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Microtubules (MTs) are part of the cellular cytoskeleton; they play roles in activities such as cell division and main-
tenance of cell shape. In recent years, MTs have been thought to be involved in the storing and processing information;
several models have been developed to describe the information-processing ability of MTs. In these models, MTs are
considered as a device that can transmit quantum information. However, MTs are affected by the “wet and warm” cellular
environment, thus, calculating the decoherence time becomes essential. Many researchers have attempted to calculate this
parameter, but the values obtained vary markedly. Previous studies considered the cellular environment as a distant ion; this
treatment is somewhat simplified. In this study, we develop a model to determine the decoherence time in neuronal MTs
while considering the interaction effects of the neuronal fluid environment. The neuronal environment is considered as a
plasmon reservoir. The coupling between MTs and neuronal environment occurs due to the interaction between dipoles and
plasmon. The interaction Hamiltonian is derived by using the second quantization method, and the coupling coefficient is
calculated. Finally, the decoherence time scale is estimated according to the interaction Hamiltonian. In this paper, the time
scale of decoherence in MTs is approximately 1 fs-100 fs. This model may be used as a reference in other decoherence
processes in biological tissues.
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1. Introduction
Quantum theory is one of the greatest discoveries of

the twentieth century. In recent years, quantum effects
in biological systems have been discovered in several ar-
eas, including olfaction,[1,2] avian magnetoreception,[3,4]

photosynthesis,[5–9] quantum entanglement in living
bacteria,[10] and so on.[11] Theoretical study of quantum ef-
fect in bio-systems and its possible relevance to explaining the
functional properties of these systems are also drawing rapid
attention, such as consciousness in the brain.

How to explain consciousness? Classical or quan-
tum? It is so mysterious and researchers have proposed
many models.[12–24] Some studies suggested that the quan-
tum effect might play an important role in the functioning
of the brain.[16–24] Penrose and Hameroff proposed the or-
chestrated objective reduction (Orch OR) model, which sug-
gests that microtubules (MTs) in neurons act as a quantum
computer,[18–20,24] Fisher proposed that quantum entangle-
ment may exist between two neurons.[23]

Decoherence is an important phenomenon in quantum in-
formation. The “warm, wet, and noisy” environment might de-
stroy the quantum state,[26–29] thus the decoherence time scale
τ is an important parameter to the quantum model.

To study the decoherence process in MTs, researchers de-
termined this parameter according to different mechanisms of
decoherence, including quantum gravity,[18] cavity quantum

electrodynamics (QED) model,[25,26] and single ion-MT inter-
actions; these results are listed in Table 1 and the value of
decoherence time varies greatly.

Table 1. Decoherence time scales and their mechanisms.

Mechanisms Researchers Timescale

Quantum gravity Penrose ∼ 10 ms
Cavity QED Mavromatos 0.1 ns∼0.1 ms
Ion-dipole Tegmark ∼ 0.1 ps
Ion-dipole Hagan et al. 1 µs–10 µs

Decoherence mainly derives from the interaction between
quantum systems and the environment. There are 4 basic in-
teractions that have been discovered in nature; in the range
of molecule interactions, the main interaction between envi-
ronment and tubulin dimers is electromagnetic interaction. In
this paper, a model based on the electromagnetic interaction
Hamiltonian between microtubules and plasmon in the neu-
rons is proposed. Previous studies considered the effect of a
single ion on the decoherence process in MTs; however, cells
are known to contain different kinds of ions that have differ-
ent charges and masses, i.e., some ions have positive charge,
whereas others have negative charge. Over a long time scale,
cells can be considered to be electrically neutral; however, this
is not true over very short time scales. Therefore, the deco-
herence rates cannot be calculated only considering the effect
of a single ion since decoherence is a result of the interaction
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between tubulin dimers and cellular fluid environment. In this
paper, the interaction Hamiltonian is constructed by using the
second quantization method, and the decoherence time is esti-
mated according to the interaction Hamiltonian.

This article is organized as follows. Section 2 includes
the introduction for decoherence mechanisms in our model, as
well as the total Hamiltonian of tubulin dimers and cell fluid
environment; the decoherence timescale τ are computed and
how τ changes with environment parameters will be discussed.
In Section 3, other mechanisms of decoherence will be dis-
cussed, and some important formulas and their derivations are
given in the appendix.

2. Decoherence rates
In this section, the decohenrence mechanisms in MTs will

be discussed. MT is a hollow cylinder with an outer diame-
ter of 24 nm and an inner diameter of 15 nm. The basic unit
of MT is tubulin dimer which has two subunits (denoted by
α and β ); all of the tubulin dimers form MT crystal lattice
by helical encircle. The tubulin dimers have different kinds
of conformational states which are regarded as quantum bit
in Orch model, and MTs can store information owing to dif-
ferent combinations of these conformational states. Electron
transition in each tubulin dimer could change the conforma-
tional states, and the MT is a polar molecule and has intrinsic
electric dipole moment (Fig. 1).[25]
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Fig. 1. The structure diagram of MTs.

2.1. Mechanisms of decoherence

The cellular fluid is considered to have both positive and
negative charges (similar to plasma), and thus two basic and
very important parameters are used to describe the it, namely

Debye length λD and plasma frequency ωp; these two param-
eters will be discussed compendiously and their range will be
given.

The Debye length λD represents the space scale when the
plasma is kept as a neutral state and is determined by

λD = 1/

√
∑
k

nk,0q2
k

εkBT
, (1)

where nk,0 is the average density of the k-th kind of ion, qk

is the quantity of charge, ε = 80ε0 is the dielectric constant
of water, kB is the Boltzmann constant, and T is the temper-
ature of the cellular fluid. For physiological Ringer solution,
λD ∼ 0.7 nm,[29] and in the following calculation, the value of
λD is set to be around 0.7 nm.

