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Based on statistical mechanics for classical fluids, the general expressions for the elastic moduli of inhomogeneous
fluid are derived and expressed as functionals of density functions. Within the framework of classical density functional
theory, the bulk modulus of confined argon in slit pore is calculated under different conditions. The effects of vapor
pressure, temperature, and pore width on modulus are calculated and investigated. Obvious confinement-induced effect has
been observed in the confined argon. In addition, the solvation pressure dependence of the bulk modulus is also investigated,
and the results suggest that the Tait–Murnaghan equation is still valid for the confined fluids.
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1. Introduction
Recently, confinement-induced modulation in structural

and thermodynamic properties of confined fluids has at-
tracted considerable attention, due largely to the devel-
opment of novel nanotechnological applications and ad-
vanced function materials.[1–3] In the nano-confined fluids,
it has been found that the confinement can usually result
in many novel thermodynamic phenomena, including phase
transition,[4,5] thin-thick transition,[6] particle selectivity and
exclusion,[7] etc. Besides, the thermodynamic and trans-
port properties of nano-confined fluid, such as pressure,[8–10]

elastics,[11,12] viscosity,[13,14] self-diffusion,[15,16] and thermal
conductivity,[17,18] have also been found to be markedly dif-
ferent from those of bulk fluids. Actually, these properties can
be modulated by the characteristics of the pore, including its
dimension and strength. Among these properties, elastic mod-
ulus has an unique importance because it contains rich me-
chanics information, which is indispensable for description of
the mechanical behaviors of materials.

To our best knowledge, the first study on the elastic prop-
erty of confined fluids was conducted by Page et al.,[19] who
applied the ultrasonic measurement to the n-hexane in Vycor
glass. Recently, the method of ultrasonic measurement has
also been employed, by Schappert et al., to study the elastic
modulus of argon,[20–22] nitrogen,[23] oxygen,[24] n-heptane,
and n-nonane[25] in nano-pores, especially its vapor pressure
dependence in both adsorption and desorption processes. In
addition to the ultrasonic measurement, computer simulation

is another efficient method, which has provided us with fruitful
information about the elastic properties of the confined fluids.
By performing grand canonical Monte Carlo (GCMC) simu-
lation for confined argon in nano-pore, Gor et al. has stud-
ied the dependence of its isothermal bulk modulus on the pore
size,[26] vapor pressure,[27] and pore geometry.[28] However,
in either ultrasonic measurement or computer simulation, the
modulus of the confined fluids has been regarded as a whole,
which indicates that these studies have ignored the inhomo-
geneity and anisotropy of the elastic modulus.

Despite the success achieved in either ultrasonic mea-
surement or computer simulation, both methods are too time-
consuming. In order to obtain more comprehensive informa-
tion about the modulus of confined fluids, it is expected that
one can establish the relationship between modulus and mi-
croscopic structure of the system. Actually, when the liquid
is experiencing a high frequency external force, it usually ex-
hibits elastic behavior, just as the solid does. However, it is
difficult to define the strain tensor in liquids due to the ther-
mal motion and disorder of the liquid particles. To get around
this problem, Schofield suggested that one can project the rate
of stress fluctuation on the rate of strain.[29] Besides, Fisher[30]

assumed that one can regard the liquid as a frozen solid, which
has the same pair distribution function as that of the liquid
under consideration. In this work, we employ the method
of Fisher to derive general expressions for the elastic moduli,
which is applicable to the confined fluids.

In statistical mechanics, most thermodynamic properties
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of fluids can be expressed as functional of the density of par-
ticle. Then, numerical solution of equilibrium density has the
primary necessity in the investigation. Actually, classical den-
sity functional theory (DFT) is a powerful tool for the descrip-
tion of classical many-particles system.[31,32] It has shown
satisfactory performance in studies of various material phe-
nomena for both atomic and colloidal systems. However, the
lack of knowledge about the exact expression for the excess
Helmholtz free energy requires approximation for it. Among
all of the available approximations, the modified fundamen-
tal measure theory (MFMT) for hard sphere interaction[33]

and weighted density approximation (WDA) for long-ranged
attraction[34,35] have become the most preferred methods in
the theoretical investigation on classical fluids.

