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The structural, mechanical and electronic properties of W1−xZrx (x = 0.0625, 0.125, 0.1875, 0.25, 0.5) are systemat-
ically investigated by means of first-principles calculation. The total-energy calculations demonstrate that the W–Zr binary
substitutional solid solution remaining bcc structure can be formed at an atom level. In addition, the derived bulk mod-
ulus (B), shear modulus (G), Young’s modulus (E) for each of W–Zr alloys decrease gradually with the increase of Zr
concentration, suggesting that W alloying with higher Zr concentration becomes softer than pure W metal. Based on the
mechanical characteristic B/G ratio, Poisson’s ratio υ and Cauchy pressure C′, all W1−xZrx alloys are regarded as ductile
materials. The ductility for each of those materials is improved with the increase of Zr concentration. The calculated den-
sity of states indicates that the ductility of W1−xZrx is due to the fact that the bonding in the alloy becomes more metallic
through increasing the Zr concentration in tungsten. These results provide incontrovertible evidence for the fact that Zr has
a significant influence on the properties of W.

Keywords: first-principles calculation, tungsten, zirconium, elastic properties
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1. Introduction

Tungsten (W) has many applications because it has the
highest melting point of all of the elements, it also has a high
elastic modulus, high density, high thermal conductivity, and
excellent mechanical properties at elevated temperatures, such
as in incandescent light bulb filaments, heating elements, and
kinetic energy penetrators.[1] The study of W is important for
plasma facing material due to its high melting point, high
strength at high temperatures and high plasma sputtering ero-
sion resistance.[2–4] However, the poor ductility of tungsten is
not conducive to its workability and performance in the appli-
cations. Thus, there is an urgent need to improve the mechan-
ical properties of tungsten.

To date, doping impurities and additives in W has been
demonstrated to be a promising method to improve physical
properties. For example, it is well-accepted that alloying zir-
conium (Zr) could improve the physical properties of W.[5–8]

On the one hand, alloying small amount of element Zr that can
bond with oxygen will increase grain boundary strength.[5,6]

The incorporation of zirconium by spark plasma sintering in
a range of 0.2 wt%–1.0 wt%, with and without additional
yttrium oxide (Y2O3) dispersion, have been recently investi-
gated by Liu et al.[5] The results showed that the ductile-brittle
transition temperature (DBTT) of W with the addition of 0.2%

Zr alone was about 200 ◦C lower than that of pure W, and ulti-
mate tensile strength was improved by incorporating the Y2O3

particles, which also results in a slight decrease in correspond-
ing ductility. Meanwhile, Xie et al. showed that Zr, decom-
posed from ZrH2, could capture impurity oxygen in tungsten
and form nano-sized monoclinic ZrO2 particles.[6] The tung-
sten sample with 0.2 wt% ZrH2 addition exhibits not only the
highest fracture strength but also the highest toughness. How-
ever, the greater than 0.2 wt%-ZrH2 addition leads to the in-
crease of the particle size of dispersoids and the decrease of
the fracture strength and toughness.[6] On the other hand, dop-
ing ZrC can improve the mechanical properties of tungsten
through refining grain size and inhibiting recrystallization.[1]

Xie et al. reported that the trace nano-sized ZrC particles were
added into W matrix by powder metallurgical process.[8] Both
the ductility and strength are significantly improved in com-
parison with the commercial bulk pure W or W alloy, which
can be attributed to coherent interface in grain/phase bound-
aries tuned by the purifying and strengthening abilities of the
trace ZrC.[8] The first-principles calculations indicate that Zr
element prefers to occupy the substitutional site in W with
negative solution energy, suggesting that Zr element is eas-
ily dissolved in tungsten.[9–11] However, there have been few
systematic studies of the properties for W–Zr alloy with differ-
ent Zr concentrations and theoretical research is still required.
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The advent of density functional theory (DFT) has provided an
alternative means of including the electron correlation to seek
an insight into the mechanical mechanism.

