluster consensus and connectivity of graph 𝒢 in
this paper. For example, it seems indeterminate about the rela-
tion between the feasible solution of inequalities (19) and (20)
and existence of spanning tree of graph 𝒢. This important in-
terrelation will be researched in the future works.

4. SLCC of second-order multi-agent systems
In this section, we will discuss the SLCC of second-order

multi-agent systems under delay-dependent impulsive control.

Based on the models in Refs. [28] and [29], the second-
order SLCC protocol in multi-agent systems under impulsive
control can be described as

𝑥̇i(t) = 𝜐i(t), t ̸= tk, i = 1,2, . . . ,N,

𝜐̇i(t) = α
N
∑
j=1

ai j𝑥 j(t)+β
N
∑
j=1

ai j𝜐 j(t)+𝑔′i(𝑥(t),𝜐(t)),

t ̸= tk, i = 1,2, . . . ,N,

∆𝑥i(tk) = 𝑢i(tk), t = tk, k = 1,2, . . . , i ∈ G̃,

∆𝜐i(tk) =𝜛i(tk), t = tk, k = 1,2, . . . , i ∈ G̃,

(30)

where 𝑥i = (xi1,xi2, . . . ,xin)
T ∈ Rn and 𝜐i =

(υi1,υi2, . . . ,υin)
T ∈Rn are the position and velocity variables

of the i-th agent, respectively. α > 0 and β > 0 are the cou-
pling strengths. 𝑔′i ∈ Rn is the coupling function. 𝑢i and 𝜛i

are the impulsive control inputs for position and velocity vari-
ables, respectively. 𝑥(t) = (𝑥T

1 (t),𝑥
T
2 (t), . . . ,𝑥

T
N(t))

T ∈ RNn,
𝜐(t) = (𝜐T

1 (t),𝜐
T
2 (t), . . . ,𝜐

T
N(t))

T ∈ RNn.
Definition 4 If for any initial condition 𝑥i(t) =

𝜙i(t) ∈ 𝒞([−(i − 1)τ∘(i),0],Rn), 𝜐i(t) = 𝜁i(t) ∈ 𝒞([−(i −
1)τ∘(i),0],Rn), we have

lim
t→+∞

‖𝑥i(t − τ∘(i))−𝑥i+1(t)‖= 0,

lim
t→+∞

‖𝜐i(t − τ∘(i))−𝜐i+1(t)‖= 0, ∘ (i) = ∘(i+1),

then the SLCC of second-order multi-agent systems (30) is
said to be achieved, where the consensus delay τ∘(i) > 0, i∈G′.

To ensure the invariance of the cluster consensus mani-
fold of system (30), the preliminary functions and coupling
functions are introduced. Some preliminary functions are de-
fined as

𝜈 ′
i (t) = α ∑

k∈G′
(ai+1,k+1 −aik)𝑥k+1(t)

+β ∑
k∈G′

(ai+1,k+1 −aik)𝜐k+1(t)

+α

m

∑
p=1

[ai+1,rp−1+1𝑥rp−1+1(t)−ai,rp𝑥rp(t − τ∘(i))]

+β

m

∑
p=1

[ai+1,rp−1+1𝜐rp−1+1(t)−ai,rp𝜐rp(t − τ∘(i))],

i ∈ G′. (31)

The coupling functions can be given as
𝑔′rp−1+1(𝑥(t),𝜐(t)) = 0, p = 1,2, . . . ,m,

𝑔′i(𝑥(t),𝜐(t)) =−
i−1
∑
j=1

𝜈 ′
i− j(t − ( j−1)τ∘(i)), i ∈ G̃.

(32)

Then we have

𝑔′i(𝑥(t − τ∘(i)),

𝜐(t − τ∘(i)))−𝑔′i+1(𝑥(t), 𝜐(t)) = 𝜈 ′
i (t), i ∈ G′. (33)

According to Definition 4, the SLCC errors of second-
order multi-agent systems (30) are defined as 𝑥̂i(t) = 𝑥i(t −
τ∘(i))−𝑥i+1(t), 𝜐̂i(t) = 𝜐i(t−τ∘(i))−𝜐i+1(t), for ∘(i) = ∘(i+
1), i ∈ G′.

