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By coupling the phase field model with the continuity equation of incompressible fluid, Navier–Stokes equation,
electric field equation, and other governing equations, a multi-field coupling model for multi-bubble coalescence in a
viscous fluids is established. The phase field method is used to capture the two-phase interface. The motion and coalescence
of a pair of coaxial bubbles under an external uniform electric field and the effects of different electric field strengths on
the interaction and coalescence of rising bubbles are studied. The results show that the uniform electric field accelerates the
collision and coalescence process of double bubbles in the fluid, and increases the rising velocity of the coalesced bubble.
The electric field with an intensity of E = 2 kV/mm is reduced about 2 times compared with that without electric field in
coalescence time. When the electric field strength is strong (E ≥ 1 kV/mm), the coalesced bubble will rupture before it
rises to the top of the calculation area, and the time of the bubble rupturing also decreases with the increase of the electric
field strength. The phase field method is compared with the simulation results of Lattice Boltzmann Method (LBM), and
the shape of bubble obtained by the two methods is in good agreement, which verifies the correctness of the calculation
model.
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1. Introduction
The hydrodynamics of water vapor multi-phase motion

has been widely found in nature and engineering practice.
The collision and coalescence of a pair of bubbles occurs fre-
quently in two-phase bubble flows. The movement and inter-
action of the bubbles in the liquid can significantly affect the
contact time and area of gas–liquid, and change the heat and
mass transfer and chemical reaction of the gas–liquid system.
Therefore, a large number of experiments and numerical sim-
ulations on the motion and interaction of bubbles in liquids
have been carried out.[1–3]

Zhang et al.[4] simulated and analyzed the interaction be-
tween bubbles from two angles of side-by-side arrangement
and up-and-down arrangement, with an emphasis on the influ-
ence of fluid viscosity and bubble spacing on the interaction.
Annaland et al.[5] used a 3D gas–liquid model characterized
by a large density and viscosity ratio and a large value of the
surface tension coefficient to simulate co-axial and oblique co-
alescence of two rising gas bubbles. Cheng et al.[6] gave a
three-dimensional numerical simulation of multiple bubbles
rising under buoyancy in a quiescent viscous incompressible
fluid, and presented the numerical results about the evolution
of bubble shapes, instantaneous streamlines and velocity dis-
tribution for the co-axial and oblique coalescence of two bub-
bles rising in a viscous fluid, and the behavior of bubbly flow

in a square duct. Li et al.[7] used Fluent software to numer-
ically simulate the interaction between in-line two bubble in
non-Newtonian fluids. The results showed the interaction be-
tween leading bubble and following bubble was related to cen-
ter distance between the two bubbles. Lv et al.[8] studied the
merging of two bubbles in two dimensions as well as in three
dimensions, obtained the critical conditions of bubble coales-
cence, and used the three dimensions model to study the bub-
ble deformation in shear flow. Hadidi and Jalali-Vahid[9] nu-
merically simulated the coaxial coalescence of a pair of bub-
bles rising in a viscous liquid column under different external
uniform magnetic fields. The results showed that the uniform
magnetic field accelerates the coalescence of bubble pairs in
the dielectric fluid and enhances the rising velocity of the bub-
ble.

The motion deformation and topological structure of the
gas–liquid interface is one of the main problems in numeri-
cal simulation. So in order to deal with the multi-phase flow
interface correctly, researchers have proposed many methods.

Volume of fluid (VOF) method can automatically deal
with nonlinear phenomena, but it is difficult to calculate the
curvature of the interface because it cannot give accurate in-
formation about the position and shape of the interface. There-
fore, it is difficult to deal with the problem of multi-phase mo-
tion which needs to consider the surface tension.[10,11] level-
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set method only needs to calculate the function value near the
interface, which greatly reduces the calculation time. How-
ever, it can not lead to the conservative property[12,13] be-
cause of the initialization of the function artificially. Phase-
field method, introduces a phase variable into the flow field
to control the motion of the interface by updating the Cahn–
Hilliard (C–H) equation of the phase variable. It can deal with
multi-phase of the complex set topology change of the inter-
face, including complex structural changes such as splitting
and coalescence of interfaces.[14,15]

LBM method has the characteristics of easy boundary set-
ting and is good at dealing with complex and irregular struc-
tures. It is widely used in the simulation and research of many
kinds of flow problems.[16,17] The interface information func-
tions in the VOF and Level-set methods are the volumetric
ratio of the fluid, independent of the flow parameters and the
distance symbol function of the interface respectively. The
phase variable in the phase field method is physical quantities
associated with the flow parameters. On this basis, the C–H
equation is coupled with the flow governing equation to avoid
the destruction of the physical conservation caused by man-
ual processing near the interface, which becomes a powerful
method for numerical simulation of multi-phase flow.