Very recently, it is found that the pore geometry can in-
fluence the modulus of the confined fluids.[28] However, most
of the existing reports focus mainly on the pores with spheri-
cal or cylindrical symmetry. Therefore, in this work, we aim
to investigate the elastic modulus of confined fluids in slit
pores. The paper is organized as follow. In Section 2, the
general expressions of elastics moduli for inhomogeneous flu-
ids are derived based on Hooke’s law. In Section 3, the excess
Helmholtz energy of Lennard–Jones (LJ) fluids is constructed
by using of the Kolafa’s equation of state. In Section 4, the
elastic modulus for LJ fluid is calculated. In order to avoid the
divergency of its hard sphere contribution, both moduli are re-
lated to the pressure and internal energy of the fluid. In Section
5, the effect of vapor pressure, temperature, and pore width on
the bulk modulus of confined argon is calculated and studied.
A conclusion is drawn in the last section.

2. Local elastic properties in the inhomogeneous
fluids
It is well known that in the bulk case, the elastic moduli

of the fluid are usually uniform. In contrast, for the confined
fluid, it becomes position-dependent and anisotropic. Actu-
ally, in either bulk or confined fluid, one can always relate its
elastic modulus to the change of the stress tensor through

𝛱̃−𝛱 = µT (𝑇αβ +𝑇βα)+

(
KT −

2
3

µT

)
𝑇αα . (1)

This is exactly the Hooke’s law.[36] Here, 𝛱̃ and 𝛱 are re-
spectively the stress tensor after and before the deformation,
while KT and µT are respectively the isothermal bulk and shear
moduli. In Eq. (1), 𝑇αβ is the component of the strain tensor,
which can be determined following the proposal by Fisher.[30]

In this work, the stress tensor, which is necessary in the
calculation of the moduli, is given by the Irving–Kirkwood’s
expression[37]

𝛱 =− kBT ρ(𝑟)𝐼+
1
2

∫
d𝑟12

𝑟12𝑟12

r12
ϕ
′(r12)

×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12), (2)

where ρ(𝑟) and ρ(2)(𝑟1,𝑟2) are respectively the singlet and
pair density functions, and 𝐼 is unit tensor. In addition, kB and
T are Boltzmann constant and absolute temperature, respec-
tively. ξ ∈ (0,1) is a constant and ϕ(r12) is the pair poten-
tial with r12 = |𝑟12| and 𝑟12 = 𝑟2− 𝑟1. On the right hand of
Eq. (2), the first and second terms denote respectively the ki-
netic and interaction contributions. Actually, the kinetic con-
tribution of the moduli can be exactly given by Kid

T = 5
3 kBT ρ

and µ id
T = kBT ρ . Therefore, in the following, we focus only

on the interaction contribution of the moduli.
When the fluid experiences a deformation, the interaction

contribution after the deformation can also be given in terms
of the Irving–Kirkwood expression

𝛱̃ int =
1
2

∫
d𝑟̃12

𝑟̃12𝑟̃12

r̃12
ϕ
′(r̃12)

×
∫ 1

0
dξ ρ̃

(2)(𝑟̃−ξ 𝑟̃12, 𝑟̃−ξ 𝑟̃12 + 𝑟̃12). (3)

Note that in Eq. (3) and hereafter, tildes have been used to dis-
tinguish the qualities after deformation from those before de-
formation. Further, it is assumed that during the deformation,
the particle at 𝑟1 experiences a displacement 𝑡, which satisfies

𝑟̃1 = 𝑟1 + 𝑡(𝑟1). (4)

Similarly, another position vector 𝑟2, which has a distance
𝑟12 ≡ 𝑟2−𝑟1 from 𝑟1, changes to

𝑟̃2 = 𝑟2 + 𝑡(𝑟1 +𝑟12). (5)

Combining the above two equations, the distance between the
two positions after deformation can be given by

𝑟̃12 = 𝑟̃2− 𝑟̃1 = 𝑟12 +𝑟12 ·𝑇 (𝑟1), (6)

with the strain tensor 𝑇 (𝑟) =∇𝑡(𝑟). According to the above
equations, one can easily obtain the ratio of volume elements
after and before the deformation

d𝑟̃i

d𝑟i
=

d𝑟̃i j

d𝑟i j
= 1+∑

α

Tαα . (7)

Here, it is necessary to note that the superscripts i, j = 1,2
are used to distinguish the particles, and that Tαα denotes the
magnitude of the diagonal element of 𝑇 .