050501-5



Chin. Phys. B Vol. 28, No. 5 (2019) 050501

Based on Assumption 1, the impulsive controllers can be
designed as

𝑢i(tk) =𝐵
i−1
∑
j=1

c j𝑥̂ j(tk − (i−1− j)τ∘(i)),

𝜛i(tk) =𝐷
i−1
∑
j=1

c j𝜐̂ j(tk − (i−1− j)τ∘(i)),
(34)

where 𝐵 = diag{b1,b2, . . . ,bn}, 𝐷 = diag{d1,d2, . . . ,dn} are
impulsive gain matrices and the constants c j are defined as
ci−1 = ci−2 = · · ·= ci−l = 1, ci−l−1 = ci−l−2 = · · ·= c2 = c1 =

0, for l < i ≤ N and i ∈ G̃.
Then, for t ∈ (tk−1, tk], the error systems can be described

as

˙̂𝑥i(t) = 𝜐̂i(t),
˙̂𝜐i(t) = ˙̂𝜐i(t − τ∘(i))− ˙̂𝜐i+1(t)

= α

n

∑
j=1

ai j𝑥 j(t − τ∘(i))+β

n

∑
j=1

ai j𝜐 j(t − τ∘(i))

−α

n

∑
j=1

a(i+1) j𝑥 j(t)−β

n

∑
j=1

a(i+1) j𝜐 j(t)

+𝑔′i(𝑥(t − τ∘(i)),𝜐(t − τ∘(i)))−𝑔′i+1(𝑥(t),𝜐(t))

= α ∑
j∈G′

ai j𝑥̂ j(t)+β ∑
j∈G′

ai j𝜐̂ j(t). (35)

Similarly, from Assumption 1, for tk − τ∘(i) ∈ Ω , tk −
2τ∘(i) ∈Ω , . . . , tk−(l−1)τ∘(i) ∈Ω , tk− lτ∘(i) /∈Ω , k = 1,2, . . . ,
we have

𝑥̂i(t+k ) = 𝑥i((tk − τ∘(i))
+)−𝑥i+1(t+k )

= 𝑥i(tk − τ∘(i))+𝑢i(tk − τ∘(i))−𝑥i+1(tk)−𝑢i+1(tk)

= 𝑥̂i(tk)+𝐵
i−1

∑
j=1

c j𝑥̂ j(tk − (i− j)τ∘(i))

−𝐵
i

∑
j=1

c j𝑥̂ j(tk − (i− j)τ∘(i))

= 𝑥̂i(tk)+𝐵[𝑥̂i−l+1(tk − (l −1)τ∘(i))

+ 𝑥̂i−l+2(tk − (l −2)τ∘(i))

+ · · ·+ 𝑥̂i−2(tk −2τ∘(i))+ 𝑥̂i−1(tk − τ∘(i))]

−𝐵[𝑥̂i−l+1(tk − (l −1)τ∘(i))

+ 𝑥̂i−l+2(tk − (l −2)τ∘(i))+ · · ·+ 𝑥̂i−2(tk −2τ∘(i))

+ 𝑥̂i−1(tk − τ∘(i))+ 𝑥̂i(tk)]

= (𝐼n −𝐵)𝑥̂i(tk),

𝜐̂i(t+k ) = 𝜐i((tk − τ∘(i))
+)−𝜐i+1(t+k )

= 𝜐i(tk − τ∘(i))+𝜛i(tk − τ∘(i))−𝜐i+1(tk)−𝜛i+1(tk)

= 𝜐̂i(tk)+𝐵
i−1

∑
j=1

c j𝜐̂ j(tk − (i− j)τ∘(i))

−𝐵
i

∑
j=1

c j𝜐̂ j(tk − (i− j)τ∘(i))

= 𝜐̂i(tk)+𝐵[𝜐̂i−l+1(tk − (l −1)τ∘(i))

+ 𝜐̂i−l+2(tk − (l −2)τ∘(i))

+ · · ·+ 𝜐̂i−2(tk −2τ∘(i))+ 𝜐̂i−1(tk − τ∘(i))]

−𝐵[𝜐̂i−l+1(tk − (l −1)τ∘(i))

+ 𝜐̂i−l+2(tk − (l −2)τ∘(i))+ · · ·+ 𝜐̂i−2(tk −2τ∘(i))

+ 𝜐̂i−1(tk − τ∘(i))+ 𝜐̂i(tk)]

= (𝐼n −𝐵)𝜐̂i(tk).

