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We investigate the time evolution of entanglement between two quantum dots in an engineered vacuum environment
such that a metallic nanoring having a surface plasmon is placed near the quantum dots. Such engineering in environment
results in oscillations in entanglement dynamics of the quantum dots systems. With proper adjustment of the separation
between the quantum dots, entanglement decay can be stabilized and preserved for longer time than its decay without the

surface plasmons interactions.
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1. Introduction

Entanglement, a characteristic trait of the quantum theory,
plays a vital role in fundamental tests of quantum mechanics as
well as in the practical utilization through the emerging field of
quantum informatics.!') However, quantum information pro-
cessing is facing many stringent challenges. These include
the efficient high fidelity generation of many types of entan-
gled states through diverse technologies like spin systems, fly-
ing photon qubits,?) superconducting qubits, and atom field
cavity quantum electro-dynamics (QED) systems.[?! Further,
the fatal problem is the fragile nature of the engineered entan-
gled states as they are prone to the decoherence threat. Thus
the quantum information processing time is effectively con-
strained by the corresponding decoherence time, a threat ef-
fectively terminates the quantum process through quantum to
classical transition. Under this scenario, the dynamical decay
explorations, protection, and studies related to the stabilization
strategies for the entanglement become vitally important. [+

Speaking specifically in the context of solid state systems,
one is referred to the recent demonstrations of entanglement
generation between the spin of the single quantum dot and
a single emitted photon, microcavity enhanced single-photon
emission from single semiconductor quantum dots,[®! entan-
gled photon generation with quantum dots,!”! teleportation of
a photon over a spin qubit, as well as engineering of a her-
alded entanglement for spatially separated hole spins.®! These
promising results can be considered as a milestone towards the
envisioned solid state based quantum networks provided that
the resources being utilized here, i.e., entanglement, can be
stabilized and protected against decays and the decoherence.

DOI: 10.1088/1674-1056/28/3/030304

Many working strategies are being tested and implemented in
this regard. For example, it has been demonstrated that under
a certain specific scenario, the system environment interaction
that generally leads to decoherence can equally be controlled
in a manner yielding stable entangled states.[®~!'] Many the-
oretical proposals are raised for utilizing this phenomenon of
dissipative-induced entanglement to cater the situation where
quantum-dots interact with the plasmonic system. '>~17] In this
regard, a broad distribution of surface plasmonic metallic wire
guiding them along its axis in analogy with the optical modes
of a dielectric fiber has been proposed.!'%19]

However, operational analogy being quite correct does
offer certain fundamental differences as compared to dielec-

5.1291 Here the thin wire can efficiently sustain

tric waveguide
the surface plasmon propagation modes localized transversely
within the dimension matching the wire radius r. This is in-
terestingly true even for the cases with r much smaller than
the optical wavelengths.>!1 Such sub-wavelength localization
consequently yields drastic enhancement in the optical field
intensity, a parameter contributing to the high enough cou-

[22.231 Moreover, the

pling of the quantum dots with the fields.
motion of surface plasmon modes usually stays at the mod-
erate level as a consequence of the highly reduced velocities
contributed by the charge density waves.>*2° Such an effec-
tive interaction initiated by dissipative plasmon resonances in
metal nano-particles, wires, or waveguides has already been
shown in between the pair of two-level quantum dots placed
in the vicinity of the system!>”! in a manner much similar to
the case of atoms entangled via a cavity field.[*8] Here, in

this case, the entanglement emerges spontaneously as a con-
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sequence of the common coupling of the plasmonic nanos-
tructures, unavoided by any post-selective measurements or
any specific engineering of the relevant environment.>”! Such
fruitful entangled correlation among quantum dots can, how-
ever, be materialized through diverse techniques based on al-
together different methodologies.?*-331 This evident interest
of the working community in the plasmonics based QDs en-
tanglements is thoroughly justified on utilitarian grounds as
such systems are technically much easier to handle and ma-
nipulate compared to their counterparts that generally need ei-
ther atom/ion traps or cryogenic temperature. Moreover, such
plasmonic based QDs can be easily and efficiently integrated
with rest of the nanophotonics gadgets, hinting the near fu-
ture feasibility for the complex multi qubit communicational
or computational quantum networks on just a miniature sized
chip.