During the deformation, the particle number in a se-
lected volume should keep unchanged, which indicates that
ρ̃(𝑟̃1)d𝑟̃1 = ρ(𝑟1)d𝑟1. Accordingly, one can obtain the rela-
tionship between the densities after and before the deformation

ρ̃(𝑟̃1) =
ρ(𝑟1)

1+∑α Tαα

. (8)

By the same reason, the probability of simultaneously find-
ing particle 1 in d𝑟1 and particle 2 in d𝑟2 in the initial system
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should also be equal to that of simultaneously finding particle
1 in d𝑟̃1 and particle 2 in d𝑟̃2 in the deformed system, that is,
ρ̃(2)(𝑟̃1, 𝑟̃2)d𝑟̃1d𝑟̃2 = ρ(2)(𝑟1,𝑟2)d𝑟1d𝑟2. Thence,

ρ̃
(2)(𝑟̃1, 𝑟̃2) =

ρ(2)(𝑟1,𝑟2)

(1+∑α Tαα)
2 . (9)

Based on Eqs. (7) and (9), one can obtain the relationship

ρ̃(2)(𝑟̃−ξ 𝑟̃12, 𝑟̃−ξ 𝑟̃12 + 𝑟̃12)d𝑟̃12

ρ(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12)d𝑟12
' 1−∑

α

Tαα , (10)

because it has been assumed that the deformation is small, as
the Hooke’s law requires. To relate other qualities of the de-
formed system with those of the initial system, we perform
Taylor expansion on them around the corresponding qualities
of initial system. In these expansions, only the linear terms of
the strain tensor are retained because of the requirement of the
Hooke’s law. Therefore, we obtain

𝑟̃12𝑟̃12 = [𝑟12 +𝑟12 ·𝑇 ][𝑟12 +𝑟12 ·𝑇 ]

= 𝑟12𝑟12 + xα xβ (𝑇αβ +𝑇βα), (11)

where xα is the Cartesian component of 𝑟12, and

ϕ ′(r̃12)

r̃12
=

ϕ ′(r12)

r12
+

d
dr12

[
ϕ ′(r12)

r12

]
𝑟12

r12
· (𝑟12 ·𝑇 ). (12)

Inserting Eqs. (7)–(12) into Eq. (3), and after some simple
but tedious algebraic operations, one can obtain the change of
stress during the deformation as

𝛱̃ int−𝛱 int

= −1
2

(
∑
α

Tαα

)∫
d𝑟12

𝑟12𝑟12

r12
ϕ
′(r12)

×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12)

+
1
2

∫
d𝑟12

ϕ ′(r12)

r12

[
xα xβ

(
𝑇αβ +𝑇βα

)]
×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12)

+
1
2

∫
d𝑟12

d
dr12

[
ϕ ′(r12)

r12

]
1

r12
(𝑟12𝑟12𝑟12𝑟12 : 𝑇 )

×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12). (13)

Taking into account the fact that∫
d𝑟12xα xβ f (r12) =

1
3

∫
d𝑟12r2

12 f (r12)𝐼 (14)

and that ∫
d𝑟12 (𝑟12𝑟12𝑟12𝑟12 : 𝑇 ) f (r12)

=
1

15

∫
d𝑟12r4

12 f (r12)

(
∑
α

Tαα𝐼+𝑇αβ +𝑇βα

)
, (15)

the change of the stress tensor during the deformation can be
rewritten as

𝛱̃ int−𝛱 int

= − I1(𝑟)

6

(
∑
α

Tαα𝐼

)
+

I1(𝑟)

6
(
𝑇αβ +𝑇βα

)
+

I2(𝑟)− I1(𝑟)

30

(
∑
α

Tαα𝐼+𝑇αβ +𝑇βα

)
. (16)

In the above equation, two auxiliary integrals I1 and I2 have
been respectively defined as

I1(𝑟) =
1
2

∫
d𝑟12r12ϕ

′(r12)

×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12) (17)

and

I2(𝑟) =
1
2

∫
d𝑟12r2

12ϕ
′′(r12)

×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12). (18)