Let 𝐸 = (𝐸T
1 ,𝐸

T
2 , . . . ,𝐸

T
m)

T, 𝛯 = (𝛯T
1 ,𝛯

T
2 , . . . ,𝛯

T
m)

T,

𝐸p = (𝑥̂T
rp−1+1, 𝑥̂

T
rp−1+2, . . . , 𝑥̂

T
rp−1)

T,

𝛯p = (𝜐̂T
rp−1+1, 𝜐̂

T
rp−1+2, . . . , 𝜐̂

T
rp−1)

T,

and 𝜑= (𝐸T,𝛯T)T, then the error system can be rewritten as{
𝜑̇(t) = (𝒜⊗𝐼n)𝜑(t), t ̸= tk,
𝜑(t+k ) = ℬ𝜑(tk), t = tk, k = 1,2, . . . ,

(36)

where

ℬ =

(
𝐼N−m ⊗ (𝐼n −𝐵) 𝑂n(N−m)

𝑂n(N−m) 𝐼N−m ⊗ (𝐼n −𝐷)

)
,

𝒜=

(
𝑂N−m 𝐼N−m

α𝐴̂ β𝐴̂

)
,

𝐴̂=


𝐴̂11 𝐴̂12 . . . 𝐴̂1m

𝐴̂21 𝐴̂22 . . . 𝐴̂2m
. . . . . . . . . . . .

𝐴̂m1 𝐴̂m2 . . . 𝐴̂mm

 .

𝐴̂p j is the rest of block matrix 𝐴p j by deleting its last column
and last row, p = 1,2, . . . ,m, j = 1,2, . . . ,m.

Theorem 2 If there exist real number ρ and θ > 0 such
that



(
2𝐼n(N−m) 𝑂n(N−m)

0n(N−m) α2𝐴̂𝐴̂T ⊗𝐼n +𝐼n(N−m)+β (𝐴̂+ 𝐴̂T)⊗𝐼n

)
< ρ𝐼2n(N−m),

𝐼N−m ⊗ (𝐼n −𝐵)T(𝐼n −𝐵)< θ1𝐼n(N−m),

𝐼N−m ⊗ (𝐼n −𝐷)T(𝐼n −𝐷)< θ2𝐼n(N−m),

(37)

(lnθ)/Ta +ρ < 0, (38)

where θ =max{θ1,θ2}, then the SLCC of second-order multi-
agent systems (30) under delay-dependent impulsive con-

trol (34) can be achieved for any initial conditions.
Proof The Lyapunov function can be defined by

V (t) = 𝜑T(t)𝜑(t)/2, (39)

050501-6



Chin. Phys. B Vol. 28, No. 5 (2019) 050501

where 𝜑(t) = (𝐸T(t), 𝛯T(t))T.
When t ∈ (tk−1, tk], by applying Lemma 1 and Lemma 2,

the derivative of V (t) along trajectories of error system (36)
can be given by

V̇ (t) = 𝜑T(t)𝜑̇(t) = 𝜑T(t)(𝒜⊗𝐼n)𝜑(t)

= (𝐸T(t) 𝛯T(t))
(
𝑂n(N−m) 𝐼n(N−m)

α𝐴̂⊗𝐼n β𝐴̂⊗𝐼n

)(
𝐸(t)
𝛯(t)

)
= 𝛯T(t)(α𝐴̂⊗𝐼n)𝐸(t)+𝐸T(t)𝛯(t)+𝛯T(β𝐴̂⊗𝐼n)𝛯(t)

≤ 1
2
𝛯T(t)(α𝐴̂⊗𝐼n)(α𝐴̂⊗𝐼n)

T𝛯(t)+𝐸T(t)𝐸(t)+
1
2
𝛯T(t)𝛯(t)+𝛯T(β𝐴̂⊗𝐼n)𝛯(t)

= 𝛯T(t)
(1

2
α

2𝐴̂𝐴̂T ⊗𝐼n +
1
2
𝐼n(N−m)+

1
2

β (𝐴̂+ 𝐴̂T)⊗𝐼n
)
𝛯(t)+𝐸T(t)𝐸(t)