The interaction between bubbles is an important phe-
nomenon in two-phase flow. Applying an electric field to con-
trol bubble dynamics is an attractive and unavoidable method.
Therefore, in this study, a two-dimensional (2D) phase field
model in which the electric field and the flow field cooper-
ate is established. The motion and coalescence law of the
double bubble are discussed, and the interface position of the
two-phase fluid is accurately captured. The effects of uniform
electric field on the interaction and coalescence of multiple
bubbles in fluid phase and the relationship between different
electric field strengths and bubble coalescence rates were in-
vestigated.

2. Mathematical model
In this study, the governing equations of two-phase flow

under the effects of an external uniform electric field consists
of the conservation equations of continuity and momentum,
phase field equations and the electric field equation, which is
obtained by simplification of Maxwell’s equations.

2.1. Flow field equation

Assuming that the two-phase Newtonian fluids are incom-
pressible and incompatible, the diffusion effect at the interface
is equivalent, and the convective velocity satisfies the diver-
gence of zero, then the continuity equation reads

∇ ·𝑢= 0. (1)

The whole flow field governing equation is described by
a 2D incompressible Navier–Stokes equation[5,15]

ρ(φ)

(
∂𝑢

∂ t
+(𝑢 ·∇)𝑢

)
= −∇p+∇ ·

[
µ(φ)

(
∇𝑢+∇𝑢T)]

+ρ(φ)g+Fst +Fe, (2)

where 𝑢 is the velocity vector of the fluid, ρ (φ) is the local av-
eraged density, t is the time, p is the pressure, µ(φ) is the dy-
namic viscosity coefficient, ρ(φ)g is gravity, Fst is the source
of surface tension, g is gravitational acceleration, and Fe is the
external force, which is referred to herein as the electric field
force.

2.2. Phase field model

The phase field method has a unique advantage in solv-
ing the two-phase flow motion with large deformation in the
region. Cahn–Hilliard equation[18–20] is used to track the dif-
fusion interface of gas–liquid two-phase flow. The calculation
equation is decomposed into two partial differential equations
as follows:

∂φ

∂ t
+∇ · (φ𝑢) = ∇ · γ∇G, (3)

ϕ =−∇ ·ξ 2
∇φ +

(
φ

2−1
)

φ . (4)

Phase field method obtains the position information of the
interface through the phase field variable. The change of the
dimensionless phase field parameter φ from −1 to 1 reflects
the change of the interface. It is equal to 1 for gas and 0 for
fluid around the bubble. G is the chemical potential, and its
expression is

G = λ

[
−∇

2
φ +

(
φ 2−1

)
φ

ξ 2

]
=

λ

ξ 2 ϕ, (5)

where ϕ is the auxiliary variable of the phase field, γ is the
mobility parameter, whose value determines the time factor of
the Cahn–Hilliard equation diffusion with a given value of 1.
ξ is the parameter that determines the thickness of the diffu-
sion interface. ξ → 0: when the mixed energy density λ and
the surface tension coefficient σ [20] satisfy the following rela-
tionship:

λ =
3σξ√

8
. (6)

2.3. Electric field equation

The potential of any point in the region can be solved ac-
cording to the Laplace equation[21] with variable permittivity

−∇ · (ε0ε(φ)∇V ) = 0, (7)

where ε0 is the dielectric constant of vacuum, 8.8542 ×
10−12 F/m, ε(φ) for the fluid relative permittivity, potential
V can be expressed by electric field strength E [21]

E =−∇V. (8)
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The Maxwell stress tensor T due to the difference in elec-
trical properties at the interface of the two phases can be ex-
pressed as[21,22]

T = ε0ε(φ)

[
EE− 1

2
(E ·E) I

]
, (9)

where I is the second-order unit tensor. In the solution domain,
the Maxwell stress tensor is 0 except for the other positions in
the two-phase interface.

