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Response features of nonlinear circumferential guided wave on early
damage in inner layer of a composite circular tube∗
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A theoretical model to analyze the nonlinear circumferential guided wave (CGW) propagation in a composite circular
tube (CCT) is established. The response features of nonlinear CGWs to early damage [denoted by variations in third-order
elastic constants (TOECs)] in an inner layer of CCT are investigated. On the basis of the modal expansion approach, the
second-harmonic field of primary CGW propagation can be assumed to be a linear sum of a series of double-frequency
CGW (DFCGW) modes. The quantitative relationship of DFCGW mode versus the relative changes in the inner layer
TOECs is then investigated. It is found that the changes in the inner layer TOECs of CCT will obviously affect the
driving source of DFCGW mode and its modal expansion coefficient, which is intrinsically able to influence the efficiency
of cumulative second-harmonic generation (SHG) by primary CGW propagation. Theoretical analyses and numerical
simulations demonstrate that the second harmonic of primary CGW is monotonic and very sensitive to the changes in the
inner layer TOECs of CCT, while the linear properties of primary CGW propagation almost remain unchanged. Our results
provide a potential application for accurately characterizing the level of early damage in the inner layer of CCT through the
efficiency of cumulative SHG by primary CGW propagation.

Keywords: circumferential guided wave (CGW), early damage, inner layer of composite circular tube, second-
harmonic generation (SHG)
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1. Introduction
Composite circular tubes (CCTs), which are generally

composed of two circular layers of different metals,[1,2] are
widely served in the petroleum and power plant industries,
etc.[3,4] However, complicated stress and corrosive environ-
ments will inevitably lead to the degradation of and even
damage to CCT, where the inner layer is more vulnerable
to damage than the outer layer, especially to the mechani-
cal degradation of and even damage to the inner layer mate-
rial resulting from periodic thermal stress and electrochemi-
cal corrosion.[1,2] Considering the safety and reliability of the
CCT structure in service, it is of great significance to estab-
lish a method of accurately characterizing and assessing the
level of early damage in the inner layer material. Based on the
fact that the nonlinear ultrasonic techniques are much more
sensitive to early damage to material than the linear ultrasonic
waves,[5–9] and that the circumferential guided waves (CGWs)
travelling along the circumference of a tube have the advan-
tage of evaluating early damage to tube materials,[10] it is nec-
essary to further understand the response features of second-
harmonic generation (SHG) by primary CGW propagation to
the early damage to the inner layer material of CCT.

Deng et al. recently proposed a theoretical model to an-

alyze the nonlinear effect of primary (fundamental) CGW
propagation,[10] and then implemented the experimental inves-
tigation in a single layer circular tube, where the cumulative
second harmonic by primary CGW propagation can be ob-
served for evaluating the material accumulated damage.[11] In
addition, the influence of change in the inner layer thickness of
CCT on effect of SHG has been analyzed by Li et al.[12] Previ-
ous research has shown that the macroscopic damage to mate-
rial and structure can be characterized by the relative changes
in the linear acoustic parameters, which are inherently related
to the second-order elastic constant (SOEC).[13–15] However,
in the early damage level of material, the linear acoustic pa-
rameters almost remain unchanged, while the relative acoustic
nonlinearity parameter βR shows a remarkable rising tendency
with the accumulation of material damage.[13–15] Meanwhile,
βR is closely related to the second- and the third-order elas-
tic constants (TOECs).[6,16] An increase in βR should be at-
tributed to the increase in the TOECs of material, while change
to the SOECs is inconsiderable in the early damage.[13–16]

Previous investigations of the nonlinear effect of primary
CGW propagation have confirmed that the accumulated dam-
age to a single layer circular tube can be quantitatively as-
sessed by βR.[11] It can be expected that the early damage
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to the inner layer material (characterized by variation in its
TOECs) of CCT may also affect the cumulative second har-
monics of primary CGW. Therefore, the present investigation
will analyze how the efficiency of cumulative SHG by pri-
mary CGW propagation is affected by early damage to the
inner layer material of a CCT. Our results exhibit a promis-
ing means for accurately evaluating the early damage to inner
layer through βR by primary CGW propagation.