=
1
2
(𝐸T(t) 𝛯T(t))

(
2𝐼n(N−m) 𝑂n(N−m)

𝑂n(N−m) α2𝐴̂𝐴̂T ⊗𝐼n +𝐼n(N−m)+β (𝐴̂+ 𝐴̂T)⊗𝐼n

)(
𝐸(t)
𝛯(t)

)
<

ρ

2
𝜑T(t)𝜑(t) = ρV (t). (40)

Therefore, we have

V (t) ≤ V (t+k−1)exp{ρ(t − tk−1)}, t ∈ (tk−1, tk],

k = 1,2, . . . . (41)

When t = tk, we obtain

V (t+k ) =
1
2
𝜑T(t+k )𝜑(t+k )

=
1
2
𝜑T(tk)ℬTℬ𝜑(tk)

=
1
2
(𝐸T(tk) 𝛯T(tk))ℬTℬ(𝐸T(tk) 𝛯T(tk))T

=
1
2
𝐸T(tk)

(
𝐼N−m ⊗ (𝐼n −𝐵)

)T

×
(
𝐼N−m ⊗ (𝐼n −𝐵)

)
𝐸(tk)

+
1
2
𝛯T(tk)

(
𝐼N−m ⊗ (𝐼n −𝐷)

)T

×
(
𝐼N−m ⊗ (𝐼n −𝐷)

)
𝛯(tk)

<
θ1

2
𝐸T(tk)𝐸(tk)+

θ2

2
𝛯T(tk)𝛯(tk)

≤ θ

2
(
𝐸T(tk)𝐸(tk)+𝛯T(tk)𝛯(tk)

)
= θV (tk). (42)

Similarly, for any θ > 0, we have

V (t) ≤ max{θ
−N0 ,θ N0}exp{(lnθ/Ta +ρ)(t − t0)}V (t+0 ),

∀t ≥ t0 ≥ 0. (43)

Thus, as 𝜑T(t)𝜑(t)/2 =V (t), we have

‖𝜑(t)‖ ≤
√

2max{θ−N0 ,θ N0}V (t+0 )

×exp
[

1
2

(
lnθ

Ta
+ρ

)
(t − t0)

]
.

It is easy to see that ‖𝜑(t)‖ → 0 as t → +∞. Then, we
have 𝑥̂i → 0, 𝜐̂i → 0. Thus, according to Definition 4, the

SLCC of second-order multi-agent systems (30) under delay-
dependent impulsive control (34) is achieved. This completes
the proof.

Remark 6 Compared with the first-order multi-agent sys-
tems, the second-order multi-agent systems consider not only
the position, but also the velocity. If we set α = 1 and β = 0,
then the second-order multi-agent systems (30) will become
the first-order multi-agent systems (5). Note that we cannot
derive Theorem 1 from Theorem 2 by setting α = 1 and β = 0,
which means that the SLCCs on first-order multi-agent sys-
tems and second-order multi-agent systems are essentially dif-
ferent.

5. Numerical examples
In this section, without loss of generality, we will con-

sider the first-order and second-order multi-agent systems with
six agents. Two fixed directed topology graphs are shown in
Fig. 1. And two numerical examples are given to verify our
theoretical results.

(a) (b)

1

2 4
4

3 5

6

6

1

2

5

3

7 8

Fig. 1. (a) The directed topology graph of system (5). (b) The directed
topology graph of system (30).

Example 1 Consider the first-order multi-agent systems
with 6 agents and 𝑥i ∈R2. The directed topology graph of sys-
tem (5) is depicted in Fig. 1(a). Divide the set of agents 𝒱 =

{1,2,3,4,5,6}=G into m= 2 clusters; i.e., G1 = {1,2,3} and
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G2 = {4,5,6}. The coupling matrix can be described as

𝐴=


−1 0 1 0 0 0
1 −2 0 1 0 0
1 0 −1 0 0 0
0 0 0 −1 1 0
1 0 1 1 −3 0
0 0 0 1 1 −2

 .