The surface of tubulin dimers have net charge,[30] so a
counterion layer will be formed because of the Debye shield-
ing. The thickness of the counterions is approximately λD, as
shown in Fig. 2. The counterions could shield the interaction
between MTs and the environment, as shown in Appendix C,
the coupling coefficient is decreased if the shielding effect is
considered.
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Fig. 2. Schematic diagram of counterion layer with a thickness of λD.

The second parameter is called plasma frequency, which
describes the collective oscillations of ions and is determined
by

ωp =

√
∑
k

nk,0q2
k

εmk
. (2)

For typical parameters in a cell,[29] [K+]in = 400 mmol/L,
[Na+]in = 50 mmol/L[Cl−]in = 52 mmol/L, ωp ≈ 0.6 THz.
Therefore, in the following calculation, the value of ωp is set
to be around 0.6 THz.

When the plasmon is in an excited state, the electric neu-
trality is destroyed, and some net charges appear. The net
charges can interact with the dipole in the tubulin dimmers,
as shown in Fig. 3. As shown in Appendix A, the local ion
density fluctuation could excite ion density waves. There are
different ion density waves, but the only one called plasma
oscillation could be coupled with MTs, and the dispersion re-
lation of plasma oscillation is

ω
2(𝑘) = ω

2
p +β

2k2, (3)

where β is the average value of ion thermal velocity, which
has the same order of magnitude as the thermal velocity.
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The total Hamiltonian of the MT-environmental systems
can be derived as follows:

Ĥ = ĤMT + Ĥe + Ĥ ′, (4)

where ĤMT is the Hamiltonian of the excited systems in the
MTs, Ĥe is the Hamiltonian of the plasmons in the cellular
fluid environment, and Ĥ ′ represents the interaction between
the MTs and cellular aqueous environment caused by the in-
teractions between the dipole and net charges. Ĥ ′ is the reason
for decoherence; if Ĥ ′ = 0, the decoherence time is τ = ∞.
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Fig. 3. Schematic diagram of the coupling between tubulin dimers and
the cellular fluid environment.

As shown in Fig. 3, the interaction Hamiltonian between
a single tubulin dimer with the electric dipole moment 𝑝 and
the cellular fluid environment can be shown as follows:

H ′ =
∫

𝑝 ·𝑟′

4πε |𝑟′|3
ρ(𝑟′)d3𝑟′. (5)

2.2. Computation method of decoherence timescale

Now, the total Hamiltonian equation (4) will be derived;
some basic assumption or approximation is listed below, and
will be discussed in Section 3 and appendix.

(i) Water is treated as an medium with a dielectric con-
stant ε = 80ε0, and detailed interaction of ion-water molecules
and MT-water molecules is ignored.

(ii) Due to the Debye shielding, plasma oscillations could
only be excited above the Debye length, that is to say, the wave
numberkhas an upper limit of k = kD = 2π/λD; in our calcu-
lation, we consider k will decay rapidly as a small quantity for
the short wavelength modes.

(iii) Random phase approximation (RPA) for many-
particles system, In equilibrium state or near equilibrium state,
as the position of particles is random, ∑

i
exp(i𝑘 ·𝑟i) = 0 unless

k = 0.
(iv) The tubulin dimers are seen as a mass point with elec-

tric dipole moment 𝑝.
As introduced in Subsection 2.1, the tubulin dimers have

different conformational states, denoted by |k〉, and let ĉ†
k , ĉk

be the creation operator and annihilation operator of the quan-
tum state |k〉, so the Hamiltonian of tubulin dimers can be ex-
pressed by

Ĥ = ∑
n

h̄Ωnĉ†
nĉn, (6)

where h̄Ωn is the eigenvalue of quantum state |n〉; the numeri-
cal estimation of h̄Ωn can be seen in Ref. [21].

The detailed calculation of Ĥe, Ĥ ′ will be given in Ap-
pendix A and Appendix B, and the total Hamiltonian of the
MTs and cellular environment can be expressed as follows:

Ĥ = ∑
n

h̄Ωnĉ†
nĉn

+∑
𝑘

h̄ω(𝑘)

[
b̂†(𝑘)b̂(𝑘)+

1
2

]
+∑

n,𝑘
µn,𝑘ĉ†

nĉn
[
b̂†(𝑘)+ b̂(𝑘)

]
, (7)

where ω(𝑘) =
√

ω2
p +β 2k2 is the dispersion relation of

plasma oscillation, b̂†(𝑘) and b̂(𝑘) are the creation operator
and annihilation operator of plasma oscillations, respectively,
and the coupling coefficient µn,𝑘 is given by

µn,𝑘 = iλn,𝑘 =
𝑝n ·𝑘

2k

√
h̄ω(𝑘)

2ε

sin(kλD)

(kλD)
. (8)

Equation (8) is given in Appendix C, and 𝑝n is the electric
dipole moment in state |n〉.