2. Theoretical fundamentals
A schematic diagram of the CCT model is shown in

Fig. 1, where the materials of the CCT are assumed to be
isotropic, homogeneous and dispersionless. It should be noted
that the model of the CCT in Fig. 1 is also used for the finite
element (FE) analysis, the ends 𝐶 and 𝐶 ′, and also the excita-
tion stress Trr will be described in more detail in Section 4. A
CCT with a perfect interface is considered and the mechanical
conditions at r = R2 can be given by[17]

Prr(1) = Prr(2), Pθr(1) = Pθr(2),
Ur(1) =Ur(2), Uθ(1) =Uθ(2),

(1)

where Ur(i) =𝑈(i) · 𝑟̂ and Uθ(i) =𝑈(i) · 𝜃̂ are the radial and cir-
cumferential component of displacement field 𝑈(i), the radial
and circumferential component of the stress are, respectively,
denoted by Prr(i) and Pθr(i), the subscript number i = 1 and 2
in U and P, which correspond to layers 1 (inner layer) and 2
(outer one) in Fig. 1, and 𝑟̂ and 𝜃̂ are, respectively, the unit
radial and circumferential vectors.

r

C

C′

O

Trr

R

R

R

θ

layer 1

layer 2 receiving point

L/RSθ

λ

Fig. 1. Schematic diagram of the CCT model used for analyzing CGW
propagation.

According to the modal expansion approach for waveg-
uide excitation,[10–12] when the l-th primary CGW mode with
angle frequency ω (denoted by 𝑈

(ω,l)
(i) ) travels along the cir-

cumferential direction as shown in Fig. 1, the linear sum of
a series of double-frequency CGW (DFCGW) modes consti-
tutes the acoustic field of the second harmonic (denoted by
𝑈 (2ω)), namely[10–12]

𝑈 (2ω) = ∑
m

am(θ)𝑈
(2ω,m)(r),

am(θ) =
(FS

m +FV
m )

4Pmm
· sin(∆nθ)

∆n
· exp[jn(2ω,m)θ + j∆nθ ],

(2)

where am(θ) is the expansion coefficient for the m-th DFCGW
mode; ∆n = [n(ω,l) − n(2ω,m)/2] is used to describe the dis-
persion degree between the l-th primary CGW and the m-
th DFCGW; n(ω,l) and n(2ω,m) are, respectively, the dimen-
sionless angular wave number of the l-th primary CGW and
m-th DFCGW; Pmm is the average power flow of the m-th
DFCGW mode (per unit width perpendicular to the tube sec-
tion), i.e.[10–12]

Pmm = Re
2

∑
i=1

∫ Ri+1

Ri

{
− jω

r

[
Ũ (2ω,m)
(i) (r)

×𝑃
(2ω,m)
(i) (r)

]}
· 𝜃̂dr, (3)

where 𝑈
(2ω,m)
(i) (r) and 𝑃

(2ω,m)
(i) (r) are, respectively, the corre-

sponding displacement field function and stress tensor in the
i-th layer (i= 1, 2); the sign ‘∼ ’ in Eq. (3) means that the com-
plex conjugate is taken for the corresponding physical vari-
ables; R j ( j = 1, 2, or 3) represents the radius of the CCT. The
surface and bulk driving sources (FS

m and FV
m ) are, respectively,

expressed as[10–12]

FS
m = 2jω

2

∑
i=1

{
Ũ (2ω,m)
(i) (r) ·𝑃 [𝑈

(ω,l)
(i) ]

}
· 𝑟̂
∣∣∣∣r=Ri+1

r=Ri

, (4)

and

FV
m = 2jω

2

∑
i=1

∫ Ri+1

Ri

{
Ũ (2ω,m)
(i) (r) ·𝐹 [𝑈

(ω,l)
(i) ]

}
dr, (5)

which are dependent on the second-order traction stress tensor
𝑃 [𝑈

(ω,l)
(i) ] and the second-order bulk driving force 𝐹 [𝑈

(ω,l)
(i) ].

