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We theoretically investigate the phase sensitivity with parity measurement on a Mach–Zehnder interferometer with a
coherent state combined with a squeezed number state. Within a constraint on the total mean photon number, we find, via
parity measurement, that the mixing of a coherent state and squeezed number state can give better phase sensitivity than
mixing a coherent state and squeezed vacuum state when the phase shift deviates from the optimal phase ϕ = 0. In addition,
we show that the classical Fisher information for parity measurement saturates the quantum Fisher information when the
phase shift approaches to zero. Thus, the quantum Cramér–Rao bound can be reached via the parity measurement in the
case of ϕ = 0.
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1. Introduction
Nonclassical resources, such as squeezed states and Fock

states, are mainly resources and can improve the sensitivity of
the phase estimation of the optical interferometer. The Mach–
Zehnder interferometer (MZI) is an important optical inter-
ferometer, and with solely classical light, its phase sensitiv-
ity is bounded by the shot-noise limit (SNL) ∆ϕSNL = 1/

√
N̄

(N̄ is the mean number of photons used to perform the esti-
mation). This limit can be surpassed by using nonclassical
states of light, such as squeezed state,[1–8] N00N states,[9,10]

and Fock states.[11–15] With the help of the nonclassical states,
the phase sensitivity can approach the Heisenberg limit (HL)
∆ϕHL = 1/N̄.[16,17]

The ultimate phase sensitivity achievable in an MZI with
a generic input state ρin is given by the quantum Cramér–
Rao bound (QCRB),[14,18] ∆ϕmin = 1/

√
FQ where FQ is the

quantum Fisher information. For an MZI, the quantum Fisher
information depends only on quantum input states.[18] It is
known that, for a lossless MZI, the N00N state in principle
achieves the ultimate HL.[9,10] Unfortunately, these states are
extremely fragile.[19,20] Another possible way to approach the
HL sensitivity is through the injection of the twin-Fock state,
|n〉a ⊗ |n〉b, into the first beam splitter of an MZI.[12] Actu-
ally, for n = 1 and n = 2, the twin-Fock state does produce an
N00N-like state on the other side of the beam splitter. Thus
the twin-Fock inputs for n = 1 and n = 2 have the same quan-
tum Fisher information as the N00N state.[21] But the twin-
Fock state is hard to generate. Therefore, in the current tech-

nology, it is still useful to consider the interferometer with a
high-intensity classical state in one input port and a low in-
tensity nonclassical state in the other input, as Cave’s original
scheme of mixing the coherent state with the squeezed vac-
uum state (SVS) at the input of an MZI.[1] In 2008, Pezzé and
Smerzi[2] revived Cave’s original scheme. They showed that,
based on the quantum Fisher information, when the coherent
state and the SVS have a roughly equal intensity (N̄/2 pho-
tons on average in each state), the phase sensitivity reaches
the HL independently of the actual value of phase. Later, Se-
shadreesan et al.[4] proved that such an HL can be achieved
by the parity measurement[22] in the case of the phase shift
ϕ→ 0. Recently, Birrittella et al. used the Fock state instead of
the SVS to improve the phase sensitivity, and they found that
the phase sensitivity can also approach the HL for increasing
n.[13] In addition, comparing with the mixing coherent state
with the SVS, Birrittella et al. further found that the mixing
coherent states with the squeezed single photon state (|r,1〉)
yield higher sensitivity in phase-shift measurements for the
same squeezing parameter.[13] On the other hand, for fixed to-
tal mean photon number and squeezing parameter, Olivares et
al.[23] found there is a threshold of the coherent amplitude in-
terfering with the squeezing single photon state above which
the squeezed single photon state can outperform the perfor-
mance of the SVS (showing the highest quantum Fisher infor-
mation).