By comparing Eq. (16) with Eq. (1), we obtain the ex-
pressions for the isothermal shear and bulk modulus as

µT (𝑟) = kBT ρ(𝑟)+
4
15

I1(𝑟)+
1
15

I2(𝑟), (19)

KT (𝑟) =
5
3

kBT ρ(𝑟)− 2
9

I1(𝑟)+
1
9

I2(𝑟). (20)

These two equations are the main theoretical results of this
work. Obviously, it can reduce to the results of Schofield,
whose calculation is based on the thermodynamic fluctuation
theory.[29] However, it is more applicable for the descrip-
tion of the elastic properties of the confined fluid, because
the involved inhomogeneous pair density function ρ(2)(𝑟−
ξ𝑟12,𝑟− ξ𝑟12 + 𝑟12) contains more correlation information
than the radial distribution function alone.

3. Free energy functional for the inhomogeneous
Lennard–Jones fluid
In this work, we focus on the elastic properties of con-

fined Lennard–Jones fluid, in which the inter-particle interac-
tion can be described by the pair potential

ϕ(r) = 4ε

[(
σ

r

)12
−
(

σ

r

)6
]
, (21)

where ε and σ stand respectively for the size and energy
parameters of the LJ potential. In the Barker–Henderson
scheme,[38] the LJ potential can be decomposed into hard
sphere and attractive contributions. That is,

ϕ(r) = ϕhs(r)+ϕatt(r), (22)

where

ϕhs(r) =

{
∞, r < d,
0, d < r,

(23)
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ϕatt(r) =


0, r < σ ,

ϕ(r), σ < r < rc,

0, rc < r.
(24)

Here, d is the effective hard sphere diameter, while rc is the
cut-off of the LJ potential.

Based on such decomposition of the pair potential, the
Helmholtz free energy of the LJ fluids can be expressed as

F [ρ(𝑟)] = Fid[ρ(𝑟)]+Fhs[ρ(𝑟)]+Fatt[ρ(𝑟)], (25)

where Fid = kBT
∫

ρ(𝑟){ln[ρ(𝑟)Λ 3]−1}d𝑟 is exactly known.
In addition, the hard sphere contribution Fhs[ρ(𝑟)] can be
given by MFMT, which is proposed by Yu et al.[33] In the
MFMT, the hard sphere contribution is expressed as

Fhs[ρ(𝑟)] = kBT
∫

Φhs[nα ]d𝑟, (26)

where Φhs is the reduced excess Helmholtz free-energy den-
sity and nα is the related weighted densities. Note that for
the LJ fluid, its effective hard sphere diameter d can be given
by[39]

d =
1+0.2977T ∗

1+0.33163T ∗+0.0010477T ∗2
σ , (27)

where T ∗ = kBT/ε is the reduced temperature. The details
about the calculation of the weighted density can be found in
the literature.[33]

In the treatment of the attractive contribution, say
Fatt[ρ(𝑟)], weighted density approximation has been found to
be an efficient method. In WDA for attraction contribution,
the Helmholtz free energy can be obtained from the equation
of state for bulk phase, by replacing the bulk density with a
weighted density ρ̄(𝑟), which is given by

ρ̄(𝑟) =
∫

ρ(𝑟′)ω(|𝑟′−𝑟|)d𝑟′. (28)

Here, the weight function ω(r) = 3
4πd3 Θ(r−d) is a preferred

choice in the calculation. Among the existing equations of
state for the LJ fluid, we employ the one proposed by Kolafa
et al., who expressed the contribution from the attraction in the
following form:[40]

Fatt = ρ
∗(1−2γρ

∗2)exp(−γρ
∗2)∆B2,hBH

+ ∑
i j

jCi jT ∗
i
2−1

ρ
∗ j, (29)

where ρ∗ = ρd3 is the reduced density. The definition of the
coefficients γ , ∆B2,hBH, and Ci j in Eq(29) can be found in the
literature.[40]

4. Elastic moduli of the inhomogeneous
Lennard–Jones fluid in confinement
In the above section, we have derived the expressions for

the bulk and shear moduli with the aid of two auxiliary inte-

grals I1 and I2, which are given in Eqs. (17) and (18), respec-
tively. Actually, both integrals can be rewritten in the follow-
ing compact form:

Im(𝑟) =
1
2

∫
d𝑟12rm

12ϕ
(m)(r12)

×
∫ 1

0
dξ ρ

(2)(𝑟−ξ𝑟12,𝑟−ξ𝑟12 +𝑟12), (30)

where m = 1,2 correspond to I1 and I2, respectively. Here,
ϕ(m)(r12) is the m-th order derivative of the pair potential with
respect to r12.