Therefore recent developments in the plasmonics and
quantum information science motivate to study the entangle-
ment dynamics in a system consisting of two QDs coupled to
a metal nanoring surface plasmon (SP). The idea of our work
is inspired by a recent proposal showing single surface plas-
mon in a metallic nanoring coupled to two quantum dots, 34!
where they considered both the QDs initially in ground state
and a SP in clockwise mode and showed the maximum of the
entanglement occurring at the appropriate values of the inter-
dot distances and coupling strengths. Here we apply the same
model in order to stabilize the entanglement dynamics among
the quantum dots by considering a metallic nanoring near the
maximally entangled QDs interacting with the surface plas-
mon modes of the nanoring.

The paper is organized as follows. In Section 2, we
present our model of two entangled QDs placed near a metal-
lic nanoring. In Section 3, we discuss different cases of max-
imally entangled states and their dynamics when these QDs
interact with the two modes of the surface plasmons with and
without decoherence of QDs and SPs to the vacuum environ-
ment. Summary and conclusion are presented in Section 4.

2. Model

We consider two semiconductor QDs, initially prepared
in entangled states, positioned near a metal nanoring having
a surface plasmon in clockwise mode k as shown in Fig. 1.
Consider R as a circular cross-section of the nanoring, then
in the nanowire limit, |k|R < 1, only the fundamental mode
of SP exists.!?>! Thus the quantum-dot—nanoring system can
be simplified as the two-level atoms in a resonator having +k
and —k modes of radiation, as the right and left propagating
wave vectors along the resonator axis, respectively. In case
of the quantum-dot—nanoring system, the +k mode of the SP
is considered as the incident SP from a evanescently coupled
waveguide photon propagation clockwise and the —k mode as

the counterclockwise mode of the SP resulting from the re-
flection of the +k SP mode from QD. The Hamiltonian of the
system can be written as 3%

H=n Z COOjG;rG; +h Z a)k/alt,ak/
j=12 o K'=k,—k

+h[mo'l+ak + ugdjakeikd

110 a_ g+ o ae D LHC], (1)

where the first two terms are the free part Hamiltonian of the
QDs and SP, respectively. hay; is the energy of the ™ QD,
o

J
ground and excited states represented as | g j> and |e j> , respec-

(Gj_) is the raising (lowering) operator of the j" QD with

tively, while @y is the frequency of the k’-mode of SP, and
ag (aZ) is the annihilation (creation) operator of the plasmon
field. The remaining terms in Hamiltonian (1) represent the in-
teraction of two QDs with clockwise (+k) and anticlockwise
(—k) modes of the SP, where 1)t are the coupling strengths
between the SP and QDs, d is the separation between the two
QDs, and S is the circumference of the metal nanoring. In the
nanowire limit, we assume the existence of only the funda-
mental mode of SP and hence kS = 27x. Therefore the above
Hamiltonian reduces to

Z a)k/a,:,ak/
k' =k,—k

+h Y (ulcfak,+uzc;ak,eik’d+H.c.). @)
K =k,—k

H = Z a)ojcfcj’ +h
J=12

It is convenient to work in the interaction picture Hamiltonian
given as

Hio=h ) (Hlafak'ei(wm_w"')t
K=k —k

+[ch72+ak/ei(“’02*“’k’)’+ik,d—|—H.C.). 3)

This interaction Hamiltonian describes the QD—SP interaction
in the dipole and rotating wave approximation (RWA), i.e., if
the system is in close resonance then ay; ~ @y and the fre-
quencies @y; + @y are much larger than the other frequencies
@ — @y, therefore the terms with e ti(@0+00) gre neglected.
We consider the QDs transitions in resonance with the fre-
quencies of the SP modes, i.e., Wy = Wp2 ~ O = W_;. Thus
under resonance condition, the interaction picture Hamiltonian
reduces to

Hi=h Y (ulcrak,+uzo;ak/e”<'d+H.c.). 4)
kK =k,—k

The Hamiltonian in Eq. (4) does not include the effect of de-
coherence due to weak interaction of the system of QDs and
SP with the environment compared to the interaction among
QDs and SP modes.
environment interaction resulting in the decay of QDs and SP

However if we include the system—

modes in vacuum, then under the condition that no photon is
detected either by the spontaneous emission of QDs or decay
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of any of the SP mode in vacuum, the evolution of the system
of QD-SP is governed by the conditional Hamiltonian 3647

fi 2
Heon = Hi =15 ) 1, e) (e = 1* Y Lidjay, ()
j:

22 k,—k

where y; and I are the decay rates of the i QD and
the k™ mode of SP, respectively, defined under the Markov
approximation. [*!]