Experimental results indicate that at room temperature
and ambient pressure, W possesses a body-centered cubic
(bcc) structure with a lattice constant of 3.165 Å (α phase).
In the presence of oxygen, the W has a bcc structure with a
lattice constant of 5.046 Å (β phase). However, the β phase
transforms into the α phase when the temperature is higher
than 630 ◦C and the process is irreversible. W as a plasma
facing material withstand extremely high temperature. Thus,
in this work, using the density functional theory, the effects
of alloying Zr on the fundamental mechanical properties of
W with α phase are studied. The structural, mechanical and
electronic properties of W1−xZrx (x = 0.0625, 0.125, 0.1875,
0.25, 0.5) are calculated for different compositions. With the
optimized geometry and lattice, some mechanical parameters
such as bulk modulus (B), shear modulus (G), Young’s mod-
ulus (E), Poisson’s ratio (υ), the B/G ratio, and Cauchy pres-
sure (C′) are derived. In addition, we present our analysis of
the electronic properties to explain the mechanism involved in
the improvement of the ductility properties of the W–Zr alloy.
We anticipate that the obtained results are of significance for
theoretically understanding the mechanical properties of W al-
loying with Zr.

2. Computational methods
First-principles calculations were performed with the

pseudopotential plane-wave method implemented in the Vi-
enna ab initio simulation package (VASP) code based on den-
sity functional theory (DFT).[12–14] The projector augment
wave (PAW)[15] method was used to describe the core or-
bital, and the electron exchange correlation functional was
calculated by using the Perdew–Burke–Ernzerhof approxima-
tion (PBE) described by the generalized gradient approxima-
tion (GGA).[16] The systematic calculations presented here
have been performed on 2× 2× 2 supercell containing 16
atoms in a body centered cubic structure in W. Previous stud-
ies with first-principles calculations have shown that Zr atom
can dissolve into bcc W to form substitutional binary solid
solution.[17,18] In supercell calculations, the W alloying with
different Zr concentrations, where W atoms are progressively
replaced by Zr atoms have been studied. Six different Zr
concentrations: no substitution (x = 0.0), one W atom re-
placed by one Zr atom (x = 0.0625), two W atoms replaced
by two Zr atoms (x = 0.125), three W atoms replaced by three
Zr atoms (x = 0.1875), four W atoms replaced by four Zr
atoms (x = 0.25), eight W atoms replaced by eight Zr atoms
(x = 0.5), have been performed for calculations. All possi-
ble configurations for each composition were here considered.
The electron wave function was expanded in plane waves up

to a cutoff energy of 350 eV. The calculated equilibrium lattice
constant of pure W was 3.19 Å, and the result was consistent
with the experimental value of 3.165 Å.[19] The Brillouin-zone
integration was performed within Monkhorst–Pack scheme by
using a 11×11× 11 mesh for the geometry optimization and
13×13× 13 mesh for electronic calculation.[20] For the case
of pure Zr, the calculations have been performed on 2×2×2
supercell containing 16 atoms in a hexagonal close packing
(hcp) structure and the 6×6× 4 Monkhorst–Pack mesh has
been used. Both supercell size and atomic positions were re-
laxed to equilibrium, and energy minimization continues until
the forces on all atoms are converged to a value smaller than
10−2 eV/Å. The total energy of each system was relaxed until
the difference value is smaller than 10−5 V.

We calculated the Ci j components of the elastic tensor un-
der the zero pressure from the computation of the stress–strain
relationships.[21] According to Hooke’s law, the stress–strain
relationships can be described as

(σi) = (Ci j)(ε j) . (1)

Within the framework of the continuum elasticity theory, for
the cubic structure, there were three independent elastic con-
stants, i.e., C11, C12, and C44, to describe the response of a
crystal to any applied stress.[22] Consequently, the elastic con-
stants for W1−xZrx compounds can be calculated from three
different strains as follows:

ε1 = (0,0,0,δ ,δ ,δ ) ,
ε2 = (δ ,δ ,0,0,0) ,
ε3 = (δ ,δ ,0,0,0) ,

The mechanical properties can be calculated from these sin-
gle crystal elastic constants, according to the Voigt–Reuss–
Hill scheme.[23–26] The bulk modulus (B), shear modulus (G),
Young’s modulus (E), Poisson’s ratio (υ), and Cauchy pres-
sure (C′) of W alloying with Zr were derived from C11, C12,
and C44 via the following formula:

B =
C11 +2C12

3
, (2)

G =
C11−C12+3C44

5
, (3)

E =
9BG

3B+G
, (4)

υ =
E−2G

2G
, (5)

C′ =
C12−C44

2
. (6)

3. Results and discussion
3.1. Mechanical properties of bcc crystal of tungsten (W)

To check the accuracy of this computational setup, we
calculate the single-crystal elastic constants and mechanical
property parameters of pure W. The elastic constants and
mechanical property parameters are given in Tables 1 and
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2, where they are also compared with existing experimen-
tal data[27]and previous theoretical investigations performed
with first-principles calculations.[28] As evident, the elastic
constants and the mechanical parameters of the bcc W, cal-
culated from this work are basically in agreement with the
experimental and theoretical results within an expected ac-
curacy of ±10% for the experimental values. Note that the
Perdew–Burke–Ernzerhof approximation that we used in this
study is a major source of error. As Momida et al.[30] men-
tioned, the Perdew–Burke–Ernzerhof approximation, because
of its weaker energy-volume dependence, leads to overestima-

tion in calculating the structure geometry and then transfers
this error to the calculation of the elastic constants. All in all,
our computational setup is reasonable, which illustrates that
the calculated elastic properties of W alloying with Zr in the
following are reliable.

Table 1. Elastic constants of bcc W.

Method C11/GPa C12/GPa C44/GPa

Present work 543.3 204.8 142.7
Experiment[26] 533.0 205.0 163.0
Theory[26,27] 553.0 207.0 163.0

Table 2. Bulk modulus (B), shear modulus (G), Young’s modulus (E), B/G ratio, Poisson’s ratio (υ), Cauchy pressure C′of bcc W
and Zr.

Metal Method B/GPa G/GPa E/GPa B/G υ C′

W present work 317.64 153.36 396.30 2.07 0.29 31.02
W experiment[27] 314.33 163.40 417.80 1.92 0.28 21.00
W theory[27,28] 322.33 173.0 440.24 1.86 0.27 22.00
Zr experiment[29] 95.3 36.3 96.6 – 0.33 –

3.2. Lattice constants and thermodynamic stability

The energy minimization procedure is used to obtain the
total energy and optimal atomic relaxation geometries of all
possible atomic configurations of W alloying with different Zr
concentrations. The energy minimization shows that the W–
Zr alloys can keep the bcc lattice and the most stable site for
Zr atoms is located at the positions of the configurations in
a high-symmetry. These results indicate that the W–Zr binary
solid solution can be formed at an atomic level. The schematic
diagrams of these high-symmetry configurations are illustrated
in Fig. 1, where small purple and large yellow balls represent
W and Zr atoms, respectively. Note that the atomic config-
urations with the lowest energy are selected for subsequent
calculations.

Fig. 1. Schematic representation of energetically the most favorable
atomic arrangements of the bcc W1−xZrx (x = 0.0625, 0.125, 0.25 and
0.5) in a 2×2×2 supercell. Small purple and large yellow balls repre-
sent W and Zr atoms, respectively.

The lattice parameters of mixed crystals often obey the
Vegard’s law,[31,32] i.e., the lattice parameter of solid solu-
tion is linearly dependent on the concentration of one com-
ponent and this is valid particularly for substitutional solid
solutions.[33] Our calculations for the equilibrium lattice con-
stants of W1−xZrx obtained from the total energy as a function
of the volume are shown in Fig. 2(a). As can be clearly seen
from Fig. 2(a), the lattice constants of W1−xZrx increase al-
most monotonically with the Zr concentration increasing, sug-
gesting that the lattice parameters of W1−xZrx obey the Veg-
ard’s law. This further proves that the W–Zr binary substitu-
tional solid solution can be formed at an atom level, which will
be proposed later. In addition, the lattice constants of W1−xZrx

are lager than that of pure W, owing to the fact that the radius
of the Zr atom is larger than that of the W atom.