According to the decomposition of ϕ(r) in Eq. (22), the
above two integrals should also be regarded as the sum of hard
sphere and attraction contributions, that is,

Im(𝑟) = Ihs
m (𝑟)+ Iatt

m (𝑟). (31)

Actually, the calculation of Iatt
m (𝑟) is convenient because the

long-ranged attractive tail is analytic in the whole region. In
addition, Ihs

1 (𝑟) can also be determined due to the fact that
ϕ ′hs(r) =−kBT δ (r−d). In contrast, the calculation of Ihs

2 (𝑟),
which involves ϕ ′′hs(r), is unfulfillable by performing direct in-
tegration, because it usually gives infinite result, as shown by
Heyes et al.[41] Therefore, the integral I1 can be calculated di-
rectly by the integration in Eq. (30), while I2 fails.

As an alternative method for the calculation of I2, we em-
ploy the one proposed by Zwanzig et al.,[42] who expressed
the shear modulus through the pressure and internal energy of
the LJ system. In the bulk phase of an LJ system, the pres-
sure and internal energy contributed from one particle can be
respectively given by

P = kBT ρb−
1
6

ρ
2
b

∫
d𝑟12r12ϕ

′(r12)g(r12), (32)

E =
3
2

kBT − 1
2

ρb

∫
d𝑟12ϕ(r12)g(r12). (33)

Substituting the pair potential, say ϕ(r), into Eqs. (20), (32),
and (33), one can obtain I2 for the bulk LJ system

Ib
2 = 51kBT ρb +57P−72ρbE. (34)

Adopting the idea of WDA, one can replace the bulk
density ρb with the weighted density ρ̄(𝑟). Therefore, equa-
tion (34) provides us with an effective treatment for the calcu-
lation of I2(𝑟) for the inhomogeneous LJ fluid. In this work,
the expressions for both P and E are given by equation of state
proposed by Kolafa et al.,[40] that is,

P∗ = ρ
∗T ∗zhs +ρ

∗2T ∗(1−2γρ
∗2)exp(−γρ

∗2)∆B2,hBH

+ρ
∗2T ∗∑

i j
jCi jT ∗

i
2−1

ρ
∗ j, (35)
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where P∗ = P σ3

ε
, zhs =

1+η+η2− 2
3 η3(1+η)

(1−η)3 , and η = π

6 ρd3. In
the same level, the internal energy contributed from one parti-
cle is

E∗ =
3(zhs−1)

dhBH

∂dhBH

∂ (1/T ∗)
+ρ

∗ exp(−γρ
∗2)

∂∆B2,hBH

∂ (1/T ∗)

−∑
i j

(
i
2
−1
)

Ci jT ∗
i
2 ρ
∗ j, (36)

where E∗ = E/ε , and dhBH is the effective hard sphere
diameter.[40]

5. Results and discussion
In this work, we assume that the LJ fluid is confined in a

slit pore. For such an inhomogeneous system, the elastic prop-
erties should also exhibit position-dependence, which arises
from the inhomogeneous density profile and the close relation
between moduli and fluid structure. Actually, equations (19)
and (20) suggest that the density profile is one critical factor in
determining the elastic properties of the confined fluid. There-
fore, prior to the calculation of the moduli, one should firstly
calculate the equilibrium density of the fluid in the pore.