The 𝑃 [𝑈
(ω,l)
(i) ] is the nonlinear term in the expression of

the first Piola–Kirchhoff stress tensor, and 𝐹 [𝑈
(ω,l)
(i) ] is de-

termined by 𝐹 [𝑈
(ω,l)
(i) ]=∇ ·𝑃 [𝑈

(ω,l)
(i) ]. Both 𝐹 [𝑈

(ω,l)
(i) ] and

𝑃 [𝑈
(ω,l)
(i) ] can be found in Refs. [10] and [11].
When the phase velocity of the l-th primary CGW mode

matches with that of the m-th DFCGW (i.e., ∆n = 0, or
∆n ≈ 0), the second-harmonic field 𝑈 (2ω) generated by the
l-th primary CGW mode propagation mainly depends on the
m-th DFCGW mode, and the contribution of other DFCGW
modes to the second-harmonic field is negligible.[10–12] Thus,
equation (2) can be written as

𝑈 (2ω) =
(FS

m +FV
m )

4Pmm
·𝑈 (2ω,m)(r) ·θ · exp[jn(2ω,m)

θ ]. (6)

To effectively investigate the influence of early damage to the
inner layer material on the efficiency of cumulative SHG, a
special mode pair which satisfies the phase velocity match-
ing is selected.[6,10,16] The physical quantities, such as 𝑈 (ω,l)

(i) ,

𝑈
(2ω,m)
(i) , and Pmm are dependent on mass density ρ(i), radius

R j and SOECs, while the other quantities, such as 𝑃 [𝑈
(ω,l)
(i) ],
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𝐹 [𝑈
(ω,l)
(i) ], FS

m and FV
m are dependent on mass density ρ(i), ra-

dius R j, SOECs and TOECs, i.e.[10–12]

𝑈
(ω,l)
(i) , 𝑈

(2ω,m)
(i) and Pmm = Function[SOECs,R j,ρ(i)], (7)

𝑃 [𝑈
(ω,l)
(i) ], 𝐹 [𝑈

(ω,l)
(i) ], FS

m and

FV
m = Function[SOECs,TOECs,R j,ρ(i)]. (8)

There is a considerable change in the elastic nonlinearity (de-
scribed by the TOECs, i.e., A, B, and C) even if the elastic
linearity of material (described by the SOECs, i.e., λ and µ)
has no or inconsiderable change in the early stage of material
damage.[15,16] This will lead to changes of am(θ) in Eq. (2).
Generally, the ratio A2/A2

1 (i.e., the relative acoustic nonlinear-
ity parameter βR) can directly be used to evaluate the material
damage,[13–16] where A1 and A2 are, respectively, the ampli-
tude of the primary wave 𝑈 (ω,l) · θ̂ and the double-frequency
mode am(θ)𝑈

(2ω,m)(r) · θ̂ at the outer surface r = R3. Thus,
βR may show a remarkable response to the accumulation of

material damage since A2 increases with the increase in the
TOECs of the material.[11,15,16]

These analyses indicate that the second-harmonic field
𝑈 (2ω) is inherently related to the TOECs and SOECs of mate-
rial, while the linear acoustic parameters (e.g., A1 or n(ω,l)) are
only associated with the SOECs and remain unchanged in the
early damage stage of materials. Consequently, the early dam-
age to the inner layer of the CCT may be quantitatively eval-
uated by the efficiency of cumulative SHG by primary CGW
propagation, specifically, by using βR as measured with sec-
ond harmonics generated.

3. Numerical analyses
The materials of the CCT (see Fig. 1) from the inner

layer to the outer layer are, respectively, considered to be cop-
per and steel, and their radii are set to be R1 = 103.5 mm,
R2 = 104.5 mm, and R3 = 107.5 mm. The material parame-
ters of the CCT in Fig. 1 are given in Table 1.