The impulsive gain matrix can be given by 𝐵 =

diag{−0.4,−0.4}. Let the consensus delay of the first cluster
be τ1 = 0.7 and that of the second cluster be τ2 = 0.1. Without
loss of generality, the initial values 𝜙i(t) are randomly chosen
in [−1,1]2. By a simple calculation, we can obtain a feasible
solution with ρ = −0.5419, θ = 1.9600, and the average im-
pulsive interval Ta > 1.2418, which satisfies the conditions of
Theorem 1. Choose Ta = 1.5 and N0 = 10. Figure 2 describes
the state variables of the agents under coupling functions (8)
and delay-dependent impulsive controllers (10), which means
that system (5) achieves SLCC. Note that 𝑥i converge to con-
stants as t →+∞ because the first-order multi-agent system (5)
is a linear system. It is observed that the error systems con-
verge to 0 as t → +∞ in Fig. 3. Hence, this verifies the cor-
rectness of Theorem 1 very well.

  

t

↩

↩

 x11 x21 x31 x41 x51 x61

x12 x22 x32 x42 x52 x62

  

t

↩

↩





x
i


x
i






(b)

(a)

Fig. 2. Trajectories of state variables of first-order multi-agent sys-
tems (5) with τ1 = 0.7 and τ2 = 0.1: (a) xi1, (b) xi2.

e
i


e
i


0  

t

-0.5

0

0.5

1.0 e11 e21 e41 e51

0  

t

-0.5

0

0.5
(b)

(a)

e12 e22 e42 e52

5

5

Fig. 3. Trajectories of error systems of first-order multi-agent sys-
tems (5) with τ1 = 0.7 and τ2 = 0.1: (a) ei1, (b) ei2.

Example 2 Next, consider the second-order multi-agent
systems with 8 agents, where position variable 𝑥i ∈ R2 and
velocity variable 𝜐i ∈R2. The directed topology graph of sys-
tem (30) is depicted in Fig. 1(b). Divide the set of agents

𝒱 = {1,2,3,4,5,6,7,8} = G into m = 2 clusters; i.e., G1 =

{1,2,3,4} and G2 = {5,6,7,8}. The coupling matrix of di-
rected graph 𝒢 can be given as

𝐴=



0 0 0 0 0 0 0 0
1 −1 0 0 0 0 0 0
1 0 −1 0 0 0 0 0
1 0 1 −2 0 0 0 0
0 1 0 0 −2 0 1 0
0 1 0 0 0 −2 0 1
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1


.

x
i


x
i


 . . . . .

t

↩.



.

.

. x11 x21 x31 x41 x51 x61 x71 x81

x12 x22 x32 x42 x52 x62 x72 x82

 . . . . .

t

↩.



.

.

(b)

(a)

Fig. 4. Trajectories of position variables of second-order multi-agent
systems (30) with τ1 = 0.01 and τ2 = 0.005: (a) xi1, (b) xi2.

0 0.2 0.4 0.6 0.8 1.0
t

0

0.5

1.0

0 0.2 0.4 0.6 0.8 1.0
t

0.2
0.4
0.6
0.8

v11 v21 v31 v41 v51 v61 v71 v81

v12 v22 v32 v42 v52 v62 v72 v82

v
i


v
i


(b)

(a)

Fig. 5. Trajectories of velocity variables of second-order multi-agent sys-
tems (30) with τ1 = 0.01 and τ2 = 0.005: (a) υi1, (b) υi2.

 . . . . 1.0
t

↩





 . . . . 1.0
t

↩





x11 x21 x31 x51 x61 x71^

x
i


^
x
i


^

^ ^ ^ ^ ^

x12 x22 x32 x52 x62 x72^ ^ ^ ^ ^ ^

(b)

(a)

Fig. 6. Trajectories of position errors of second-order multi-agent sys-
tems (30) with τ1 = 0.01 and τ2 = 0.005: (a) x̂i1, (b) x̂i2.