Next, Tolkunov’s model is used,[31,32] which describes
the interaction between the spin system and Boson thermal
reservoir. In 2-level approximation, the Hamiltonian equa-
tion (7) of our model is the same with that of Tolkunov’s in
form, so the non-diagonal elements of density matrix will also
change with time in the same way

qn(t) = qn(0)exp

−∑
𝑘

8 |λn,𝑘|2 sin2 ω(𝑘)t
2

h̄2
ω2(𝑘) tanh

h̄ω(𝑘)

2kBT

 . (9)

Here, ∑
𝑘
= 1

(2π)3

∫
d3𝑘, and the integral region is 0 < k <

2π/λD. The plasma-like oscillations will be excited only when
the wavelength is larger than the Debye length.[33] Therefore,
it could only be used to refer to the excited state, and equa-
tion (9) will become

qn(t) = qn(0)exp [−G(t)] , (10)

where

G(t) =
p2

n

6ε h̄π2λ 2
D

∫ 2π/λD

0

sin2(kλD)sin2 ω(𝑘)t
2

ω(𝑘) tanh
h̄ω(𝑘)

2kBT

dk. (11)

Obviously, G(t) > 0. In the quantum information the-
ory, the decoherence process is reflected in the damping of the
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nondiagonal element of the density matrix, so we define deco-
herence timeτas the timescale when qn(t) decays into qn(0)/e,
namely

G(τ) = 1. (12)

Equations (11) and (12) could be used to compute decoherence
time.

2.3. Typical order of magnitude of decoherence timescale

In this section, the typical value of decoherence time scale
will be estimated by Eqs. (11) and (12). The parameters in
Eq. (10) are chosen as follows:

pn = 3× 10−28 C ·m is the electric dipole moment of
tubulin dimer.[25]

ε = 80ε0 is the dielectric constant of water.[29]

λD ∼ 0.7 nm, ωp = 0.6 THz; these two basic plasma pa-
rameters have been discussed in Subsection 2.1.

T = 310 K is the environment temperature.
β = 300 m/s since it has the same order of magnitude

with the thermal velocity.
kB = 1.38×10−23 J/K is the Boltzmann’s constant.
h̄ = 1.0546×10−34 J · s is the Planck’s constant.
The function G(t) can be computed in a numerical

method (Fig. 4). Set G(τ) = 1 and the decoherence time could
be easily obtained

τ = 16.2 fs. (13)

The decoherence timescale is about 10 fs.
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Fig. 4. Schematic diagram of how to compute the decoherence time by
the exponential factor G(t).

2.4. The dependence of decoherence time with other pa-
rameters

Decoherence time may change with other parameters;
how these parameters affect the decoherence time will be stud-
ied in this section. As discussed in Subsection 2.3, the typical
time scale for decoherence is T0 = 10 fs. So set T0 = 10 fs as
the time unit, six dimensionless physical quantities are shown

below 

τ0 =
t

T0
, K = kλD,

α1 = ωpT0, α2 =
βT0

λD
,

α3 =
h̄ωp

2kBT
, α4=

p2
nT0

6ε h̄π2λ 3
D
.

(14)

Then equations (11) and (12) become

G(τ0) = α4

∫ 2π

0

sin2(K)sin2
(

τ0

2

√
α2

1 +α2
2 K2

)
√

α2
1 +α2

2 K2 tanh
(

α3

α1

√
α2

1 +α2
2 K2

) dK,

(15a)

G(τ/T0) = 1. (15b)

The typical values of these parameters are given in Subsec-
tion 2.3; in this section, their values are given in a wide range
as follows:

ωp = 0.06 THz∼ 3.0 THz,
β = 60 m/s∼ 1200 m/s,
λD = 0.21 nm∼ 2.1 nm,
ε = 24ε0 ∼ 240ε0,
pn = 0.09×10−28 C ·m∼ 30×10−28 C ·m,
T = 90 K∼ 900 K.

Here, some values may never be reached, such as T = 900 K,
ε = 240ε0, and so on; but the purpose in this model is to ana-
lyze how the decoherence time changes with physical param-
eter, so the parameter distribution is in a very wide range.

Case 1: Decoherence time changes with plasma fre-
quency ωp

As shown in Fig. 5, decoherence remains almost un-
changed when the plasma frequency changes.
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Fig. 5. Decoherence time changes with plasma frequency ωp when
other parameters are consistent with those in Subsection 2.3.

Case 2: Decoherence time changes with average thermal
velocity β

As shown in Fig. 6, decoherence remains almost un-
changed when the average thermal velocity β changes, similar
to Case 1.
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Fig. 6. Decoherence time changes with average thermal velocity β

when other parameters are consistent with those in Subsection 2.3.

Case 3: Decoherence time changes with Debye length
λD

In Fig. 7, the decoherence time increases with Debye
length; since the plasma oscillation modes could only be ex-
cited when k < 2π/λD, a larger Debye length means that fewer
modes will be excited, so the number of the modes interact-
ing with MTs will decrease, and the decoherence time will
increase.
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Fig. 7. Decoherence time changes with Debye length λD when other
parameters are consistent with those in Subsection 2.3.

Use τ = Cλ s
D to fit the curve in Fig. 7 (or equivalently

lnτ = s lnλD + lnC), the power exponent s and linearly de-
pendent coefficient for lnτ, lnλD are{

s = 1.5003≈ 1.5,
r = 0.99999993.

Doing the same work to other parameters and we find that
τ = Cλ s

D could fit the relationship between τ , λD, so we can
approximately consider that

τ ≈C(ωp,β ,T, pn,ε)λ
1.5
D . (16)

Case 4: Decoherence time changes with dielectric con-
stant of water

In Fig. 8, the decoherence time increases with dielectric
constant of water, and the reason is obvious. According to
Eq. (5), a larger dielectric constant means the weaker interac-
tion between MTs and environment.
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physiological solution ε/ε0

Fig. 8. Decoherence time changes with dielectric constant of water
when other parameters are consistent with those in Subsection 2.3.