A negative formation energy means that a structure is
thermodynamically stable.[34–36] The effect of Zr concentra-
tion on the thermodynamic stability of W1−xZrx structure is
evaluated from formation energy (Ef), which is defined as

Ef = EW1−xZrx − (1− x)EW− xEZr. (7)

In this formula, EW1−xZrx , EW, ans EZr express the total en-
ergy of supercells W1−xZrx, supercells W, and supercells Zr,
respectively. The x represents the concentration of the Zr el-
ement in W–Zr alloy. The calculated results are given in Ta-
ble 3. Meanwhile, the formation energy values of W1−xZrx

as a function of Zr concentration are shown in Fig. 2(b),
from which we can know that the formation energy values of
W1−xZrx are negative, indicating that the W1−xZrx structures
are thermodynamically stable. Moreover, the formation en-
ergy values of W1−xZrx decrease with the Zr concentration in-

046301-3



Chin. Phys. B Vol. 28, No. 4 (2019) 046301

creasing. These results strongly suggest that the W–Zr binary
substitutional solid solution formation is favored.
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Fig. 2. Plots of (a) equilibrium lattice constants and (b) formation en-
ergy of bcc W alloying with Zr versus Zr concentration.

3.3. Mechanical properties

Now, we come to analyze the effect of an increased con-
centration of Zr on the elastic properties of the W1−xZrx solid
solution. The calculated elastic constants relative to those of
the pure W as a function of concentration x are given in Table 3
and shown in Fig. 3(a). The stability criteria for cubic crystals
are the Born–Huang elastic stability criteria,[37] which are as
follows:

C11 >, C11−C12 >, C11 +2C12 >, C44 > 0. (8)

Table 3. Cell volumes, elastic constants, and formation energy of bcc
W1−xZrx

Composition C11/GPa C12/GPa C44/GPa V /Å3 Ef/eV

Pure W 543.28 204.81 142.77 31.86 .0000
W0.9375Zr0.0625 507.30 193.95 127.49 32.35 –0.1153
W0.875Zr0.125 477.82 185.59 111.67 32.84 –0.5886
W0.8125Zr0.1875 441.62 177.93 102.00 33.35 –1.0834
W0.75Zr0.25 377.50 185.04 59.66 33.90 –1.3878
W0.5Zr0.5 245.98 159.44 54.02 36.71 –4.2094

Our first-principles calculations explicitly indicate that
the calculated elastic constants fulfill the above elastic stabil-
ity criteria. The elastic stability of bcc W1−xZrx solid solu-
tion is guaranteed, thus ensuring a mechanically stable model

of binary alloy systems. Interestingly, the C11 and C44 are
clearly observed to decrease systematically (almost linearly),
and the C12 varies with x slightly and nonlinearly. Indeed, the
values of C11 reflects the stiffness of cubic crystal. The C11

value changes from 543.28 GPa for pure W to 245.98 GPa for
W0.5Zr0.5, demonstrating that the stiffness decreases with the
Zr content increasing by 6.25 at.%, until it reaches 50 at.%. In
other words, the main elastic constants of the system decrease
with Zr concentration, which makes the system softer.
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Fig. 3. (a) Elastic constants of bcc W alloying with Zr varying with Zr
concentration; (b) Bulk modulus (B), shear modulus (G), and Young’s
modulus (E) of bcc W alloying with Zr varying with Zr concentration.