The bubble under the action of the electrostatic field Fe

can be given by the divergence of the Maxwell stress tensor T

Fe = ∇ ·T. (10)

Therefore, the electric field force Fe can be expressed as

Fe = ∇(ε0ε(φ)EE)− 1
2

E2
∇ε0ε(φ). (11)

2.4. Surface tension

The surface tension is equivalent to the product of the gra-
dient of the field variable and the chemical potential, which is
added to the N–S equation (2) as a volume force to solve the
two-phase flow:

Fst = G∇φ . (12)

2.5. Fluid properties parameters

In the numerical simulation study of the two-phase flow
field, there are corresponding flow parameters that can char-
acterize the characteristics of the two-phase fluid, which vary
with time and position. On the premise that the phase variable
φ is given in the full flow field, the local average density ρ (φ),
viscosity coefficient µ (φ), and relative permittivity ε (φ) of
the flow field are obtained by the following formula:

ρ (φ) =
1+φ

2
ρg +

1−φ

2
ρl, (13)

µ (φ) =
1+φ

2
µg +

1−φ

2
µl, (14)

ε (φ) =
1+φ

2
εg +

1−φ

2
εl, (15)

where the subscript ”g” represents the gas phase, and the sub-
script ”l” represents the liquid. It can be seen from the above
formula, that the local density and viscosity in the flow field
and the relative dielectric constant are composed of two parts,
which are derived from two kinds of phase.

3. Initial conditions
3.1. Geometric motion model

We aim to simulate the motion, interaction, and coales-
cence of a pair of gas bubbles in a viscous liquid under the ef-

fects of a uniform electric field (vertical electric field E). The
motion area of bubbles is shown in Fig. 1.

air

air

liquid

(ρl, µl, εl)

air (ρg, µg, εg)

E

R=30 mm

U2=0

3R

3R

R

U1=U

L=8R

H=5/3L

Fig. 1. Schematic diagram of 2D geometrical model in numerical sim-
ulation.

According to the existing research results, the terminal
rising velocity of the bubble is not affected by the size of the
calculation domain, and the size of the calculation area is ex-
pected to exceed 3 to 4 times the initial bubble diameter.[5] In
the 2D plane gas–liquid simulation model shown in Fig. 1, the
solution domain is L×H, a double bubble having a radius of
R, a viscosity of µg, and a dielectric constant of εg is in a liquid
with a viscosity of µl and a dielectric constant of εl. The ini-
tial shape of the double bubble is spherical and incompatible
with the external liquid, the vertical distance between the two
bubbles is R, and the initial velocity of the bubbles is 0 m/s.

3.2. Boundary condition

The fluid considered in this paper is a viscous fluid with
good wettability and adherence to the wall. If there is no slip
on the wall, then the wall function is

u = 0. (16)

3.3. Initial condition setting

The flow field of the bubble is studied as a low Reynolds
number flow field with a density ratio of two phases of 1000
and a viscosity ratio of 100. The main physical parameters
used in the simulation are shown in Table 1.[15]

Table 1. Material properties in the model.

Liquid Air
ρ/kg·m−3 1000 1

µ/Pa·s 1.16 0.0116
ε 81.5 1

σ/N·m−1 0.0728 –
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4. Results and analysis
4.1. Result verification

The following two dimensionless parameters are used to
describe the motion characteristics of the bubble: Eo for the
Eotvos number, Mo for the Morton number.

Eo =
g
(
ρl−ρg

)
d2

σ
, (17)

Mo =
g(ρl−ρg)µ

4
l

ρ2
l σ3 , (18)

where d is the bubble diameter, Mo represents the property of
the external fluid, and Eo characterizes the ratio of the float lift
to the surface tension. These two parameters are controllable.
The Morton number and Eotvos number used in this model are
46 and 484, respectively.

By coupling the governing equations (1)–(15) and using
Comsol software, we studied the interaction and coalescence
of two identical spherical bubbles centered on a vertical line
in a viscous liquid. Before the numerical simulation of the
problem, firstly the test of mesh independency has been car-
ried out and results are shown in Fig. 2. It can be concluded
that when the mesh size is equal to 2 mm, the position and co-
alescence time of the two bubbles are independent of the mesh
size. Therefore, this mesh size was used as a correct mesh size
to solve the coupled governing equations.