In this paper, following the work in Ref. [13], we con-
sider the mixing of a coherent state and squeezed number state
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(SNS) with arbitrary photons n as the input state of an MZI,
i.e.,

|in〉= |z〉a⊗|r,n〉b , (1)

where |z〉a is a coherent state and |r,n〉b is an SNS. And
then, based on the quantum Fisher information and parity
measurement,[22,24] we investigate the prospect of performing
phase estimation with such an input state in detail. Different
from those studies in Refs. [13] and [23], for a fair comparison,
within a constraint on both the total mean photon number N̄ of
the input state |in〉 and the mean photon number of the SNS (or
SVS), we re-examine whether the SNS can indeed improve the
phase sensitivity for all values of phase shift? Our work is also
enlightened by Lang and Caves’s work.[25] Via the analysis the
quantum Fisher information, Lang and Caves have proved that
the SVS is the optimal state to inject the other input port for
achieving high-sensitivity phase-shift measurements within a
constraint on the mean photon number, when one input of an
interferometer is entered by coherent light. Theoretically, an
SNS is obtained by performing the squeezing parameter Ŝ (r)
on an initial Fock state |n〉, that is,

|r,n〉b = Ŝ (r) |n〉 , (2)

where

Ŝ (r) = exp
[
r
(
b̂2− b̂†2)/2

]
with the squeezing parameter r.[26] An SNS can be gener-
ated in experiment when the Fock state is entered into a
squeezed generating device, such as a parametric amplifier.
For squeezed single photon state (Ŝ (r) |1〉), it also can be gen-
erated starting from an SVS by means of the photon subtrac-
tion technique[27,28] or photon addition technique.[29,30] Math-
ematically, the scenario under our consideration covers two
special cases of significance. (i) When n = 0, |r,0〉b is an SVS,
then |in〉 reduces to the input state in Ref. [1]. (ii) When r = 0,
|0,n〉b is a number state, and then this produces a special case
of the state investigated in Refs. [13] and [14].

The paper is arranged as follows. In Section 2, for an
MZI with the SNS-coherent input state, we obtain the quan-
tum Fisher information. We find that, for a given fixed to-
tal mean photon number and the mean photon number of the
SNS (or SVS), SVS-coherent state indeed gives a larger quan-
tum Fisher information than SNS-coherent state. In Section 3,
we analytically prove that the classical Fisher information for
parity measurement saturates the quantum Fisher information
when the phase shift approaches zero. Thus, the phase sen-
sitivity can saturate the QCRB at ϕ = 0 via parity measure-
ment. For a given fixed total mean photon number and the
mean photon number of the SNS (or SVS), we show that SNS-
coherent state can offer better phase sensitivity via the parity
detection only when the phase shift deviates from the optimal
phase ϕ = 0.

2. Quantum Fisher information in an MZI
The balanced MZI considered here is mainly composed

of two 50 : 50 beam splitters and two phase shifters. As was
shown by Yurke et al.,[31] the first beam splitter BS1 is de-
scribed by the transformation

ÛBS1 = exp
[
− iπ

(
â†b̂+ âb̂†)/4

]
.

And the operator representation of the second beam splitter
BS2 is taken as

ÛBS2 = exp
[
iπ
(
â†b̂+ âb̂†)/4

]
.

The operator Û (ϕ) = exp
[
iϕ
(
â†â− b̂†b̂

)
/2
]

denotes the two
phase shifters, the angle ϕ is the phase shift between the two
arms to be estimated. According to the work in Ref. [31], the
unitary transformation associated with such balanced MZI can
be written as

Û = exp
(

i
π

2
Ĵ1

)
exp
(
−iϕ Ĵ3

)
exp
(
−i

π

2
Ĵ1

)
= exp

(
−iϕ Ĵ2

)
, (3)

where these operators consisted of two sets of Boson operators

Ĵ1 =
1
2
(
â†b̂+ âb̂†) , Ĵ2 =

1
2i
(
â†b̂− âb̂†) ,

Ĵ3 =
1
2
(
â†â− b̂†b̂

)
(4)

are the angular momentum operators in the well-known
Schwinger representation. They satisfy the commutation re-
lation

[
Ĵi, Ĵ j

]
= iεi jkĴk (i, j,k = 1,2,3), and commute with the

Casimir operator, i.e.,
[
Ĵ0, Ĵi

]
= 0. For an input state propagat-

ing through the MZI, the resulted output state can be written
as

|out〉MZI = e−iϕ Ĵ2 |in〉 . (5)

Applying the following transformation relations

e−iϕ Ĵ2 â†eiϕ Ĵ2 = â† cos
ϕ

2
+ b̂† sin

ϕ

2
,

e−iϕ Ĵ2 b̂†eiϕ Ĵ2 = b̂† cos
ϕ

2
− â† sin

ϕ

2
(6)

and the relation e−iϕ Ĵ2 |0〉a |0〉b = |0〉a |0〉b, in principle, one
can obtain the explicit form of the output state the MZI.