Doing the same work as Case 3 and we find that

τ ≈C(ωp,β ,T, pn,λD)ε
0.5. (17)

Case 5: Decoherence time changes with dipole moment
of tubulin dimer pn

In Fig. 9, we show the decoherence time decreases as
the dipole moment of tubulin dimer increases; according to
Eq. (5), the increase of the dipole moment will enhance the
interaction between MTs and environment, and then the deco-
herence time will decrease.
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Fig. 9. Decoherence time changes with dipole moment of tubulin dimer pn
when other parameters are consistent with those in Subsection 2.3.

Doing the same work as Case 3 and we find that

τ ≈C(ωp,β ,T,ε,λD)p−1
n . (18)

Case 6: Decoherence time changes with environment
temperature T

In Fig. 10, the decoherence time decreases as the envi-
ronment temperature increases, and it is also easy to under-
stand. The higher temperature means that more oscillation
modes will be excited, and this will have a greater impact on
the MTs, so the decoherence time decreases.
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Fig. 10. Decoherence time changes with environment temperature T
when other parameters are consistent with those in Subsection 2.3.

Doing the same work as Case 3 and we find that

τ ≈C(ωp,β , pn,ε,λD)T−0.5. (19)

According to Eqs. (16)–(19), the decoherence time could be
approximately expressed as

τ

τ(ωp,β , pn0,ε0,λD0,T0)

≈
(

λD

λD0

)1.5(
εr

εr0

)0.5( pn0

pn

)(
T0

T

)0.5

. (20)

Since the decoherence time relies less on ωp, β , then equa-
tion (20) will be changed into:

τ

τ(pn0,ε0,λD0,T0)
≈
(

λD

λD0

)1.5(
εr

εr0

)0.5(T0

T

)0.5 pn0

pn
. (21)

In fact, equation (21) could be proved, since the plasma fre-
quency

√
ω2

p +β 2k2 ∼ 1 THz, the decoherence time τ ∼
10 fs–100 fs, and the temperature T ∼ 100 K. Therefore,

ω(𝑘)τ =
√

ω2
p +β 2k2τ � 1,

h̄ω(𝑘)

2kBT
� 1.

(22)

Under the condition of Eq. (22), equation (12) could be ap-
proximately expressed as

G(t) =
p2

n

6ε h̄π2λ 2
D

∫ 2π/λD

0

sin2(kλD)sin2 ω(𝑘)t
2

ω(𝑘) tanh
h̄ω(𝑘)

2kBT

dk

≈
p2

nkBTt2

12ε h̄2
πλ 3

D
. (23)

Then the decoherence time satisfies

τ ≈

√
12ε h̄2

πλ 3
D

p2
nkBT

∝ ε
0.5

λ
1.5
D p−1

n T−0.5. (24)

Equation (24) could be used for calculating the decoher-
ence time only under the condition of Eq. (22). However,
equation (24) is useful for various actual parameters.

3. Conclusion and outlook
If the Orch OR model can be verified both in theory and

experiment, the influence will be inestimable; however, the
conformational state is affected by the “warm and wet” cellu-
lar environment, and the decoherence time is a very important
parameter.

In this paper, the decoherence time scale is even smaller
than 0.1 ps. This timescale is so short that quantum state
will be destroyed by the cell solution environment soon. This
model only considers the coupling between the tubulin dimers
and ions in the cellular fluid system, treating the water as
a medium and overlooking the interactions of MTs-water
molecules; water molecules may shield some interactions of
ion-MTs, and the interaction of water-ions and water-MTs
may have influence on the decoherence process.[32,33] Ac-
cording to Eq. (24), if the interaction strength attenuates to
ε (0 < ε < 1), the decoherence will increase to 1/

√
ε than be-

fore; an enough decoherence requires ε � 1 and the strength
of shielding by water molecules needs to be measured by ex-
periment.

Other mechanism for decoherence that is not considered
is the coherent pumping of the system via the environment.[21]

According to Fröhlich’s theory, if a system is strongly
coupled to its environment via some degrees of freedom,
and a coherent pumping source exists in environment, it
might inhibit other degrees of freedom known as coherent
oscillations.[35,36] Such oscillations might increase the deco-
herence time. Guanosine triphosphate (GTP) hydrolyzation in
the cells might act as a pumping source. This mechanism was
not considered in this paper.

Decoherence is an important phenomenon in quantum in-
formation. Decoherence mainly comes from the interaction
of quantum systems with the environment. In the range of
molecule interactions, the main interaction between environ-
ment and tubulin dimers is the electromagnetic interaction; the
electromagnetic field comes from ions and thermal radiation of
the environment. However, in this model, the thermal radia-
tion is ignored, and in the range of room temperature, the ther-
mal frequency spectrum mainly concentrates in the range of
THz band. The water molecules in the cell environment could
strongly absorb the THz photon and the model only takes into
account the electromagnetic field from ions. Besides, if the
thermal radiation is considered, the decoherence time would
be smaller than the result given before, and it will not change
the conclusion.

This model needs to be verified both experimentally and
theoretically. This model may offer a helpful theoretical
framework to compute the decoherence time in quantum bio-
systems, even though the environment of biological system is
different. However, the electromagnetic interaction is essential
in the scale of molecules, so this model could be used for refer-
ence when dealing with the interaction between the ions in cell
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environment and dipoles of bio-molecules. The direct experi-
ment to verify this model is hard to be carried out at this time,
but with the development of ultrafast biophysics, quantum in-
formation, quantum optics, and imaging technology,[37–41] the
experiment could be carried out in the future.