Fig. 1. Schematics diagram of two quantum dots coupled to a metal
nanoring surface plasmon.

To study the entanglement dynamics of the system
of two QDs,
necessary.

a quantitative measure of entanglement is
For any bipartite entangled system, Wootters
concurrence is a convenient method, defined as E(¢) =
Max {0,vA; — VA2 — VA3 — /A4 }, where A; are the eigen-
values of matrix psps with ps = (0, ® 0y) pf (0, ® 0y) ar-
ranged in descending order.[*?! To obtain the density matrix
(ps) of the QDs system, we first solve the equations of proba-
bility amplitudes of the state vector of QDs and SPs subject to
initial conditions of QDs and SP and then take the trace over
two modes of SPs. Here we consider different two-qubit ini-
tial states of the two QDs, and investigate the entanglement
dynamics of the QDs system due to SP assisted continual me-
diation.

3. Entanglement dynamics

Here we analyze entanglement dynamics of initially en-
tangled states of two QDs coupled to the SP of a metallic
nanoring with the whole system being surrounded by a vac-
uum environment.
QDs here.

Case 1 Let us assume one QD in the excited state

We consider all four EPR states among

while the other in the ground state with equal probability
forming a maximally entangled state among the two QDs as
(le1,g2) % |g1,€2)) /V/2. These QDs are placed near a metal-
lic nanoring having a SP in clockwise +k mode. Thus the
QD-SP system can initially be written as

|wi<o>>:%uel,ggi|g1,ez>>®|1k,o_k>. ©)

The state of the system after the interaction of SP with QDs
due to various processes such as transmission, reflection, ab-
sorption, and amplification of SP in QDs can be written as

ly (1)) = Ci(t) ler,e2,0,,0-1) +Ca () |er, 82, 1, 0)
+C5(1) ler, 82,00, 1_g) +Ca () |g1,€2, L, 0_g)
+Cs (1) [g1,€2,06, 1) +Co (1) 81,82, 24, 0—)
+C7(t) 181,82, L, 1) + Cs. (1) |81, 82, 0k, 2) , (7)

where C; (1) are the probability amplitudes of the basis defined
in the state vector |y (¢)) above. Let the system of QDs—SP be
surrounded by the environment with system environment cou-
pling assumed weak as compared to the coupling between the
QDs and SP. For such a situation, we can find the derivatives
of the probablhty amplitudes C; (¢) from Schrodinger equation
G lv() =

We solve the equations of the probability amplitudes nu-

Heon | W (7)) as given in Appendix A.

merically and take trace over all the plasmonic modes to obtain
the following density matrix for the two QDs:

Ic1? 0 0 0
W= | 0 GG GG +65C: 0 )
Qb 0  CiCi+CiCs |Gy + G5 0 ’
0 0 0 Col* + 1 +Cs [

\
where C; = C;(r). For entanglement dynamics, we need the ~ where
eigenvalues of the matrix pgg (oy®o0y) pgg* (o, ® oy), which .

A1 (1) = 2(IC2 (1) €3 (1) + C3 (1) €5 (1)

are oscillatory due to the interaction of QDs with SPs. Due to
this oscillatory nature of the eigenvalues, the entanglement of
the QDs system can be found using

E; (1) =Max{0,A; (1),A2 (1)}, ©)

Jlor

10 = 2/ (G 0P +16s0F) (6 0P +1650)F)
(11)