Here, we first give the quantum Fisher information for the
interferometer state |in〉 = |z〉a⊗|r,n〉b. The ultimate limit of
phase sensitivity is given by the QCRB[18]

∆ϕmin =
1√
FQ

, (7)

For pure states injected into an MZI, the quantum Fisher in-
formation FQ can be obtained by[32]

FQ = 4
[〈

ψ
′ (ϕ)

∣∣ ψ
′ (ϕ)

〉
−
∣∣〈ψ ′ (ϕ)∣∣ ψ (ϕ)〉

∣∣2] , (8)
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where

|ψ (ϕ)〉= e−iϕ Ĵ3 e−iπ Ĵ1/2 |in〉

is the state just before the second beam splitter of the MZI,
and |ψ ′ (ϕ)〉 = ∂ |ψ (ϕ)〉/∂ϕ . In terms of the input state, the
quantum Fisher information becomes

FQ = 4
[
〈in| Ĵ2

2 |in〉−
∣∣〈in| Ĵ2 |in〉

∣∣2] , (9)

and thus the quantum Fisher information is, up to factor of 4,
the variance of the operator Ĵ2. When the SNS-coherent state
is considered as the input state, the quantum Fisher informa-
tion can be directly obtained as

FQ = 2n̄zn̄SNS + n̄z + n̄SNS +2n̄z

√
n̄2

SNS
+ n̄SNS −n2−n, (10)

where n̄z = |z|2 (z = |z| e iθ the amplitude of the coherent state
and we have set θ = 0 in order to obtain the maximized Fisher
information). In Eq. (10), n̄SNS is the average photon number
of the SNS, i.e.,

n̄SNS =
〈
b†b
〉

SNS
= ncosh2r+ sinh2 r. (11)

For an ideal MZI, the total mean photon number (N̄ =

n̄z + n̄SNS ) is a conserved quantity. For a constraint on the
total mean photon number, it is easily proved that the quan-
tum Fisher information given by Eq. (10) is maximized by
splitting the photons equally between the two modes, i.e.,
n̄z = n̄SNS = N̄/2. Obviously, when n = 0, one can obtain
the quantum Fisher information for the input state with SVS-
coherent state (|z〉a⊗|r,0〉b),[2]

FQ-S = 2n̄zn̄SVS + n̄z + n̄SVS +2n̄z

√
n̄2

SVS
+ n̄SVS

= |z|2 e2r + sinh2 r, (12)

where n̄SVS = sinh2 r the mean photon number of the SVS. On
the other hand, in the case of r = 0, the input state reduces
to a coherent state mixed with a Fock state (|z〉a⊗|0,n〉b) and
one can directly obtain the quantum Fisher information for this
input state[14]

FQ−n = 2n̄zn+ n̄z +n. (13)

In addition, based on Eq. (10), one can see that, for a given
fixed total mean photon number N̄ and the mean photon num-
ber of the SNS (or SVS), the SVS-coherent input state gives a
larger quantum Fisher information than SNS-coherent one. In
order to obtain large quantum Fisher information, one would
like to enhance the squeezing factor r as much as possible.
However, this experimentally challenging.[33–35] The maxi-
mum reported squeezing parameter was about r ≈ 2.3 (i.e.,
15 dB).[34] Therefore, in order to enhance the mean photon
number of squeezed states for a given r, SNS may be an alter-
native resource in quantum metrology. Especially, squeezed
single photon state S (r) |1〉 can be generated by applying pho-
ton subtraction on an SVS in experiment.[27,28]

3. Parity measurement and phase sensitivity

Up to the present, people have known that the quantum
CRB ∆ϕmin can be reached at particular values of the phase
shift by detecting the photon number parity on one of the out-
put modes. For the detailed discussion of the parity detec-
tion in quantum optimal metrology, one can review that in
Refs. [22] and [24]. Actually, the parity measurement is to
obtain the expectation value of the parity operator in the out-
put state of the MZI. For mode b, the parity operator can be
written as