Table 1. Material parameters of CCT.[18]

Material
Mass density Longitudinal wave Shear wave TOECs (GPa)

ρ/(kg/m3) velocity cL/(km/s) velocity cT/(km/s) A B C

Copper 8980 4.390 2.140 –1480 150 –320
Steel 7900 5.640 3.070 –720 –230 180

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

1

2

3

4

5

6

7

D0
m

Frequency f or (2f)/2/MHz

D2

D3

D1

P0

V

P
h
a
se

 v
e
lo

c
it
y
 c

p
/
k
m
Ss

-
1

f=0.405 MHz

l

c↼ω↪l↽
P

c↼ω↪m↽
D

Fig. 2. Dispersion curves of CGWs in the CCT with a perfect interface.

Figure 2 shows the phase velocity dispersion curves of the
primary CGW and DFCGWs. The intersections between the
dotted line V and the DFCGW dispersion curves denote the
DFCGW modes constituting the field of the second harmonics
by the l-th primary CGW mode (point P0 in Fig. 2) at the driv-
ing frequency f = 0.405 MHz. The phase velocity matching
(c(ω,l)

P0
= c(2ω,m)

D0
= 2.415 km/s) is satisfied at points P0 and D0

in Fig. 2. Therefore, the m-th DFCGW mode (point D0) may
have a cumulative growth effect, and the contribution of other
DFCGW modes (denoted by points D1, D2, and D3, etc.) to
the second-harmonic field is negligible due to the mismatch-
ing of their phase velocities with c(ω,l)

P0
.[10–12,19,20] Figure 3

shows the curves of displacement amplitudes of the DFCGW
modes at r = R3 versus circumferential angle θ , where A1 is
the amplitude of the l-th primary CGW. Since the phase veloc-
ity matching condition c(ω,l)

P0
= c(2ω,m)

D0
is satisfied at the driv-

ing frequency f = 0.405 MHz, the m-th DFCGW mode (point
D0) grows linearly with the increasing circumferential angle
θ .

Accordingly, the l-th primary CGW mode (point P0) and
the m-th DFCGW mode (point D0) at the driving frequency
f = 0.405 MHz (denoted by the line V in Fig. 2) are the mode
pair desired for the next analyses.

In the early-damage stage, where changes in the SOECs
of material are inconsiderable, variation in βR relative to its
initial value should be mainly attributed to the changes in the
TOECs of material. To highlight the investigation of assessing
early damage to the inner layer (characterized by changes in
the TOECs) by using βR, for simplicity, the TOECs of the in-
ner layer material are assumed to change from its initial values
(A, B, C) to (eA, eB, eC), through which the degradation of and
damage to the inner layer can be conveniently described by
only using one parameter (i.e., the scale coefficient e), while
the remaining material properties and geometric parameters
(Ri) of the CCT are kept unchanged in the analysis process.
According to Eq. (8), for the mode pair selected in Fig. 2 (de-
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noted by points P0 and D0), the corresponding parameters and
expansion coefficients of the m-th DFCGW mode (point D0)
are calculated and given in Table 2, where some values of typ-
ical scale coefficient e vary from 1.00 to 1.60 in steps of 0.10
(i.e., ∆e = 0.10).

f=0.405 MHz, c↼ω↪l↽=2.415 km/s
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Fig. 3. Displacement amplitudes of some DFCGW modes on outer sur-
face of CCT: (a) radial component, (b) circumferential component.