To further understand the macroscopic mechanical prop-
erties of W1−xZrx, the values of derived bulk modulus (B),
shear modulus (G), Young’s modulus (E), the ratio B/G, Pois-
son’s ratio (υ), and Cauchy pressure (C′) are summarized in
Table 4. The calculations overestimate the bulk modulus by
roughly 1% for pure W, and this is within the usual error of
the DFT. As we have pointed out above, the results of elas-
tic properties are reliable. The bulk modulus B in transition
metal tends to decrease with formation energy decreasing.[38]

As can be seen in Figs. 2(b) and 3(b), this rule is also applica-
ble for W–Zr alloys. It is worth noting that the bulk modulus
Bdecreases monotonically with the increase of Zr concentra-
tion. The W alloying with Zr will reduce the bulk modulus
in comparison with that of pure tungsten. When Zr concen-
tration reaches 18.75%, the bulk modulus of W–Zr alloy de-
creases to 265.83 GPa. Hence, the resistance to deformation
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of tungsten will be reduced by alloying with Zr. A similar
behavior is also shown in the variation trend of shear modu-
lus and Young’s modulus. As a consequence of this trend, the
W–Zr alloys with higher Zr concentration become softer than
pure W metal. However, they are much more rigid than pure
Zr metal.[39]

Table 4. Values of bulk modulus (B), shear modulus (G), Young’s mod-
ulus (E), B/G ratio, Poisson’s ratio (υ), Cauchy pressure C′ for bcc W
alloying with Zr

Composition B/GPa G/GPa E/GPa B/G υ C′

Pure W 317.64 153.36 396.30 2.07 0.292 31.02
W0.9375Zr0.0625 298.40 139.16 361.32 2.14 0.30 33.23
W0.875Zr0.125 283.00 125.45 327.90 2.26 0.307 36.96
W0.8125Zr0.1875 265.83 113.94 299.08 2.33 0.312 37.97
W0.75Zr0.25 249.19 74.29 202.72 3.35 0.36 62.69
W0.5Zr0.5 188.29 49.72 137.09 3.79 0.38 52.71

The ratio of the bulk over shear modulus, B/G, has been
proposed by Pugh[37] to identify a brittle or ductile behavior
of the material. According to the Pugh criterion, a high B/G
value (> 1.75) indicates a tendency for ductility; otherwise,
the material behaves in a brittle manner. The B/G ratio as
a function of Zr concentration x for the bcc W alloying with
Zr and for pure W are presented in Fig. 4(a). As revealed by
Fig. 4(a), all the values of B/G are high than 1.75, implying
that the W–Zr alloys are ductile materials in nature. Mean-
while, with the increase of Zr concentration, the B/G value in-
creases gradually. When the Zr concentration reaches 18.75%,
the B/G value is 2.33 larger than that of pure W (2.07). It is
suggested that doping Zr can improve the ductility of bcc W.
In addition, Frantsevich et al.[40] devised a rule on the basis
of Poisson’s ratio (υ) to make a distinction between ductile
and brittle material. For the criterion, the critical value of υ

is 0.26.[41] Moreover, the larger υ value, the better ductility a
material possesses. The values of Poisson’s ratio in our calcu-
lations are more than 0.26 for W–Zr alloys, indicating a rather
ductile character of these materials in the same way as B/G ra-
tio does. As shown in Fig. 4(a), the variation of the Poisson’s
ratio with Zr concentration exhibits a similar trend to that of
the B/G ratio. When the Zr concentration reaches 18.75%, the
Poisson’s ratio is 0.312 larger than the Poisson’s ratio that the
pure W has (0.29). The same conclusion for the estimation of
ductility can be obtained from analyzing the υ value.

According to the analyses in the relevant research papers,
the intermetallic compound of W2Zr is formed very easily
when the temperature reaches a value between 1400 ◦C and
2210 ◦C, which will lead to the brittleness damage to W based
materials. The intermetallic compound of W2Zr phase has a
body-centered cubic structure and the phase prototype is W.
Thus, the ductility of W2Zr phase should be improved based
on our first-principles calculation. Noting that the data ob-
tained by using first-principles simulation have limitations and

in particular the effect of temperature on the data needs to be
carefully assessed. Thus, the effects of temperature on W–Zr
alloy and the properties of intermetallic compound of W2Zr
will be studied in our future work.
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Fig. 4. Plots of (a) B/G ratio and Poisson’s ratio and (b) Cauchy pres-
sure (C′) versus Zr concentration for bcc W alloying with Zr.