In this case, choose the coupling strengths α = 3, β = 6,
and the impulsive gain matrices 𝐵 = diag{0.6,0.6}, 𝐷 =

diag{0.9,0.9}. Let the consensus delay of the first cluster
be τ1 = 0.01 and that of the second cluster be τ2 = 0.005.
By a simple calculation, we can find a feasible solution with
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ρ = 37.3800 and θ = 0.1600. Based on Theorem 2, the aver-
age impulsive interval should satisfy Ta < 0.0490. Therefore,
we can set Ta = 0.04 and N0 = 10. The trajectories of position
variables and velocity variables are presented in Figs. 4 and 5,
which show that the system (30) achieves SLCC. The trajec-
tories of the error systems are shown in Figs. 6 and 7. These
simulations verify our theoretical results very well.

v
i


^
v
i


^

v12 v22 v32 v52 v62 v72^ ^ ^ ^ ^ ^

v11 v21 v31 v51 v61 v71^ ^ ^ ^ ^ ^

(b)

(a)

 . . . . 1.0
t

↩.

↩.



.

 . . . . 1.0
t

↩.



.

Fig. 7. Trajectories of velocity errors of second-order multi-agent sys-
tems (30) with τ1 = 0.01 and τ2 = 0.005: (a) υ̂i1, (b) υ̂i2.

6. Conclusion
This paper focuses on the successive lag cluster consen-

sus of multi-agent systems under impulsive control. Accord-
ing to the SLCC error, we introduce a special impulsive control
which depends on the consensus delay. We re able to trans-
form the problem of successive lag consensus with variable
consensus delay into cluster consensus; that is, there are dif-
ferent consensus delays in different clusters. Then, we present
the application of SLCC on first-order multi-agent systems.
By applying the Lyapunov stability theory, we obtain a suffi-
cient condition for the stability of SLCC on first-order multi-
agent systems. Moreover, the SLCC of second-order multi-
agent systems under delay-dependent impulsive control is also
discussed. Finally, we consider two different network topol-
ogy diagrams. The numerical examples are shown to verify
the theoretical results very well.

It is well-known that the noise universally exists in nature.
In the near future, we may study the successive lag cluster
consensus of multi-agent systems with noise under impulsive
control.

Appendix A
Now, based on the method in Ref. [30], the proof of in-

variance of cluster consensus manifold on first-order multi-
agent systems (5) is given as follows.

Define a vector function 𝐻(𝑥1,𝑥2, . . . ,𝑥N), where

𝐻 = (ℎ1, . . . ,ℎr1−1;ℎr1+1, . . . ,ℎr2−1; . . . ;ℎrm−1+1, . . . ,ℎrm−1),

with

ℎr(𝑥1(t),𝑥2(t), . . . ,𝑥N(t)) = 𝑥r(t − τ∘(r))−𝑥r+1(t),r ∈ G′,

that is to say,

𝐻(𝑥1,𝑥2, . . . ,𝑥N)

= (𝑥1(t − τ1)−𝑥2(t),𝑥2(t − τ1)−𝑥3(t), . . . ,

𝑥r1−1(t − τ1)−𝑥r1(t);

𝑥r1+1(t − τ2)−𝑥r1+2(t),𝑥r1+2(t − τ2)−𝑥r1+3(t), . . . ,

𝑥r2−1(t − τ2)−𝑥r2(t); . . . ;𝑥rm−1+1(t − τm)−𝑥rm−1+2(t),

𝑥rm−1+2(t − τm)−𝑥rm−1+3(t), . . . ,𝑥rm−1(t − τm)−𝑥rm(t)).

By the vector equation 𝐻(𝑥1,𝑥2, . . . ,𝑥N) = 0, we can obtain
the cluster consensus manifold ℳ. For all r ∈ G′,

𝑒̇r(t)|𝐻=0 = 𝑒̇r(t)|ℳ

=

[ N

∑
j=1

ar j𝑥 j(t − τ∘(r))+𝑔r(𝑥(t − τ∘(r)))

−
N

∑
j=1

ar+1, j𝑥 j(t)−𝑔r+1(𝑥(t))
]∣∣∣∣

ℳ

=

[ N

∑
j=1

ar j𝑥 j(t − τ∘(r))−
N

∑
j=1

ar+1, j𝑥 j(t)

+ ∑
j∈G′

(ar+1, j+1 −ar j)𝑥 j+1(t)

+
m

∑
l=1

[ar+1,rl−1+1𝑥rl−1+1(t)−ar,rl𝑥rl (t − τ∘(r))]

]∣∣∣∣
ℳ

=

[ m

∑
l=1

∑
j∈Gl

ar j𝑥 j(t − τ∘(r))−
m

∑
l=1

∑
j∈Gl

ar+1, j𝑥 j(t)