Table 2. Corresponding parameters and expansion coefficients of m-th
DFCGW mode with different values of e (θ = 2.14).

e

∣∣∣∣∣ (FS
m +FV

m ) ·R3

4Pmm · U (ω,l)
∣∣
r=R3

∣∣∣∣∣×10−3/arb. units am(θ)/arb. units

1.00 5.06 (1.78, 1.70)
1.10 5.32 (1.87, 1.79)
1.20 5.59 (1.97, 1.88)
1.30 5.86 (2.06, 1.97)
1.40 6.13 (2.15, 2.06)
1.50 6.39 (2.25, 2.15)
1.60 6.66 (2.34, 2.24)

According to Table 2, the curve of normalized amplitude
of am(θ)𝑈

(2ω,m)(r) ·R3/A2
1 versus scale coefficient e of the in-

ner layer TOECs is shown in Fig. 4 (at θ = 2.14). Obviously,
the amplitude of am(θ)𝑈

(2ω,m)(r) ·R3/A2
1 grows linearly with

scale coefficient e increasing. The numerical results demon-
strate that the cumulative second harmonic can monotonically

and sensitively reflect changes in the inner layer’s TOECs of
the CCT.
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Fig. 4. Normalized amplitude of am(θ)𝑈
(2ω,m)(r) · R3/A2

1 versus e
(∆e = 0.05) at circumferential angle θ = 2.14 rad.

4. Finite element simulations
The response features of cumulative second harmonics in

the CCT with different TOECs of the inner layer will be per-
formed with an FE software ABAQUS®, which can avoid the
experimental complexity.[21] The model of FE simulation is
also shown in Fig. 1. It should be noticed that the FE simu-
lation of nonlinear CGW propagation in ABAQUS is set up
according to Cartesian coordinate system, while the Polar co-
ordinate system is adopted for the theoretical model. Con-
sequently, for further analyses, the FE simulation results ob-
tained in the Cartesian coordinate system will be converted
into those in the Polar coordinate system.

The excitation stress Trr, which is applied to the outer
surface of the CCT in Fig. 1, can simultaneously generate
the CGW modes propagating clockwise and counterclock-
wise along the circumference. In the FE simulation, we only
take the CGWs propagating clockwise into account. Conse-
quently, the CCT is cut off at the ends C and C′ (see Fig. 1) to
avoid the interference of CGW propagating counterclockwise.
Meanwhile, the reflected waves by the said ends are weak-
ened through taking the technique of infinite element meshes
CINPE4.[22] The nonlinear stress-strain constitutive relations
are introduced into the simulation model through invoking a
user-defined material subroutine VUMAT.[21,22] To effectively
generate the pure primary CGW mode desired (point P0 in
Fig. 2) and inhibit the unwanted CGW modes, the excitation
stress Trr with a special spatial distribution λ is applied to
the outer surface of the CCT (shown in Fig. 1), where λ is
the wavelength of the primary P0 CGW mode desired (about
5.970 mm) and the arc length of Trr is 5λ . The signal of the
excitation stress Trr (only with the radial component) is a 20-
cycle Hanning windowed sinusoidal tone burst at a driving fre-
quency f of 0.405 MHz (given by the dotted line V in Fig. 2),
whose magnitude is set to 15 MPa.

The geometrical and material parameters of the CCT for
FE simulations are the same as those given in Section 3. For
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the undamaged CCT (i.e., e = 1.00) in Fig. 1, the tempo-
ral signals of the circumferential stress component of primary
CGWs are shown in Fig. 5, where the receiving points are,
respectively, located at the arc length L1 = 230.8 mm and
L2 = 292.1 mm away from the source Trr. The theoretical
group delay time of the primary CGW mode desired is calcu-
lated to be (L2−L1)/c(ω,l)

g = 21.14 µs (c(ω,l)
g -group velocity),

which is very close to the group delay time 20.70 µs in Fig. 5
(Relative error (RE) is 2.07%). We are thus convinced that the
carrier of the wave package shown in Fig. 5 is certainly of the
primary CGW mode desired (point P0 in Fig. 2).
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Fig. 5. Time-domain signals of primary CGWs at arc length (a) L1 =
230.8 mm and (b) L2 = 292.1 mm.