(Ics )P +1cr0F +Ics ()P )). (10)
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Entanglement dynamics of the QDs systems with and  with periodical increase to the maximum value of entangle-
without decoherence are shown in Figs. 2 and 3 for the QDs—  ment until one reaches the QDs separation kd = 7, where it
SP states |y (¢)) and |y~ (7)), respectively. The concurrence  sustains its maximum value. For the singlet state |y~ (1)),
plots are different for the two states. We see oscillations in en-  the behavior of entanglement dynamics is reversed as that of
tanglement in both cases due to the interaction of QDs with the |y (¢)) regarding the interdot distance. Here we note that the
two modes of the SP. Entanglement starts from its maximum  frequency of oscillation is fast at QDs separation kd = 7 and
value and during their oscillations it again achieves maxima it decreases with decrease in the inter-dot separation and ap-
periodically. For |y (7)), the frequency of oscillations de-  proaches a stable value when the QDs are very close to each
creases with the increase in the separation between the QDs  other.
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Fig. 2. Entanglement dynamics of two quantum dots with initial sate |y (0)) for interdot distances (a) kd = 7 , (b) kd =37 /4, (c) kd = /2,
and (d) kd = m/4. Here we assume symmetric coupling ((; = tp = ) and I; = I = y1 = 1» = ¥. The solid red line represents ¥ = 0, and
the dotted black line represents dynamics at y = u/30.
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Fig. 3. Entanglement dynamics of two quantum dots with initial sate |y~ (0)) for interdot distance (a) kd = 7, (b) kd =37/4, (¢) kd = /2,
and (d) kd = 7 /4. Here we assume symmetric coupling (1) = tp = ut) and I; =" =, = }» = 7. The solid red line represents y = 0, and
the dotted black line represents dynamics at y = u/30.
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Case 2 Let us assume that the QDs are initially in the
maximally entangled state as (|er,e2) +|g,82)) /v/2 placed
near a metallic nanoring having a SP in +k mode. It there-
fore represents the combination of single and triple excitations
cases. We have shown earlier that the single excitation, i.e.,
both the QDs in ground states and a SP in clockwise mode gen-
erate entanglement between QDs as well as among SP modes
at some particular values of interdot distance kd and interac-
tional parameter pr.!*3! Here we consider the initial state of
the QD-SP system

0% (0)) = % (lene) £1g.82))® 11,0 (12)

The basis due to transmission, reflection, absorption, ampli-
fication, and loss of plasmon in the environment can be ex-
pressed through the ansatz corresponding to arbitrary interac-

tion time ¢ as

9.(1))

=D (t) |613623 lk,O_k> +D; (t) |€178270k7 1—k>

+Ds(t)]e1,82,2k,0_k) +Da (1) |le1, 82, L, 1_g)
+Ds (1) le1,82,06,2—k) + Do (t) [g1, €2, 24, 0—)
+D7(t)|g1,€2,00,2-4) + Ds (1) |g1, €2, 11, 1)
+Do (t)]g1,82,3k,0-k) + D10 (t) [g1,82, 1, 2—x)

+D“ (t) ‘g17g2a2ka 1*k> +D12(t) |g17g270k737k>
+D13(t) 81,82, 16, 0-k) + D14 (1) 81,82, 0, 1 k)
(

+D]5 t)‘elag270k7 >+D16(t) |g176270k7 > (13)

where D; (t) are the probability amplitudes corresponding to
the basis mentioned above. The time derivatives of these prob-
ability amplitudes as obtained from the Schrédinger equation
are shown in Appendix B. Following the same procedure as
in case 1, the density matrix of the system of QDs alone can
be obtained from the solutions of the probability amplitudes

D; (t) and followed by taking the trace over all the SP modes

as
p11 (2) 0() 0() p1a(2)
@) N 0 P (t) P23t 0
Pap (1) = 0 pxn() pu@) 0 (19
pu() O 0 pau(t)
where
p11(t) = D1 (1) +1D1 (1),
p1a(t) = Dy (t)Dis(t)+Da (1) Dis (1),
P2 (t) = D3 (1) +[Ds (1) +1Ds (1) + D13 (1),
p23 (t) = D3 (t) Dg(t)+ D4 (t) D7 (¢) +Ds (1) Dg (1)
+Di3 (t) D14 (1),
p32(t) = pas (1),
P33 (t) = D6 (1) +|D7 (1)]* +1Ds (1)]* + D12 (1)
pa1 (t) = pia(t),
pas (1) = Do (1) +|D1o (1)]* + D11 (1) + D12 (1)

+ D15 ()] + D16 (1)
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Fig. 4. Entanglement dynamics of two quantum dots with initial sate |¢* (0)) for interdot distance (a) kd = 7, (b) kd = /2, (c) kd = 7 /8 and

(d) kd = m/16. Here we assume symmetric coupling (U
dotted black line represents dynamics y = u/30.