The angular characteristic of atomic bonding, which
also relates to the brittle/ductile properties of metals and
metallic compounds, could be described by the Cauchy
pressure.[42] For directional bonding with angular characteris-
tic, the Cauchy pressure is typically negative. Meanwhile, for
metallic bonding, the Cauchy pressure is positive, with larger
positive pressure representing a more metallic characteristic
and the better ductility. As shown in Table 4, the Cauchy pres-
sures are positive for all the bulk W–Zr alloys, clearly indicat-
ing metallic bonding is predominant. A positive value of cal-
culated Cauchy pressure, in addition to reflecting their metallic
characteristic, indicates their ductile nature. Furthermore, with
the increase of Zr concentration, the B/G value increases grad-
ually, which suggests that the metallic bonding is strengthened
by alloying Zr in the bcc bulk W.

3.4. Electronic structures

To understand the mechanical properties of W–Zr al-
loys, their underlying electronic structures are analyzed. Fig-
ure 5 shows the calculated total and partial densities of states
(TDOS and PDOS) for W–Zr alloys under various compo-
sitions. As displayed in Fig. 5, there is no energy gap at
Fermi level for W–Zr alloys, meaning that all these compounds
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present metallic character. The main bonding peaks of W–Zr
alloys are located near the Fermi level in a range from −6 eV
to 3 eV, which mainly originate from the contribution of the 5d
orbital of W and Zr. With Zr content increasing, the peaks of
W atom lower their heights while the peak height of Zr atom
rises. Meanwhile, the Fermi level moves away from the mini-
mum of the TDOS to the left peak, suggesting that bonding in
the alloys becomes more metallic.[43] This is consistent with
the above analysis of Cauchy pressure. Moreover, Söderlind

et al.’s study shows that the shapes of the DOS do not depend

on the kind of the element but on the crystal structure.[44] This

tendency of the DOS is applicable not only for pure metals but

also for binary alloys.[45] Figure 5 obviously shows that the

quantity of the Zr elements does not seem to affect the shape

of DOS but only moves Fermi level, implying that the W–Zr

alloys have the same bcc structure as the pure W except for the

lattice constant.
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Fig. 5. Density of states (DOS) of bcc-based chemically random W1−xZrx: (a) W when x = 1, (b) W0.9375Zr0.0625, (c) W0.875Zr0.125, (d)
W0.8125Zr0.1875, (e) W0.75Zr0.25, (f) W0.5Zr0.5, with energy being relative to Fermi level.

4. Conclusions

The structural, mechanical and electronic properties of
W1−xZrx (x = 0.0625, 0.125, 0.1875, 0.25, 0.5) binary bcc
substitutional alloys are systematically investigated by means
of first-principles calculations within the framework of DFT.
The formation energy values of all the studies W1−xZrx alloys
are negative, indicating that they are all energy thermodynami-
cally stable. Based on the calculations of the elastic constants,
all the bcc W1−xZrx structures satisfy the mechanical stability

criteria, i.e., the W–Zr binary substitutional solid solution can
be formed at an atom level. Moreover, the elastic constants
and the elastic moduli of W–Zr alloys are found to decrease
gradually with the increase of Zr concentration, implying that
the W–Zr alloys with higher Zr concentration become softer
than pure W metal, although it is more rigid than the pure Zr
metal. Meanwhile, by analyzing the value of B/G ratio, Pois-
son’s ratio υ and Cauchy pressure C′, we demonstrate that all
the W1−xZrx alloys are ductile materials, and increasing the Zr
concentration in tungsten is helpful in improving the ductility.
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The calculated density of states suggests that the bcc structure
W1−xZrx is metallic and the bonding in the alloys becomes
more metallic with the increase of Zr concentration in tung-
sten. This explains the mechanism for the improvement of
ductility properties of W–Zr alloys. The effects of alloying Zr
on important properties of W, such as the thermal conductiv-
ity, hydrogen retention, helium retention, etc., will be studied
in our future work.
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