For the case where the changes in the inner layer TOECs
(denoted by the scale coefficient e from 1.00 to 1.60) take
place, the signals similar to that shown in Fig. 5 are sim-
ulated and obtained with ABAQUS. To directly observe the
temporal response of SHG by the primary CGW, a band-pass
(0.7 MHz–0.9 MHz) digital filtering processing is exerted on
the time-domain signal, and then the corresponding second-
harmonic signal is obtained. Figure 6 shows some typical
temporal responses of second harmonics extracted from the
time-domain signal (such as that in Fig. 5) with the scale co-
efficients e = 1.00, 1.20, 1.40, and 1.60, where the receiving
points are kept unchanged at θ = 2.15 rad. Clearly, the mag-
nitudes of second harmonics grow obviously with the increase
in the inner layer TOECs of the CCT.

20 40 60 80 100 120 140 160 180
-1.2

-0.9

-0.6

-0.3

0

0.3

0.6

0.9

1.2

M
ag

n
it
u
d
e 

of
 s

ec
on

d
 h

ar
m

on
ic

s/
10

-
2  

M
P
a

Time/ms

e=1.60 
e=1.40 
e=1.20 
e=1.00 

f=0.405 MHz 

θ=2.15 rad 

Fig. 6. Time-domain signals of second harmonics at the driving fre-
quency f = 0.405 MHz with different values of scale coefficient e.

Then, the fast Fourier transform (FFT) is implemented on
the time-domain signals to obtain the fundamental and second
harmonic signal. The amplitude–frequency curves of the re-
ceiving signals with the values of scale coefficient e = 1.00,
1.30, and 1.60 at θ = 2.15 rad are presented in Fig. 7, where
the corresponding fundamental-frequency ( f = 0.405 MHz)
and second-harmonic ( f = 0.810 MHz) amplitudes, denoted
by A1 and A2, can directly be determined. Clearly, there is an
obvious second-harmonic signal at a fundamental frequency
of 0.405 MHz with different values of scale coefficient e. It
should be noted that within a second-order perturbation, A2 is
far less than A1.
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Fig. 7. Amplitude–frequency curves of the fundamental wave and sec-
ond harmonic for different values of scale coefficient: (a) e = 1.0, (b)
e = 1.3, (c) e = 1.6.

According to the amplitude–frequency curves in Fig. 7,
the amplitudes of A1 and A2, and also the relative acoustic
nonlinearity parameter βR for different values of scale coef-
ficient e can readily be obtained. Figure 8 shows that the nor-
malized value of βR grows linearly with the increase of scale
coefficient e, while the amplitude of fundamental wave A1 is
almost kept unchanged. Clearly, the results of both the nu-
merical analyses in Fig. 4 and the FE simulations in Fig. 8

044301-5



Chin. Phys. B Vol. 28, No. 4 (2019) 044301

are consistent, demonstrating that the cumulative second har-
monic can monotonically and sensitively reflect changes in the
inner layer TOECs of the CCT.
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Fig. 8. Curves of normalized A1 and βR versus scale coefficient e.

5. Conclusions
In this work, we investigate the response features of sec-

ond harmonics by primary CGW propagation to the early dam-
age to inner layer material (characterized by the changes in
the TOECs) of the CCT through the analytical analyses and
FE simulations. The deduced analytical expressions indicate
that the second-order traction stress tensors and bulk driving
forces are inherently related to the SOECs and TOECs of the
material, which are the excitation sources to generate a series
of DFCGW modes. Consequently, the efficiency of SHG gen-
erated by primary CGW propagation can be used to accurately
evaluate the early damage to the inner layer. The FE simula-
tions conducted here reveal the complicated physical process
of SHG of primary CGW in the CCT with the change in the
inner layer TOECs unavailable previously. Both the numerical
analyses and FE simulations indicate that the second harmon-

ics of primary CGW can monotonically and sensitively reflect
the early damage to the inner layer of the CCT (characterized
by changes in the TOECs), while the linear property of pri-
mary CGW remains almost unchanged. Our results show a
promising means of using the efficiency of cumulative SHG
of primary CGW to characterize the early damage level to the
inner layer of the CCT structure.
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