Appendix A: Dispersion relation of ion density
wave

In Appendix A, the dispersion relation of ion density
wave is derived by fluid theory. Note that ni, mi, 𝑣i, qi repre-
sent the particle number density, ion mass, the macro velocity,
and electric charge of the i-th ion. 𝐸 is the space electric field,
βi is used to represent the ion thermal velocity, and −mβ 2

i ∇ni

is the thermodynamic pressure of the i-th ion. Then according
to fluid theory

nimi

(
∂𝑣i

∂ t
+𝑣i ·∇𝑣i

)
= niqi𝐸−mβ 2

i ∇ni,

∂ni

∂ t
+∇ · (ni𝑣i) = 0,

∇ ·𝐸 =
1
ε

∑
i

niqi.

(A1)

In order to deduce intrinsic oscillation mode and its dis-
persion relation, linearization is done for Eq. (A1). For arbi-
trary physical quantity A, it is divided into two parts

A = 〈A〉+ Ã, (A2)

where 〈A〉 is the average value in equilibrium state, and Ã is
the fluctuate of A.

When Ã � 〈A〉 and 〈𝑣i〉 = 〈𝐸〉 = 0, equation (A1)
changes to 

〈nl〉ml
∂ ṽl

∂ t
= 〈nl〉qlẼ−mβ 2

l ∇ñl ,

∂ ñl

∂ t
+ 〈nl〉∇ · ṽl = 0,

∇ · Ẽ =
1
ε

∑
l

ñlql .

(A3)

Now, let us compute the eigenmode with intrinsic wave-
length and frequency. Set Ã = Ã0 exp[i(𝑘 ·𝑟−ωt)]. Then the
operator ∂/∂ t =−iω , ∇ = i𝑘, and equation (A3) changes to

−i 〈nl〉ωml ṽl = 〈nl〉qlẼ− imβ 2
l ñl𝑘,

−iñlω + i〈nl〉𝑘 · ṽl = 0,
iε𝑘 · Ẽ = ∑

l
ñlql .

(A4)

According to Eq. (A4), the eigen-equation is(
ω

2−
〈nl〉q2

l
εml

− k2
β

2
l

)
ñl−∑

k 6=l

〈nl〉qlqk

εml
ñk = 0. (A5)

Or equivalent in matrix form

Ω(ω,k)ñ = 0, (A6)

where Ωl,k = (ω2 − k2β 2
l )δkl − 〈nl〉qlqk/εml , and ñ =

(ñ1, ñ2, . . . , ñM)T. Set f (ω,k) = detΩ(ω,k), equation (A6)
must have untrivial solution to ensure eigenmode exits, so the
dispersion relation is determined by

f (ω,k) = 0. (A7)

Set ql = (−1)υl Zle, where Zl is the valence state of ions,
e.g., for Na+ and Cl−, Zl = 1, and for Ca2+, Zl = 2, and υl

represents the sign of ion charge, and

υl =

{
0 (for positive ion),
1 (for negative ion).

(A8)

In long-wavelength limit kβl/ω � 1, then

f (ω,k) =
(
ω2−ω2

p −β 2k2 +o(k2) · · ·
)

×
M−1
∏
j=1

[
ω2− c2

jk
2 +o(k2) · · ·

]
, (A9)

where ω2
l = 〈nl〉q2

l /εml , ω2
p =

M
∑

l=1
ω2

l is the plasma frequency,

β =

√
M
∑

l=1
β 2

l ω2
l /ω2

p is the average thermal velocity of all ions,

and c j ( j = 2,3, . . . ,M) is the M− 1 roots of the following
equation

F(c) = ∑
j

ω2
j

c2−β 2
j
= 0, (A10)

So M kinds of waves are obtained, and their dispersion
relation is

ω
2 = ω

2
p +β

2k2 +o(k2), (A11a)

ω
2 = c2

jk
2 +o(k2), j = 1,2, . . . ,M. (A11b)

The ion charged density is

ρ = e∑
l
(−1)υl Zl ñl . (A12)

Use Eqs. (A11) and (A6), under the condition of long-
wavelength approximation, only when ω2 =ω2

p +β 2k2, ρ 6= 0;
otherwise ρ = 0. That is to say, ω2 = ω2

p + β 2k2 represents
ion charged density wave, and can be coupled with MTs by
dipole–charge interactions as shown in Fig. 2. Other M− 1
kinds of waves could not couple with MTs under the condi-
tion of long-wavelength approximation.

Finally, diagonalize matrix Ω

P(k)−1
Ω(ω(k),k)P(k) = diag{ω1 · · · ,ωM} . (A13)

Set P(k) = P(0)+O(k2) and define another variable ρ =

(ρ1,ρ2, . . . ,ρM)T, which is determined by

n = P(0)ρ +O(k2). (A14)
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The transformation between n and ρ is
ñ1 =

1
ω2

p

M
∑

l=1
(−1)υl

ω2
l

Zl
ρl

ñ j =
ω2

j

ω2
p

[
(−1)υ j

Z j
ρ1−

1
Z j

ρ j

]
j = 2,3, . . . ,M. (A15)

Then

ρ1 = ∑
l
(−1)υl Zl ñl . (A16)

Compare Eqs. (A16) and (A11), then

ρ = eρ1. (A17)

So eρ1 could also be used to represent net charge den-
sity of ions, and equations (A15) and (A17) will be used in
Appendix B.

Appendix B: Second quantization of environ-
ment Hamiltonian He and interaction Hamilto-
nian Hin

In the coordinate representation, the Hamiltonian He of
cellular environment can be shown as follows:

Ĥe =−∑
k, j

[
𝑝k, j +qk𝐴(𝑟k, j, t)

]2
2mk

+qkφ(𝑟k, j, t), (B1)

where 𝑟k,i represents the position of the k-th kind of ions that
have been numbered i, φ , 𝐴 are scalar potential and vector

potential, respectively, and 𝑝k, j =
h̄
i

∇k, j is the canonical mo-

mentum. The first term represents the kinetic energy of the
ions, and the second term represents the field energy.