= =p)and [} =

I' x =7 =7 = 7. The solid red line represents ¥ = 0, and the

030304-5



Chin. Phys. B Vol. 28, No. 3 (2019) 030304

The entanglement for this case is determined as
E; (t) =Max {0,A3(t),A4 (1)}, (15)
where

As () =2(VonWps - lpn0)l).  (16)

A =2l (0] = VP2 (ps (). A7)

Figure 4 shows dynamics of the entangled state |* (1))
for interdot distances of kd = &, m/2, n/8, and 7/16. We
do not see any effect of phase factor here and both the states
|¢T (z)) and |¢~ (¢)) behave exactly the same. Entanglement
is again oscillatory because of QDs coupling with SP modes of
the metallic nanoring. For interdot distance kd = 7, entangle-
ment does not vanish but it oscillates periodically contrary to
the dynamics of the same state without SP. For interdot separa-
tion less than 7, we see collapse and revivals of entanglement.
Multiple peaks in the entanglement are due to the oscillatory
behavior of the eigenvalues of the matrix pgg (1) Ngg (t). One
eigenvalue does not remain maximum for all time but when
one eigenvalue decreases, the other increases and becomes
maximum at some specific time during the evolution. Over-
all decay of entanglement is due to the coupling of the QDs
and SP to the vacuum environment.

4. Discussion and conclusion

In summary, we have investigated entanglement dynam-
ics between two quantum dots initially prepared in maximum
entanglement and placed near a metallic nanoring, thus sup-
porting the interactive scenario much akin to a cavity utilized
for controlled atom—field interaction. All four maximally en-
tangled Bell states among QDs are considered. We see the
oscillatory behavior of entanglement dynamics in each case
with oscillation frequency depending upon the interdot sepa-
ration. The oscillatory behavior of entanglement between the
QDs is due to the interaction of these QDs with the SP modes.
Before the relaxation of the QDs, Rabi oscillations take place
due to the coupling with the SP modes. These oscillations
are similar to the two entangled atoms close together having
dipole—dipole interaction. In each case we see stability in the
entanglement dynamics at certain specific interdot separation
contrary to the asymptotic dynamics of the entangled quantum
dots coupled to the vacuum environment only. For the entan-
gled state between QDs (|eq,e2) +|g1,82)) /2 with two QDs
separated by kd = 7, we see that damping of the entanglement
does not vanish altogether but it periodically oscillates after
reaching to its minimum at about 30% of maximum value. In
case for other QDs separations kd less than 7, we see collapse
and revivals of entanglement not seen for the same state with-
out the SP interaction of QDs.

Regarding experimental feasibility, we see that all
the necessary ingredients in the present scheme including
the metallic nanoring,[*** and precise placement of QDs
with accuracy of 45 nm have already been experimentally
realized.*®! For the realization of coupling between a metal
nanoring SP and two/three QDs, colloidal CdSe/ZnS QDs
and a silver nanoring are ideal since the excitation energy of
CdSe/ZnS QDs is around 2-2.5 eV, compatible with the sat-
uration plasma energy of the silver nanowire.!*’! Considering
only the fundamental mode of SP in nanoring cavity, the ra-
dius of silver nanoring should be around 100 nm. Dipole
moment of QDs of the order of 0.5 x 1072 C-m has been