Π̂b = (−1)b̂†b̂ =
∫ d2

γ

π
|γ〉〈−γ| , (14)

where |γ〉 is a coherent state. Then the expectation value of
the parity operator can be obtain by

〈
Π̂b (ϕ)

〉
= MZI 〈out|

∫ d2
γ

π
|γ〉〈γ |out〉MZI . (15)

Thus, if one knows the output state of the MZI, one can present
the parity-based phase estimation scheme with calculation of
the average signal

〈
Π̂b
〉

and phase sensitivity.
When the product state |z〉a⊗ |r,n〉b is injected into the

MZI, we obtain the expectation value of the parity operator in
the output state [See Appendix A]

〈Πb (ϕ)〉=
(− tanhr)n

2nn!
〈
Π̂b
〉

0
∂ 2n

∂ tn∂τn exp

[
−sin2

ϕ
(
t2 + τ2

)
1− tanh2 r cos2 ϕ

− (z tanhr sin2ϕ +2z∗ sinϕ)√
−sinh2r

(
1− tanh2 r cos2 ϕ

) t

− (z∗ tanhr sin2ϕ +2zsinϕ)√
−sinh2r

(
1− tanh2 r cos2 ϕ

)τ +
4csch2r cosϕ

1− tanh2 r cos2 ϕ
tτ
]∣∣∣∣

t=τ=0
, (16)

where
〈
Π̂b
〉

0 is the corresponding expectation value of the parity operator for the input state with SVS-coherent state,[4]

〈
Π̂b (ϕ)

〉
0 = exp

[
2
(
cosϕ−1− sinh2 r sin2

ϕ
)
|z|2− sinh2r sin2

ϕ Re
(
z2
)

2
(
1+ sinh2 r sin2

ϕ
) ]

·
(√

1+ sinh2 r sin2
ϕ

)−1/2

. (17)
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In the following, we shall mainly investigate the correspond-
ing phase sensitivity with parity measurement.

Now we turn to the discussion of the phase sensitivity.
The classical Fisher information FC is given by[36,37]

FC = ∑
i

1
P(i|ϕ)

(
dP(i|ϕ)

dϕ

)2

, (18)

where i denotes the outcome of the measurement and P(i|ϕ)
is the probability of the measurement resulting in the i-th out-
come conditioned on a specific value of the phase shift ϕ . For
parity measurement, there are only two outcomes, + for even
and− for odd, and the corresponding probabilities of even and
odd counts

P(+|ϕ) = 1
2
(
1+
〈
Π̂
〉)

,

P(−|ϕ) = 1
2
(
1−
〈
Π̂
〉)

. (19)

Then noting Π̂ 2 = 1, and substituting Eq. (19) into Eq. (18),
one can obtain the classical Fisher information for parity
measurement[24]

FC =

∣∣d〈Π̂〉/dϕ
∣∣2

1−
〈
Π̂
〉2 . (20)

Therefore, according to the CRB theory, the phase sensitiv-
ity of parity measurement can be directly determined from the
average signal

〈
Π̂
〉

∆ϕ =
1√
FC

=

√
1−
〈
Π̂
〉2∣∣d〈Π̂〉/dϕ
∣∣ . (21)

Compared Eq. (20) with Eq. (10), for the small values
of n and by the Taylor expansion of Eq. (16) around ϕ = 0,
we can analytically prove that the classical Fisher information
indeed equals the quantum Fisher information in the case of
ϕ = 0. For the general values of n, we can numerically prove
this conclusion is still ture. Therefore, the phase sensitivity
can saturate the QCRB at ϕ = 0 via parity measurement.