The potentials φ , 𝐴 are not unique. For two different po-
tentials (φ ,𝐴),(φ ′,𝐴′), if they satisfy

φ
′ = φ − ∂ξ

∂ t
, 𝐴′ =𝐴+∇ξ ∀ξ , (B2)

the two potentials will have the same field 𝐸, 𝐵 as follows:

𝐸 =−∇φ − ∂𝐴

∂ t
,𝐵 =∇×𝐴. (B3)

We use an approach similar to the David Bohm’s elec-
tron gas model and define the Hamiltonian Eq. (B1) in another
manner;[33] the second term is derived from the interactions
between ions and the energy stored in the field. Therefore,
equation (B1) can be written in an equivalent way as follows:

Ĥe = ∑
k, j

[
𝑝k, j +qk𝐴(𝑟k, j, t)

]2
2mk

+
∫ 1

2
ε|𝐸(𝑟)|2 + |𝐵(𝑟)|2

2µ
d3𝑟. (B4)

First, set ξ =
∫

φ dt so that φ ′ = 0, then 𝐸 = −∂𝐴/∂ t,
𝐵 = ∇×𝐴. Expand 𝐴 in Fourier series exp(i𝑘 ·𝑟)

𝐴‖ = ∑
𝑘

q(𝑘)𝑒𝑘 exp(i𝑘 ·𝑟)

𝐴⊥ = ∑
𝑘,µ=1,2

Qµ(𝑘)𝑒𝑘µ exp(i𝑘 ·𝑟), (B5)

where 𝑒𝑘 = 𝑘/k is an unit vector parallel to the direction of
the wave propagation, 𝑒𝑘µ (µ = 1,2) is another two-unit vec-
tor which is perpendicular to 𝑒𝑘, and 𝑒𝑘1⊥𝑒𝑘2. So 𝐴‖ and 𝐴⊥
represent longitudinal wave and transverse wave, respectively.
Their electric field and magnetic field are

𝐸‖ = ∑
𝑘

p(−𝑘)𝑒𝑘 exp(i𝑘 ·𝑟),

𝐵‖ = ∑
𝑘

q(𝑘)(i𝑘×𝑒𝑘)exp(i𝑘 ·𝑟) = 0,
(B6a)


𝐸⊥ = ∑

𝑘,µ=1,2
Pµ(−𝑘)𝑒𝑘µ exp(i𝑘 ·𝑟),

𝐵⊥ = ∑
𝑘,µ=1,2

Qµ(𝑘)(i𝑘×𝑒𝑘µ)exp(i𝑘 ·𝑟),
(B6b)

where p(−𝑘) = q̇(𝑘),Pµ(−𝑘) = Q̇µ(𝑘). 𝐴 and 𝐸 are real and
can be ensured as follows:

q(𝑘) =−q∗(−𝑘),
p(𝑘) =−p∗(−𝑘),
Qµ(𝑘) = Q∗µ(−𝑘),
Pµ(𝑘) = P∗µ(−𝑘).

(B7)

Use Eqs. (B5) and (B6) as well as the commutative re-
lation [p̂,𝐴] = −ih̄∇ ·𝐴, the Hamiltonian equation (B4) will
become

Ĥe = T̂ + Ĥ0 + ĤL+ĤT , (B8)

where

T̂ = ∑
l, j

𝑝2
l, j

2ml
,

Ĥ0 =−∑
l, j

ql

2ml

(
2𝑝l, j + ih̄∇l, j

)
·𝐴,

ĤL = ∑
k, j

q2
k𝐴

2
‖(𝑟k, j, t)

2mk
+
∫

ε|𝐸‖(𝑟)|2

2
d3𝑟,

ĤT = ∑
k, j

q2
k𝐴

2
⊥(𝑟k, j, t)
2mk

+
∫

ε|𝐸⊥(𝑟)|2

2
+
|𝐵⊥(𝑟)|2

2µ
d3𝑟.

(B9)

Now, use Eq. (B5), then we have

∑
k, j

q2
k𝐴

2
‖(𝑟k, j, t)

2mk
= ∑

l, j,𝑘,𝑔

q2
l

2ml
𝑒𝑘 ·𝑒𝑔q(𝑘)q(𝑔)exp[i(𝑘+𝑔) ·𝑟l, j] = ∑

l, j,𝑘=−𝑔

q2
l

2ml
𝑒𝑘 ·𝑒𝑔q(𝑘)q(𝑔)exp[i(𝑘+𝑔) ·𝑟l, j]
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+ ∑
l, j,𝑘 6=−𝑔

q2
l

2ml
𝑒𝑘 ·𝑒𝑔q(𝑘)q(𝑔)exp[i(𝑘+𝑔) ·𝑟l, j]

= −∑
l,𝑘

q2
l nl

2ml
q(𝑘)q(−𝑘)+ ∑

l, j,𝑘 6=−𝑔

q2
l

2ml
𝑒𝑘 ·𝑒𝑔q(𝑘)q(𝑔)exp[i(𝑘+𝑔) ·𝑟l, j], (B10)

where nl is the number of l-th kind of ions in a unit volume. The random phase approximation (RPA) makes the second term in
Eq. (B10) ∑

l, j,𝑘 6=−𝑔
considerably smaller than the first term ∑

l, j,𝑘=−𝑔
; therefore

∑
k, j

q2
k𝐴

2
‖(𝑟k, j, t)