In order to test the performance of the free energy func-
tional that has been constructed for the DFT calculation, we
have calculated the density profiles of the LJ fluids confined
in the slit pores, whose external potential is described by
the Steele 10-4-3 potential.[43] In the calculation, the pore
widths are set as H/σ = 2.0, 4.0, and 7.5, the bulk density
ρbσ3 = 0.5925, and the reduced temperature T ∗ = 1.2. The
results depicted in Fig. 1 suggest that our results of the den-
sity profiles, for all of the chosen pore widths, agree very well
with those from the grand canonical ensemble Monte Carlo
simulations.[44]
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Fig. 1. The equilibrium density profiles of LJ fluids that confined in slit
pores. In the calculations, the input parameters are set as H/σ = 2.0,
4.0, and 7.5, ρbσ3 = 0.5925, and T ∗ = 1.2. The symbols are the results
from the GCMC simulations.[44]

To further validate the effectiveness of the theoretical re-
sults that have been obtained in the above section, we have
also calculated the bulk modulus of the confined argon in a

spherical pore. The parameters used in our calculation are set
the same as those in the GCMC simulation, which is carried
out, by Gor et al.,[28] for the confined argon. Note that in their
simulation, the elastic property of the confined system is re-
garded as a whole. Therefore, for the comparison purpose, we
have calculated the spatial average of the inhomogeneous bulk
modulus in the pores

KT =
2
D

∫ D/2

0
KT (r)dr, (37)

where D is the diameter of the pore. In Fig. 2, our results are
compared with those obtained by the GCMC simulation for
the same systems. The results for D = 3 nm, 4 nm, and 5 nm
suggest that our derivation can describe the elastic properties
of confined fluid very well.
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Fig. 2. The averaged isothermal bulk modulus of argon that confined
in spherical pores with diameters D = 3 nm, 4 nm, and 5 nm. The
solid lines are the results based on our theoretical derivation, while the
symbols stand for the results from GCMC simulations.[28] Note that the
dashed lines are plotted only to guide eyes.

In the following sections, we focus on the confinement-
induced modulation of the isothermal bulk modulus of argon,
which is confined in a slit pore. The external potential exerted
on the particles by the pore can be given by

Vext(z) = 2πρsεfsσ
2
fs

{
2
5

[(
σfs

z

)10

+

(
σfs

H− z

)10]
−
[(

σfs

z

)4

+

(
σfs

H− z

)4]}
, (38)

where H is the pore width and z is the distance of particle apart
from the left wall. In our calculation, the input parameters for
the pore are set as:[28] solid atom density ρs = 15.3 nm−2, wall
strength εfs/kB = 171.24 K, and the solid–fluid collision diam-
eter σfs = 0.3 nm. In addition, input parameters for argon are
set as: σ = 0.3405 nm, ε/kB = 119.6 K, and the cut off radius
rc = 5σ .

5.1. Local profile of the bulk modulus in confined argon

As stated in the above section, the modulus of the con-
fined fluid should be position-dependent because of its close
relation with the inhomogeneous density. From a microscopic
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point of view, the inhomogeneous modulus arises from the in-
teraction between the particles. Specifically, the hard sphere
repulsion usually leads to the enhancement of the modulus, as
it tends to prevent the fluid from being compressed because
of the excluded volume effect. Therefore, the profiles of the
modulus in the pore exhibit oscillation, as shown in Figs. 3(a)
and 3(b). In addition, the period of oscillation is nearly equal
to the particle diameter, which indicates the importance of ex-
cluded volume in determining the modulus.
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-3

0

3

6

p/p0/.

p/p0=0.4

p/p0=0.6

p/p0=0.8

p/p0=1.0

(a)

0 1 2 3 4 5
-8

-4

0

4

8

12

K
T
(z

)/
G

P
a

K
T
(z

)/
G

P
a

  2 nm
  3 nm
  4 nm  
  5 nm

(b)
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Fig. 3. The inhomogeneous profiles of isothermal bulk modulus, at
T = 87.3 K, for argon confined in slit pore. (a) The pore width is set
as H = 3 nm, and p/p0 = 0.2, 0.4, 0.6, 0.8, and 1.0. (b) The vapor
pressure is set as p/p0 = 0.2, and H = 2 nm, 3 nm, 4 nm, and 5 nm.

Figure 3(a) depicts the influence of bulk pressure p0 on
the bulk modulus KT in the slit pore. The results in it suggest
that as p is increased, both the bulk modulus and the amplitude
of its oscillation are enhanced. In addition, the notable change
in its magnitude locates only in the central region. This can be
explained by the occurrence of the capillary condensation. At
the early stage of the condensation, the pore wall is covered
by a multilayered film due to the adsorption, while in the mid-
dle region that is far from the wall, it keeps the vapor phase.
As p approaches the saturated pressure p0, the pore is full of
condensed liquid phase, in which the layer structure is more
obvious because the excluded volume grows stronger.