The phase field method is used to solve the two-phase
flow governing equation of the coupled electric field. The
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Fig. 2. Mesh independency test. (a) The effect of different mesh sizes on
the position of double bubbles; (b) Influence of different mesh size on the
coalescence time of double bubbles.
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Fig. 3. Comparison of the coalescence of in-line vertical bubbles obtained
in this research with numerical; (a) results of present research using the
phase field method; (b) numerical results of Cheng et al.[6] obtained using
the LBM method with Mo = 41.1.

motion behavior of the coaxial double rising bubbles placed
vertically in the stationary liquid is studied. The simulation
results are shown in Fig. 3(a). In order to verify the reliabil-
ity of the simulation, the simulation results are compared with
the numerical results obtained by Cheng et al.[6] using LBM
method. As shown in Fig. 3(b), there is a good qualitative
agreement between the two results.

4.2. Influence of electric field intensity on vertical double
bubble coalescence behavior

In order to study the influence of electric field strength
on the vertical double-bubbles coalescence behavior, the sim-
ulation was carried out on two cases: low electric field
strength (E ≤ 0.75 kV/mm) and high electric field strength
(E ≥ 1 kV/mm). Figure 4 shows the influen- ce of the uniform
electric field on the dynamics and deformation of the bubbles
when the electric field strength is low.

The first behavior shown in Fig. 4 is the dynamic behav-
ior of a pair of bubbles placed up and down without an electric
field (E = 0.0 kV/mm). Due to the wake effect of the upper
bubble, a low pressure zone is formed behind it, which causes
a suction effect on the lower bubble, and causes the lower bub-
ble to rise faster than the upper bubble. This is because the
resistance acting on the lower bubble is less than that of the
upper bubble.

When the rising velocity of the lower bubble is greater
than the velocity of the upper bubble, the distance between the
both bubble gets closer and closer, so that collision and coales-
cence of the bubble eventually occur. As shown in Fig. 4,
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the distance between the lower bubble and the upper bubble is
significantly reduced during the rise from t = 0 to 0.3 s, and
finally the two bubbles coalescence at t = 0.34 s. After the
coalescence of the two bubbles, as the coalescence range in-
creases, the coalescence becomes a large sphere and begins to
rise. Similar to the rise of a single bubble, the bubble gradu-
ally rises and a significant concave motion appears at the bot-
tom of the bubble. Over time, the indentation at the bottom of
the bubble became more and more serious, causing two arc-
shaped bulges (t = 0.4 s) to be formed on the left and right
sides. The motion velocity of the interface below the bubble is
greater than that of the upper one. The shape of the bubble is
continuously developed, forming a crescent shape as a whole.
The two gas snares formed on the left and right sides of the
bubble are separated from the main bubble and becomes two
separate small bubbles, while the rest of the bubble will con-
tinue to move upward at a certain speed. Move (t = 0.6 s), it
should be noted that if the initial distance between the bubbles
will be higher so that the wake of the leading bubble could not
affect the trailing bubble sufficiently, then there is no merging
between them.

At the same time, figure 4 also shows the simulation re-
sults of the influence of the applied electric field on the bubble
behavior of 0.25 kV/mm, 0.5 kV/mm, and 0.75 kV/mm, re-
spectively. It can be seen that the applied electric field has
a certain influence on the dynamics of the bubbles. When
t = 0.3 s and the electric field strength E is 0.75 kV/mm, the

distance between the bubbles is smaller than that strength of
0 kV/mm, 0.25 kV/mm and 0.5 kV/mm. With the decrease of
the distance between the bubbles, the coalescence process of
bubbles will occur earlier. Similarly, the applied electric field
also affects the final shape of the combined bubble. As the
electric field strength increases, the indentation at the bottom
of the bubble becomes more severe, as shown in t = 0.6 s.