+
m

∑
l=1

∑
j∈Gl∖{rl}

(ar+1, j+1 −ar j)𝑥 j+1(t)

+
m

∑
l=1

[ar+1,rl−1+1𝑥rl−1+1(t)−ar,rl𝑥rl (t − τ∘(r))]

]∣∣∣∣
ℳ
,

(A1)

where[ m

∑
l=1

∑
j∈Gl

ar j𝑥 j(t − τ∘(r))

]∣∣∣∣
ℳ

=

[ m

∑
l=1

(
ar,rl−1+1𝑥rl−1+1(t − τ∘(r))+ar,rl−1+2𝑥rl−1+2(t − τ∘(r))

+ · · ·+ar,rl−1𝑥rl−1(t − τ∘(r))+ar,rl𝑥rl (t − τ∘(r))
)]∣∣∣∣

ℳ

=
m

∑
l=1

(
ar,rl−1+1𝑠l(t − τ∘(r))+ar,rl−1+2𝑠l(t −2τ∘(r))

+ · · ·+ar,rl−1𝑠l(t − (rl − rl−1 −1)τ∘(r))

+ar,rl𝑠l(t − (rl − rl−1)τ∘(r))
)
. (A2)

So, equation (A1) can be rewritten as

𝑒̇r(t)|𝐻=0 = 𝑒̇r(t)|ℳ

=
m

∑
l=1

(
ar,rl−1+1𝑠l(t − τ∘(r))+ar,rl−1+2𝑠l(t −2τ∘(r))

+ · · ·+ar,rl−1𝑠l(t − (rl − rl−1 −1)τ∘(r))

+ar,rl𝑠l(t − (rl − rl−1)τ∘(r))
)
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−
m

∑
l=1

(
ar+1,rl−1+1𝑠l(t)+ar+1,rl−1+2𝑠l(t − τ∘(r))

+ · · ·+ar+1,rl−1𝑠l(t − (rl − rl−1 −2)τ∘(r))

+ar+1,rl𝑠l(t − (rl − rl−1 −1)τ∘(r))
)

+
m

∑
l=1

(
ar+1,rl−1+2𝑠l(t − τ∘(r))

+ · · ·+ar+1,rl−1𝑠l(t − (rl − rl−1 −2)τ∘(r))

+ar+1,rl𝑠l(t − (rl − rl−1 −1)τ∘(r))
)

−
m

∑
l=1

(
ar,rl−1+1𝑠l(t − τ∘(r))+ar,rl−1+2𝑠l(t −2τ∘(r))

+ · · ·+ar,rl−1𝑠l(t − (rl − rl−1 −1)τ∘(r))
)

+
m

∑
l=1

(
ar+1,rl−1+1𝑠l(t)−ar,rl𝑠l(t − (rl − rl−1)τ∘(r))

)
≡ 0. (A3)

Therefore, ℳ is an invariant manifold of the first-order multi-
agent systems (5) by the coupling functions (8) and the con-
sensus protocol ∑

N
j=1 ai j𝑥 j(t).
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[6] Vicsek T, Czirók A, Jacob E B, Cohen I and Shocher O 1995 Phys. Rev.
Lett. 75 1226

[7] Jadbabaie A, Lin J and Morse A S 2003 IEEE Trans. Autom. control 48
988

[8] Ren W and Beard R W 2005 IEEE Trans. Autom. control 50 655
[9] Olfatisaber R, Fax J A and Murray R M 2007 Proc. IEEE 95 215

[10] Hu J P and Hong Y G 2007 Physica A 374 853
[11] Xiao F, Wang L, Chen J and Gao Y P 2009 Automatica 45 2605
[12] Feng J W, Yu F F and Zhao Y 2016 Nonlinear Dyn 85 621
[13] Mo L P, Guo S Y and Yu Y G 2018 Chin. Phys. B 27 070504
[14] Wang Y and Ma Z J 2016 Neurocomputing 171 82
[15] Wang Y, Ma Z J, Zheng S and Chen G R 2017 IEEE Trans. Cybern. 47

2203
[16] Li K Z, Yu W W and Ding Y 2015 Nonlinear Dyn. 80 421
[17] Qin J H and Yu C B 2013 Automatica 48 2898
[18] Qin J H, Ma Q C, Zheng W X, Gao H J and Kang Y 2017 IEEE Trans.