2mk
=−ε

2 ∑
𝑘

ω
2
p q(𝑘)q(−𝑘). (B11)

Similarly,

∑
k, j

q2
k𝐴

2
⊥(𝑟k, j, t)
2mk

=
ε

2 ∑
𝑘,µ=1,2

ω
2
p Qµ(−𝑘)Qµ(𝑘). (B12)

Use Eqs. (B6a) and (B6b), then we obtain

∫
ε|𝐸‖(𝑟)|2

2
d3𝑟 =−ε

2 ∑
𝑘

p(𝑘)p(−𝑘), (B13a)

∫
ε|𝐸⊥(𝑟)|2

2
+
|𝐵⊥(𝑟)|2

2µ
d3𝑟 =

ε

2 ∑
𝑘,µ=1,2

[
Pµ(−𝑘)Pµ(𝑘)+ c2k2Qµ(−𝑘)Qµ(𝑘)

]
. (B13b)

T̂ = ∑
l, j

𝑝2
l, j

2ml
means the kinetic energy, and it can be divide it

into two parts

∑
l, j

𝑝2
l, j

2ml
= ∑

l

∫ [nlml |𝑢l |2

2
+

mlβ
2
l |ñl |2

2〈nl〉

]
d𝑟. (B14)

The first term is the macroscopical translational energy,
and the second term means the thermodynamic energy.

The second term in Eq. (B14) can be changed into

∑
l

∫ mlβ
2
l |ñl |2

2〈nl〉
d𝑟 = ∑

l,𝑘

mlβ
2
l |ñl(𝑘)|2

2〈nl〉
. (B15)

Now, use Eq. (A15) and ignore the cross term ρiρ j (i 6= j),
then

∑
l,𝑘

mlβ
2
l |ñl |2

2〈nl〉
=

e2

ε

(
β 2 |ρ1|2

2ω2
p

+ ∑
𝑘,l=2

β 2
l ω4

l |ρl |2

Z2
l ω4

p

)
. (B16)

As discussed in Appendix A, eρ1 represents net charge
density of ions, so use Gauss’s theorem in 𝑘-space

ρ(𝑘) = eρ1 = iε𝑘 ·𝐸 = iεkp(−𝑘). (B17)

Use Eqs. (B8)–(B17), then the total Hamiltonian is ex-
pressed by

Ĥe =

[
∑

l

∫ nlml |𝑢l |2

2
d𝑟+ ∑

𝑘,l=2

β 2
l ω4

l |ρl |2

Z2
l ω4

p

]
−∑

l, j

ql

2ml

(
2𝑝l, j + ih̄∇l, j

)
·𝐴

+
ε

2 ∑
𝑘,µ=1,2

[
Pµ(−𝑘)Pµ(𝑘)+Ω

2
1 (k)Qµ(−𝑘)Qµ(𝑘)

]
− 1

2
ε ∑

𝑘

[
ω

2
p q(𝑘)q(−𝑘)+ Ω 2

2 (k)
ω2

p
p(𝑘)p(−𝑘)

]
, (B18)

where the first term means ion sound wave, the second term
means interaction between ions and fields and it is neglected
for the reason that each ion has a random phase (random phase
approximation or RPA), Ω 2

1 (k) = ω2
p + c2k2 is the disper-

sion relation of electromagnetic wave in plasma, and Ω 2
2 (k) =

ω2
p +β 2k2 is the dispersion relation of charged density wave

or plasma oscillation.
At last, using second quantization method, define

Â†
µ(𝑘), Âµ(𝑘) as the creation operator and annihilation op-

erator of electromagnetic wave, respectively, and â†(𝑘) and
â(𝑘) as the creation operator and annihilation operator of the
plasma oscillations, respectively, and we can obtain


Qµ(𝑘) =

√
h̄

2εΩ(𝑘)

[
Âµ(𝑘)− Â†

µ(−𝑘)
]
,

Pµ(𝑘) =−i

√
h̄Ω(𝑘)

2ε

[
Âµ(𝑘)− Â†

µ(−𝑘)
]
,

(B19a)


q(𝑘) =

√
h̄

2εω(𝑘)

[
â(𝑘)− â†(−𝑘)

]
,

p(𝑘) = i

√
h̄ω(𝑘)

2ε

[
â†(𝑘)+ â(−𝑘)

]
.

(B19b)

And Â†
µ(𝑘), Âµ(𝑘), â†(𝑘), â(𝑘) satisfy the commutation

048701-9
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relation

[
Â†

µ(𝑘1), Â
†
ν(𝑘2)

]
=
[
Âµ(𝑘1), Âν(𝑘2)

]
= 0,[

Âµ(𝑘1), Â
†
ν(𝑘2)

]
= δ (𝑘1−𝑘2)δµν ,[

â†(𝑘1), â†(𝑘2)
]
= [â(𝑘1), â(𝑘2)] = 0,[

â(𝑘1), â†(𝑘2)
]
= δ (𝑘1−𝑘2).

(B20)

Use Eqs. (B19) and (B20) and the random phase approx-
imation, the Hamiltonian equation (B18) will become

Ĥe = ∑
l

∫ nlml |𝑢l |2

2
d𝑟+ ∑

𝑘,l=2

β 2
l ω4

l |ρl |2

Z2
l ω4

p

+ ∑
𝑘,µ=1,2

h̄Ω1(𝑘)

[
Â+

µ (𝑘)Â
+
µ (𝑘)+

1
2

]
+∑

𝑘
h̄ω(𝑘)

[
â†(𝑘)â(𝑘)+

1
2

]
, (B21)

where

ω
2(𝑘) =

ω2
p

1− β 2k2

ω2
p

. (B22)

In long-wavelength limit, β 2k2/ω2
p � 1, so

ω
2(𝑘) = ω

2
p +β

2k2. (B23)

This is the dispersion relation of ion charged density wave
as shown in Appendix A.