In Fig. 3(b), we have plotted the profiles of KT (z) for ar-
gon that is confined in pores with different width. The results
show that the modulus near the wall is nearly equal for each
of them, and that the difference between them locates only in
the central region of the pore. In addition, in each curve for
the modulus profile, there is a narrow region where the local

modulus is negative. Actually, the negative modulus in con-
fined fluids has been reported for different systems.[45,46] It
has been found that the negative modulus always relates to the
gas–liquid or liquid–solid transition, which can be stabilized
by confinement. In fact, our results for the equilibrium density
suggest that the negative modulus locates just right between
two layers, where there is an obvious gas–liquid interface.

5.2. Effect of pressure and temperature on the bulk mod-
ulus in confined argon

In thermodynamics, state parameters, including p, V , and
T , are critical factors in determining other thermodynamic
properties. Among the above state parameters, p and T are in-
tensive quantities, while V is an extensive quantity. In light of
such a difference, it is expected that these two types of quantity
may exert different effects on the elastic property of the con-
fined fluid. In this section, we firstly investigate the influence
of pressure on the bulk modulus for different pore widths. The
calculation is carried out at two different temperatures, 87.3 K
and 119.6 K, and the results are shown in Figs. 4(a) and 4(b),
respectively.

In Fig. 4(a), it is found that for the case of H = 2 nm,
KT shows a logarithmic dependence on the relative pressure,
while for H > 2 nm, a jump in the curves of KT − p/p0 is ob-
served before the appearance of the logarithmic dependence.
This can be attributed to the occurrence of capillary condensa-
tion, which is obvious in the phase diagram shown in Fig. 4(c).
Moreover, with the increase of the pore width, the jump point
shifts towards the higher pressure. The logarithmic depen-
dence of KT on the relative pressure suggests that besides the
bulk fluid, the elastic modulus of confined fluid also satisfies
the Tait–Murnaghan equation,[47] which will be investigated in
detail in Section 5.4. In addition, the results in Figs. 4(b) and
4(d) suggest that at a higher temperature, the capillary conden-
sation is postponed because the attraction between particles is
suppressed by the more violent thermal motion. This leads not
only to a smaller magnitude of KT , but also to a larger jump
point in the curves.

In Figs. 5(a)–5(c), the temperature dependence of KT is
calculated in the cases of different H and p/p0 values. The
results in Figs. 5(a) and 5(b) suggest that in the low tempera-
ture region, each KT –T curve shows a linear dependence with
a constant slope. With the increase of T , however, KT drops
down to that of the bulk vapor phase. In addition, the drop
point shifts to a lower temperature for the larger pore width.
Actually, this arises from the advantage of the thermal motion
over the inter-particle attraction in their competition, because
in a pore with larger width, the particle is hard to condense
across the pore. Our further calculation in Fig. 5(c) suggests
that for a high enough p/p0, the drop in KT disappears in the
whole temperature region, in which the calculation are per-
formed.
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Fig. 5. The temperature dependence of the spatial averaged isothermal bulk
modulus under different conditions of pore width and relative pressure.

5.3. Effect of pore width on the bulk modulus in confined
argon

It is known that the pore width H relates to the volume of
the system, which is an extensive quality. The investigation in
the previous section reveals that the intensive qualities p and
T influence KT through their influence on the occurrence of
capillary condensation in the pore. Here, we expect that the
pore width H may exert different influence on KT . To this
end, we have calculated the KT –H dependence under different
conditions of p/p0. The results for T = 87.3 K and 119.6 K
are respectively given in Figs. 6(a) and 6(b).

In both figures, the results suggest that when H is small,
the KT –H curves show obvious oscillation with the pore
width. Moreover, the period of the oscillation is equal nearly
to the particle diameter, which indicates again the importance
of hard sphere contribution to the modulus. Actually, such
a confinement-induced modulation can be understood as fol-
lows. When the pore is full with densely arranged layers, the
system is hard to deform because of the strong excluded vol-
ume interaction between the adjacent layers. On the contrary,
if there is space that is not occupied, the system can be easily
deformed. Further, the results in both figures also suggest that
when H is large enough, the oscillation in KT disappears, and
that it decreases gradually to the value of the corresponding
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Fig. 6. The dependence of spatial averaged isothermal bulk modulus
on the pore width under different conditions of relative pressure. The
results in (a) and (b) correspond respectively to T = 87.3 K and 119.6 K.