By Eqs. (16) and (21), for some values of n and given the
amplitude of the coherent state z = 10, we firstly investigate
the 〈Πb〉 as a function of the phase shift ϕ . From Fig. 1(a),
one can see that, for a given initial squeezing parameter r, the
central peaks of the 〈Πb〉 of the SNS-coherent input states are
narrower than that of the SVS-coherent input state. This is
because, for a given parameter r, the SNS carries more pho-
tons. For a fair comparison between SNS and SVS, setting
n̄SNS = n̄SVS , we repeat these graphs in Fig. 1(b). Figure 1(b)
shows that, in the case of n̄SNS = n̄SVS , the distributions of these
central peaks of the 〈Πb (ϕ)〉 near ϕ = 0 are almost identical.
But, for somewhat large values of the phase shift, figure 1 also
shows that the average signal 〈Πb〉 of the SNS-coherent state
blows up and is more sensitivity to the phase shift than that of

the SVS-coherent one, which may be benefit to improving the
phase sensitivity for somewhat large values of ϕ as shown in
the following.
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Fig. 1. The expectation value of the parity operator versus the phase shift
ϕ for both SNS-coherent and SVS-coherent as input states of the MZI, re-
spectively. (a) Given the initial squeezing parameter r = 0.6 and z = 10; (b)
given n̄SNS = n̄SVS and z = 10. For a more obvious comparison, we have
adjusted the negative central peak value to a positive value.
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Fig. 2. Plots of the phase uncertainty versus total average photon at ϕ =
10−4 for both the SNS-coherent state and the SVS-coherent state, along with
the corresponding curves for the SNL and the HL limits. Only the parame-
ter z is being changed. (a) Given the initial squeezing parameter r = 0.6; (b)
Given n̄SNS = n̄SVS .

Secondly, we investigate how the phase sensitivities
change with the total mean photon number based on Eqs. (16)
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and (21). Obviously, for given an initial squeezing parameter
r, the phase sensitivity increases with the number n as shown
in Fig. 2(a). This is also because, for a given parameter r, the
SNS with large number n can carry more photons. However,
for given the same ratios of n̄SNS/N̄ and n̄SVS/N̄, we can ob-
tain almost the same phase sensitivity for all values of n as
shown in Fig. 2(b). Although, within a constrain on the total
mean photon number, the SVS is the optimal state when one
input of an interferometer is entered by coherent light,[25] one
can see from Fig. 2(b) that the difference among those phase
sensitivities coming from both the SNS-coherent and the SVS-
coherent is very small, especially when they carry many pho-
tons. Thus, SNS may be considered an alternative resources in
the quantum metrology.
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Fig. 3. (a) For given n̄SNS = n̄SVS = 16 and z = 10, the phase sensitivity ∆ϕ

as a function of the phase shift ϕ when the SNS-coherent state, and the SVS-
coherent state as interferometer states; (b) For given n̄SNS = n̄SVS = 16 and
ϕ = 0.15, the phase sensitivity ∆ϕ as a function of the total mean photon
number. Only the parameter z is changed.

From the above discussion, we can see that our results ob-
tained via both the quantum Fisher information and the parity
measurement support Lang and Caves’s work.[25] However, as
pointed in Ref. [4], the parity measurement scheme (or the
Ono–Hofmann detection scheme) is highly affected by the de-
viation of the optimal phase shift ϕ . Here, we also investigate
how the phase sensitivity varies with ϕ via the parity mea-
surement. Based on Eqs. (16) and (21), we plot the phase
sensitivity as a function of the phase shift ϕ in Fig. 3(a). Ob-

viously, when the phase shift somewhat deviates the optimal
phase ϕ = 0, the SNS can give better sensitivity than the SVS
via parity measurement. In addition, SNS-coherent input state
provides sub-SNL for a much broader range of the accumu-
lated phase shift ϕ , especially for large number n. In Fig. 3(b),
for somewhat large value of the phase shift, we show that how
the phase sensitivities change with the total mean photon num-
ber. In the latter case especially, we see that the SNS-coherent
state indeed give better sensitivity when the phase shift devi-
ates ϕ = 0. When the total mean photon number increases,
the phase uncertainties blow up due to the periodic nature of
the average signal of 〈Πb〉, but there are other photon numbers
where the phase sensitivity is still below the SNL for for SNS,
especially when the number n increases.

Since parity measurement achieves maximal phase sen-
sitivity at particular values of phase ϕ , its applicability, in
general is restricted to estimating “local” phase.[24] Local pa-
rameter estimation is concerned with detecting small changes
in parameter that are more or less known, as opposed to the
“global” one, wherein a complete lack of knowledge about pa-
rameter is initially assumed.[38] Therefore, performing phase
estimation starts with SNS-coherent input state is a alternative
choice, which can offer roughly knowledge about the value
of the accumulated phase. And then, one can move the accu-
mulated phase closer to the optimal phase ϕ = 0 and improve
phase sensitivity.