In Eq. (B21), only the 3rd term could be coupled with
MTs by dipole–charge interactions (as seen in Eq. (B17), ρ(𝑘)

is only related to p(𝑘) instead of Pµ(𝑘)), so this model only
considers the 3rd term which is named Ĥpl

Ĥpl = ∑
𝑘

h̄ω(𝑘)

[
â†(𝑘)â(𝑘)+

1
2

]
, (B24)

namely, the coupling between MTs and cellular environ-
ment via interactions between plasma oscillations and dipoles.
The interaction Hamiltonian for a single dipole with the cellu-
lar environment is determined by Eq. (5). Thus, after Fourier
transformation, equation (5) becomes

H ′ = ∑
𝑘

∫
𝑝 ·𝑟

4πε |𝑟|3
ρ(𝑘)exp(i𝑘 ·𝑟)d𝑟. (B25)

According to Eqs. (B17) and (B19b), then

ρ(𝑘) =−k

√
h̄εω(𝑘)

2
[
â†(−𝑘)+ â(𝑘)

]
, (B26)

the MT’s dipole 𝑝 can be written as follows:

𝑝= ∑
n
𝑝nĉ†

nĉn. (B27)

Here, 𝑝n = 〈n| 𝑝̂ |n〉 is the observed value of 𝑝 in state
|n〉. In Eq. (B27), the the cross term 𝑝m,nĉ†

mĉn was neglected,

use Eqs. (B25)–(B27), then the coupling Hamiltonian can be
written as follows:

H ′ = ∑
n,𝑘

Hn,𝑘, (B28)

where

Hn,𝑘 = λn,𝑘ĉ†
nĉn
[
â†(−𝑘)+ â(𝑘)

]
,

λn,𝑘 =
−k
8π

√
h̄ω(𝑘)

2ε

∫
𝑝n ·𝑟′

|𝑟′|3
exp(i𝑘 ·𝑟′)d3𝑟′ (B29)

The Hn,𝑘 means the interaction between MTs and cellular
fluid environment mentioned later, and it is then used to com-
pute decoherence time, and λn,𝑘 is the coupling coefficient.
The method for computing the coupling coefficient λn,𝑘 will
be introduced in Appendix C.

Appendix C: Computation of coupling coeffi-
cient λn,𝑘

The coupling coefficient λn,𝑘 is expressed as follows:

λn,𝑘 =
ik
8π

√
h̄ω(𝑘)

2ε

∫
𝑝n ·𝑟

r3 exp(i𝑘 ·𝑟)d𝑟, (C1)

where 𝑝n is a constant vector; for a certain 𝑘, the z axis is
set to be parallel to 𝑘. In the spherical coordinate frame,
𝑘 ·𝑟 = kr cosθ , and the volume element d𝑟 = r2 sinθ dθ dϕ;
thus, 𝑝n can be expressed as follows:

𝑝n = px𝑒x + py𝑒y + pz𝑒z. (C2)

Thus,

𝑝n ·𝑟 = r [px sinθ cosϕ + py sinθ sinϕ + pz cosθ ] . (C3)

When the variable ϕ is integrated in the interval [0,2π],
then

λn,𝑘 =
−k
8π

√
h̄ω(𝑘)

2ε

∫
pz cosθ exp(ikr cosθ)sinθ drdθ dϕ

= −kpz

4

√
h̄ω(𝑘)

2ε
(A+ iB), (C4)

where
A =

∫ rmax

rmin

dr
∫

π

0
cosθ cos(kr cosθ)sinθ dθ ,

B =
∫ rmax

rmin

dr
∫

π

0
cosθ sin(kr cosθ)sinθ dθ .

(C5)

Compute Eq. (C5), then A = 0 and

B =
2
k

[
sin(krmin)

(krmin)
− sin(krmax)

(krmax)

]
. (C6)

Here, 𝑝z = 𝑝n ·𝑘/k; generally, in the actual situation,
plasma oscillations will be excited only when the wavelength
is larger than the Debye length λD. Therefore, only k < 2π/λD

could be used to refer to the excited state. The integral in
Eq. (C1) in the space |𝑟|> λD because a shielding layer charge
appears on the surface of MTs with a thickness λD, as shown

048701-10
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in Fig. 2. The shielding layer charge is stable and cannot ex-
cite plasma oscillations; therefore, in Eq. (C6), rmin = λD and
rmax = ∞. Hence,

λn,𝑘 =− i𝑝n ·𝑘
2k

√
h̄ω(𝑘)

2ε

sin(kλD)

(kλD)
. (C7)

Define b(𝑘) = −ia(𝑘) as new creation operator and an-
nihilation operator, then the total Hamiltonian is

Ĥ = ∑
n

h̄Ωnĉ†
nĉn

+∑
n

h̄ω(𝑘)

[
b̂†(𝑘)b̂(𝑘)+

1
2

]
+∑

n,𝑘
µn,𝑘ĉ†

nĉn
[
b̂†(𝑘)b̂(𝑘)

]
,

where

µn,𝑘 = iλn,𝑘 =
𝑝n ·𝑘

2k

√
h̄ω(𝑘)

2ε

sin(kλD)

(kλD)
,

and we have obtained Eqs. (7) and (8).
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