5.4. Tait–Murnaghan equation for the confined argon in
the slit pore

In the bulk fluids, the pressure dependence of bulk
modulus can usually be linearly approximated by the Tait–
Murnaghan equation[47]

KT (P) = K0
T +α(P−P0), (39)

where P is the solvation pressure and K0
T is the modulus at

some reference pressure P0. The solvation pressure is even
relevant because it plays an important role in determining the
compressibility of the fluid. During the adsorption of argon in
the pore, capillary condensation can usually take place even
at the relative pressure p/p0 < 1. The condensed fluid forms
concave menisci at the pore entrances, and the negative sol-
vation pressure at these menisci stretches the fluid. In such a
case, the stretched fluid is much easier to be compressed than
the fluid which is not stretched.

As shown by Gor et al.,[48,49] the solvation pressure in the
capillary condensed fluid can be expressed as

P =−γsl

R
+

RgT
Vm

ln
( p

p0

)
+(p0− p), (40)

where γsl is the solid–liquid surface tension, and R is the ra-
dius of the pore. Moreover, Rg and Vm are, respectively, the
gas constant and mole volume of the fluid. Note that p0–p is
negligible compared with the other two contributions, and that

for the given pore and type of fluid,−γsl

R
keeps unchanged dur-

ing the modulation of the relative pressure. Therefore, in this
work, we focus only on the influence of the Laplace pressure,
which can be given by the Kelvin–Laplace equation[27,48]

PL =
RgT
Vm

ln
( p

p0

)
. (41)

In Fig. 7, we have plotted the α−1/H curve for the con-
fined argon in the slit pore. The results for both T = 87.3 K
and 119.6 K suggest that when H is small, the parameter α

shows an oscillatory dependence on the pore width. Moreover,
the period of the oscillation in the curve is nearly equal to the
particle diameter. In contrast, when the pore width is large
enough, α increases linearly with the decrease of 1/H, and
changes asymptotically to the value of the bulk fluid. There-
fore, it can be concluded from our calculation that the Tait–
Murnaghan equation is still valid for the confined fluids, while
the parameter α can be significantly modulated by the confine-
ment.
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Fig. 7. The slope parameter α in the Tait–Murnaghan equation for the
confined argon in slit pores with different widths. The dashed line in
the figure represents the value of α for the corresponding bulk fluid at
T = 87.3 K.

6. Conclusion
In this work, we have derived the general expressions for

the bulk and shear moduli, which are written as functionals of
the density functions. These results can return exactly to the
bulk results which have been derived from the thermodynamic
fluctuation theory. One important advantage of our derivation
is that more correlation information has been taken into ac-
count through the inhomogeneous density functions, so that it
can be employed to describe the elastic properties of confined
fluids.

Based on the MFMT and WDA for hard sphere repulsion
and long-ranged attraction, respectively, we have constructed
the free energy functional for the confined LJ fluid in the slit
pore. In the framework of classic DFT, we have calculated the
density profile of confined argon under different conditions.
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Further, by calculating the modulus of the confined argon, we
have investigated the effect of vapor pressure, temperature,
and pore width on its bulk modulus. Our results suggest that
the occurrence of the capillary condensation in the pore plays
an important role in determining the modulus of the confined
fluid. On one hand, the local elastic modulus shows inhomo-
geneous profile, which arises from the inhomogeneity of the
particle density. One the other hand, the changes in intensive
and extensive qualities of state may exert different influences
on the modulus of the confined fluid. When the pore is full of
condensed liquid phase, the bulk modulus shows respectively
logarithmic and linear dependence on the vapor pressure and
temperature, while it can exhibit oscillation as the pore width
is changed. In addition, our further investigation on the sol-
vation pressure dependence of the modulus suggests that the
Tait–Murnaghan equation for bulk phase is still valid for the
confined fluids.

In summary, the present work provides an efficient and
unique strategy to investigate the elastic properties of the con-
fined fluids. Based on its validity that has been shown in this
work, it is expected that it can be further applied to explore the
rich information about the mechanical behavior in nanoscale
materials.
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