(48491 Coupling constant u of QDs and

reported in literature.
SP is proportional to the dipole moments of QDs and the
field strength of the SP. Strong coupling of SP and QDs has
been reported.>°! One of the major issues in this scheme is
that SP inevitably experiences losses as it propagates along
the nanowire which limits the generation of entanglement be-
tween QDs. In order to have strong coupling between QDs
and SP, one needs to increase the Q-factor of the plasmonic
modes. It not only increases the coupling between the SP
and QDs but reduces the damping of plasmonic modes I} and
I ;. Large dipole moments of the QDs, ultrahigh Purcell fac-
tor (> 10*) of the metallic nanoring,*'! and long propagation
distance (2.17 mm)[? make our scheme experimentally real-
izable. Therefore the decay rates of QDs and SP can safely
be taken as /30 with the available technology. Further our
results show that decay rates k and I}, = I"; do not have any
significant effects on the oscillatory behavior of the entangle-
ment between QDs but it reduces the amount of entanglement
only. Small decay rates due to high Q-factor and high Pur-
cell factor support our proposal of entanglement preservation
between QDs in the presence of SP modes. While measure-
ment of the entanglement can be carried out using ultrafast
optical tomography. >3 The present schematic can be straight-
forwardly intended to the multipartite case and, therefore, we
quite optimistically believe that present work hints out towards
a feasible strategy to engineer multipartite entangled networks
and complex state morphologies.

Appendix A: Equations of motion of the proba-
bility amplitudes of |y (7))

The equations of motion of the probability amplitudes
C;(t) of the state |y(t)) are

Cile) = —ili(C()e + Cy(r)e )
1 (Cole) + G5 ()]~ 3nC1 (),

Cale) = ~ilCI e 411 (Colt) +VECH (1))
SR HTG0),
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C3(l) =

C4(l‘)

Cs(t) =

Co(1)

Gr(1) =

Colt) = —iV2IuiCs (1) + piCs (1) ™|

—i[u3Ci (1) e™ + i (Co (1) + V2G5 (1))]
Lo,
—i[uCi (1) + 2 (C

(o +11)Ca(t),

—i[{C1 (1) + p2(Co () e +V2Cs (1) e )]

—%(72+13)C5( 1),

\S) \

( )efikd + \fzc7(t)eikd)]

l\)\—‘

= —i[u{ (C2(1) + C3(1)) + 5 (Ca (1) ™

+Cs(r) e ) - Ce (1),

—iV2[UiCo(t) + a3 Ca(t) e ]

1
- 5(/}/1 +B)7
*BCg(t).

Appendix B: Equations of motion of the proba-
bility amplitudes of |¢ (7))

The equations of motion of the probability amplitudes
D;(t) of the state |¢(¢)) are

D](Z‘) =

~ilua(Ds(t)e 4+ VaD4(1) e M) + py
 (Dele) + VD1 (1))~ 5 (1 + 1 + TP 1),
—i[a(Ds(t) e +V/2Ds(r) e~ k)
 (Delt) +VADS()] ~ 5 (1 + 1+ 20)Da).
—i[3 (D1 (1) e™ +Dy(r)e ™) + V2
 (Do(t) + Dio(1))] — 5 (1 +21)Ds(0),
—i[u3V2D1 (1) e 4 i (D1o (1)
£VAD ()] - 5 (0 + T+ D),
—i[u; V2D, (t)e 'kd+N1(D4()
+V3Da(1))] - 5(?’1 +213)Ds(1),
—i[uf (Da(t) + Dy (¢)) + V2 (Do (t) e
+Dioft) )] — 3 (5 +201)Dife),
—i[V2uiDi(t) + o (Do(t) e
V3D (1) ™))~ 2 (12 +213)Ds ),
(V24 Da(t) + i (Do(r) e
+\/§D12(t)e*“‘d)}—%(yz +I1 +13)Ds(t),
i (V2D30)+ Ds(0) 45 (/2060 e
K] = 2Eny(0)
{4 (V2D (1) + Dar)) + 3 (V2Dg(r) e~ 4
+D3(1)e™)] — (I3 +2)Diol0),
iVl Dalt) + 3Dy (1) 4]

1
*5(217 +1I3)Dq1 (1),

+

+Dg(t)e

Dlz(l‘) =

. * * i 3
—iV3[u{Ds(t) + psDs(t) ] — EFZDU(Z),

Di3(t) = *iul[Dls(t)JrDlé(f)]*%HDls(f),

. , i a1
Dis(t) = —ipa[Dis(t)e™ +Dyg(t)e kd]—il"zl)m(l),

. o N 1

Dis(t) = —1[N1Dl3(f)+HzD14(fﬂ—57’10150)7

. s N : 1

Dis(t) = —1[H1D13(f)+H2D14(1)elkd]—572D16(f)~
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