Autom. control 62 3559
[19] Qin J H, Ma Q C, Gao H J, Shi Y and Kang Y 2017 EEE Trans. Cybern.

47 4122
[20] Wang Y, Ma Z J and Chen G R 2018 J. Frankl. Inst. 355 7335
[21] Wang Y, Li Y X, Ma Z J, Cai G Y and Chen G R 2018 IEEE Trans.

Syst. Man Cybern. Syst.
[22] Lu J Q, Daniel W C H and Cao J D 2012 Automatica 46 1215
[23] Wu J S and Jiao L C 2008 Automatica 387 2111
[24] Boyd S, Ghaoui L E, Feron E and Balakrishnan V 1994 Linear Matrix

Inequalities In System And Control Theory (Philadelphia PA: SIAM)
[25] Zhang X J, Wei A J and Li K Z 2016 Chin. Phys. B 25 038901
[26] Zhang D, Zhang Y X, Qiu X F, Zhu G H and Li K Z 2018 Acta Phys.

Sin. 67 018901 (in Chinese)
[27] Zhang Y X and Li K Z 2019 Nonlinear Dyn.
[28] Yu W W, Chen G R and Cao M 2010 Automatica 46 1089
[29] Guan Z H, Liu Z W, Feng G and Jian M 2012 Automatica 48 1397
[30] Wu W and Chen T P 2009 Physica D 238 355

050501-10

http://dx.doi.org/10.1109/TRO.2018.2853610
http://dx.doi.org/10.1109/TRO.2018.2853610
http://dx.doi.org/10.1109/70.976023
http://dx.doi.org/10.1109/70.976023
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/6/060202
http://dx.doi.org/10.1038/nrn1650
http://dx.doi.org/10.1038/nmeth.4236
http://dx.doi.org/10.1038/nmeth.4236
http://dx.doi.org/10.1103/PhysRevLett.75.1226
http://dx.doi.org/10.1103/PhysRevLett.75.1226
http://dx.doi.org/10.1109/TAC.2003.812781
http://dx.doi.org/10.1109/TAC.2003.812781
http://dx.doi.org/10.1109/TAC.2005.846556
http://dx.doi.org/10.1109/JPROC.2006.887293
https://doi.org/10.1016/j.physa.2006.08.015
https://doi.org/10.1016/j.automatica.2009.07.012
https://dx.doi.org/10.1007/s11071-016-2711-7
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/7/070504
https://doi.org/10.1016/j.neucom.2015.06.020
https://dx.doi.org/10.1109/TCYB.2016.2591518
https://dx.doi.org/10.1109/TCYB.2016.2591518
https://dx.doi.org/10.1007/s11071-014-1879-y
http://dx.doi.org/10.1016/j.automatica.2013.06.0
https://dx.doi.org/10.1109/TAC.2017.2660240
https://dx.doi.org/10.1109/TAC.2017.2660240
https://10.1109/TCYB.2016.2600753
https://10.1109/TCYB.2016.2600753
https://doi.org/10.1016/j.jfranklin.2018.07.021
https://dx.doi.org/10.1109/TSMC.2018.2797542
https://dx.doi.org/10.1109/TSMC.2018.2797542
https://doi.org/10.1016/j.automatica.2010.04.005
https://doi.org/10.1016/j.physa.2007.09.011
https://dx.doi.org/10.1109/JPROC.1998.735454
https://dx.doi.org/10.1109/JPROC.1998.735454
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/3/038901
http://wulixb.iphy.ac.cn/CN/10.7498/aps.67.20171630
http://wulixb.iphy.ac.cn/CN/10.7498/aps.67.20171630
https://doi.org/10.1007/s11071-018-04742-4
https://doi.org/10.1016/j.automatica.2010.03.006
https://dx.doi.org/10.1016/j.automatica.2012.05.005
https://dx.doi.org/10.1016/j.physd.2008.10.012

	1. Introduction
	2. Preliminaries
	3. SLCC of first-order multi-agent systems
	4. SLCC of second-order multi-agent systems
	5. Numerical examples
	6. Conclusion
	References