4. Conclusions
In summary, we have studied the quantum optical in-

terference by mixing a coherent state with a SNS. Given a
total mean photon number and the mean photon number of
the SNS (or SVS), our results show that the quantum Fisher
information of the SNS-coherent is almost equals to that of
the SVS-coherent one, although SVS-coherent provides some-
what large quantum Fisher information. We prove that the
classical Fisher information for parity measurement saturates
the quantum Fisher information when the phase shift ap-
proaches zero. Thus, the quantum Cramér–Rao bound can be
reached via the parity measurement in the limit ϕ → 0. We
also show that, for fixed a total mean photon number and the
mean photon number of the SNS (or SVS), SNS-coherent can
offer better phase sensitivity via the parity detection only when
the phase shift deviates from the optimal phase ϕ = 0.

Appendix A: Deriving of Eq. (16)
For convenience, we adopt the following form of the

SNS[39]

|r,n〉=
√

sechr (− tanhr)n

2nn!
Hn

(
b†

√
−sinh2r

)
exp
[
− tanhr

2
b†2
]
|0〉 , (A1)
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where Hn (x) is a Hermite polynomials. It can be seen from Eq. (A1) that the SNS can be actually considered as a Hermite
polynomial excited SVS. In the basis of the coherent state, the SNS can be further expressed by

|ψr,n〉b =
√

sechr (− tanhr)n

2nn!

∫ d2
β

π
Hn

(
β ∗√
−sinh2r

)
exp

[
−|β |

2

2
− tanhr

2
β
∗2

]
|β 〉 , (A2)

where |β 〉 = exp
[
−|β |2 /2+βb†

]
|0〉 is a coherent state. When the product state |in〉 = |z〉a⊗|ψr,n〉b is injected into the MZI,

by Eqs. (5) and (6), the resulted output state can be written as

|out〉MZI =

√
sechr (− tanhr)n

2nn!

∫ d2
β

π
Hn

(
β ∗√
−sinh2r

)
exp

[
−|z|

2

2
−|β |2− tanhr

2
β
∗2

]

×exp
[(

zcos
ϕ

2
−β sin

ϕ

2

)
a† +

(
zsin

ϕ

2
+β cos

ϕ

2

)
b†
]
|0,0〉 , (A3)

which is the state of light at the output of the MZI. Then substituting Eq. (A3) into Eq. (15), and applying the integral formula[40]

∫ d2z
π

exp
[
ζ |z|2 +ξ z+ηz∗+ f z2 +gz∗2

]
=

1√
ζ 2−4 f g

exp
[
−ζ ξ η +ξ 2g+η2 f

ζ 2−4 f g

]
, (A4)

whose convergent condition is Re(ξ ± f ±g) < 0 and
Re
[
(ζ 2−4 f g)/(ξ ± f ±g)

]
< 0. After a long calculation, we

obtain the expectation value of the parity in the output state of
the MZI as shown in Eq. (16).

On the other hand, noting that the generating function of
Hermite polynomial Hm (x)[41]

Hm (x) =
∂ m

∂ tm e2tx−t2 |t=0 (A5)

and the well-known differential relations of Hm (x)

∂

∂xl Hm (x) =
2lm!

(m− l)!
Hm−l (x) (A6)

we can also rewrite Eq. (16) in a compact form, i.e.,

〈Πb (ϕ)〉=
(− tanhr)n

2nn!
〈Πb〉0

∞

∑
p

Cp (k!)2 Ak−p

p! [(k− p)!]2

×
∣∣∣∣Hk−p

(
B

2
√

A

)∣∣∣∣2 , (A7)

where

A =
sin2

ϕ

1− tanh2 r cos2 ϕ
,

B =− (z tanhr sin2ϕ +2z∗ sinϕ)√
−sinh2r

(
1− tanh2 r cos2 ϕ

) ,
C =

4csch2r cosϕ

1− tanh2 r cos2 ϕ
. (A8)
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