The effect of the electric field intensity (E ≥ 1 kV/mm)
on the coalescence of double bubbles is shown in Fig. 5. In
this figure, the effects of applied electric fields of 1 kV/mm,
1.25 kV/mm, 1.25 kV/mm, 1.5 kV/mm, and 2 kV/mm are
given, and the results are compared with those of bubble ris-
ing without electric field effect at different times. The results
show that the applied electric field has a certain influence on
the vertical elongation of the bubbles. As the bubbles elongate
in the vertical direction, their distance decreases faster, allow-
ing the bubbles to coalescence together faster. The variation
of the distance between the double bubble over time by the
applied electric field of different intensities is shown in Fig. 6.
By comparing the effects of electric fields of different inten-
sities, the results show that the distance between bubbles de-
creases with the increase of electric field intensity (at the same
time), which leads to faster collision and coalescence of the
double bubble. Therefore, the coalescence of the bubbles oc-
curs around t = 0.1 s when E = 2 kV/mm, and about t = 0.34 s
when there is no electric field.
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The effect of the different intensity of the applied elec-
tric fields on the coalescence time of the double bubble placed
top and bottom is shown in Fig. 7. Obviously, the uniform
electric field is applied to reduce the time of bubble colli-

sion and coalescence. The low electric field intensity (up to
0.75 kV/mm) has little effect on the bubble coalescence time,
while the strong electric field has a great influence on the bub-
ble coalescence time. As can be seen from Fig. 7, the electric
field having an intensity of E = 2 kV/mm is reduced by about 2
times the coalescence time as compared with the case without
the electric field. The interaction between bubbles is an impor-
tant phenomenon in two-phase flow. The application of an ex-
ternal uniform electric field capable of controlling bubble in-
teraction can play an important role in the control of two-phase
flow from the point of view of hydrodynamics and heat trans-
fer characteristics. In addition, it has been found that intensity
increases to a certain extent, the surface tension of the fused
bubble is not enough to maintain the shape of the bubble, and
the electric field force will penetrate the bubble from the cen-
ter, and the bubble will be broken. Figure 8 shows the bursting
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time of bubbles under different electric field strengths. It can
be seen from the figure that the bursting time of the bubble
is inversely proportional to the applied electric field strength,
and the stronger electric field force will penetrate the bubble
earlier.
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Fig. 7. Influence of different electric field intensity on the coalescence
time of double bubbles.
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Fig. 8. Effect of different electric field intensity on bubble breaking
time after coalescence.

Figure 9 shows the instantaneous streamlines, the veloc-
ity vector distribution and bubbles shape evolution with time in
the corresponding flow field (E = 1 kV/mm) at time t = 0.1 s
and t = 0.2 s. The streamlines around the bubbles not only
show symmetrical distribution along the vertical axis of the
bubbles, but also show symmetrical distribution at the head

and rear of the sphere. It can be clearly seen from the fig-
ure that a recirculation zone is formed on the left and right
sides of the double bubbles. It is formed by a pair of symmet-
rical vortices, which causes the liquid in front of the bubbles
to flow into the wake of the bubbles. The continuous motion
of the eddy eventually causes small bubbles to appear below
and separate from the main bubbles. Compared with the rising
and changing shape of a single bubble in the liquid, the guided
bubbles rise as isolated bubbles. As time goes, the dominant
bubble develops into a flat ellipse, and the tail becomes signifi-
cantly elongated in the vertical direction due to the interaction
between the bubble, and the bubble becomes conical and elon-
gated in shape.

Figure 10 shows the distribution of the electric field and
polarization intensity in the solution domains with strength of
0.25 kV/mm and 1.25 kV/mm at different times. Red is the
electric field line and the legend color is the polarization
intensity. It can be seen that the electric field force acts only
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on the interface of the gas-liquid two-phase flow, and the bub-
bles are significantly deformed under the action of the electric
field. The electric field force acting on the bubbles tends to
compress the bubble in the horizontal direction which results
in elongation of the bubbles in the direction of applied electric
field (vertical direction) and consequently reduction the cross-
sectional area of the bubbles.

5. Conclusions
In this paper, phase-field method was used to simulate

the gas-liquid two-phase flow. The coupling effect of electric
field and phase field on the double bubble deformation and
dynamic behavior in static liquid was studied. The following
conclusions were obtained:

(i) Comparison of the results with results of the previous
researchers in the case of no-electric field effects shows a good
agreement.

(ii) For bubble-bubble rising in a fluid, the presence of a
vertical electric field increases the rising velocity of the bub-
bles.

(iii) Applying a uniform electric field causes the bubbles
to extend toward the electric field, reducing the minimum dis-
tance between the bubbles. Compared with the case of no elec-
tric field, the existence of the vertical electric field reduces the
coalescence time of the bubble pair.

(iv) When the electric field strength is strong (E ≥
1 kV/mm), the bubble will be broken after coalescence of the

bubble.
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