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Dynamical control of population and entanglement for
open A-type atoms by engineering the environment*
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Key Laboratory of Low-Dimensional Quantum Structures and Quantum Control of Ministry of Education,
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The exactly analytical solution for the dynamics of the dissipative A-type atom in the zero-temperature Lorentzian
environment is presented. On this basis, we study the evolution of the population and entanglement. We find that the stable
populations on the two lower levels of the A-type atom can be effectively adjusted by the combination of the relative decay
rate and the environmental spectral frequency. However, for the initial Werner-like state, the stable entanglement between
the two A-type atoms has very little tunability. Furthermore, the stable entanglement for the bilateral environment case is
larger than that of the unilateral environmental case. A nonintuitive relation between the stable entanglement and stable

population is found.
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1. Introduction

The dynamics of open quantum systems is very sophis-
ticated. Early study of these dynamics involved the appli-
cation of the Born—-Markov approximation, that is, neglect-
ing all the memory effects, which led to the well-known

[1,2

Lindblad master equation.!':?] The corresponding dynamics

is attributed to the quantum Markovian processes. How-
ever, quantum non-Markovian processes are more realistic
in principle. Many relevant physical systems, such as the
quantum optical system,! the nanoscale solid-state quantum
system, [*] quantum chemistry,!®! and the excitation transfer
in the biological system,!”) should be treated by quantum non-
Markovian processes. Recently, quantum non-Markovian pro-
cesses have been studied extensively, from the measure of non-
Markovianity of the processes!®~181 to the properties!'*~2°1 and

applications 3037

1 of the dynamical processes.

The research of quantum non-Markovian processes is
very much in favor of exact dynamics study because any ap-
proximation can possibly wipe out the memory effects. Due to
this reason, the problem of a two-level atom dissipating in the
zero-temperature environment becomes the paradigm for the
investigation of non-Markovian processes, while the dissipa-
tive multilevel systems are relatively seldom involved. For the
dynamics of V-type atoms dissipating in zero-temperature en-
vironments, the method of finding an exact solution has been
discussed.?®31 For the dissipative dynamics of A-type atoms,
however, we have not yet found the relevant discussions, even

[40

though it has been touched on already.[*”) One motivation

of this paper is to present the exactly analytical solution for

DOI: 10.1088/1674-1056/28/3/030301

a three-level A-type atom dissipating in a zero-temperature
Lorentzian environment.

The control of population and entanglement in multilevel
quantum systems is very important for quantum information
processing. In the ideal situation, the population transfer could
be realized by optical pumping techniques.*!*?! For open
quantum multilevel systems, it could be realized through the

43441 There were many

stimulated Raman adiabatic method.!
studies on the control of entanglement in dissipative environ-
ments, but most of them focused on qubit systems.[*1 Al-
though a few studies have involved the evolution of entangle-
ment of dissipative V-type atoms,’%3!l similar research for
the dissipative A-type atoms, without Born—-Markov approx-
imation, have not been reported yet. In this paper, based on
the exact solution of the open A-type atom, we investigate the
control of population and entanglement through the engineer-
ing of the decay rate and environmental spectral frequency.

The paper is organized as follows. In Section 2, we in-
troduce the microscopic model for a A-type three-level atom
interacting with a zero-temperature Lorentzian environment,
and present the exact analytical solution. In Section 3, we
study the problem of controlling population and entanglement.
Finally, we give conclusions in Section 4.

2. Dynamical model and its solution

Our model is constituted by a A-type three-level atom
embedded in an optical vacuum cavity with decay rate A
(Fig. 1(a)). The dissipative optical vacuum cavity can be de-
scribed equivalently by a zero-temperature Lorentzian envi-
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ronment that is a bosonic reservoir with infinite quantum har-
monic oscillators. The configuration of energy levels of the
A-type atom is depicted in Fig. 1(b), where |1), |2), and |3) de-
note the ground, meta-stable, and excited states, respectively.
The transition frequencies from level |3) to levels |1) and |2)
are denoted by @, and m», respectively, while the transition be-
tween |2) and |1) is forbidden. The Hamiltonian for the whole

system may be written as
H = —o|1)(1] - m[2) (2| + Y axb] by 1)
k

+ Y [g1cbe|3) (1] + gobr|3) (2| +h.c ],
%

where by, b}:, and wy are the annihilation, creation operators,
and frequency for the k-th harmonic oscillator of the reser-
voir, with gi; and gy; being the coupling strengths between
the reservoir and the two transition channels. In the above

ler ()] + X lex(0) P
c2(t)ci (1) + e dr(t)ci(t)
c3(1)ci (1)

ps(t) =

Here the evolution of the coefficients is determined by the fol-
lowing set of equations:

iél(t) = —(chl(t), (5a)

i(’z([) = —COng(l), (5b)

ies(t) = Y guer(t) + ) gudi (1), (5¢)
3 %

icr(t) = —orci(t) + oper (t) + g1ics (1), (5d)

idk(t) = —di (1) + wpdi (1) + g5.c3(2). (Se)
The evolution of ¢; (¢) and ¢, (¢) can be easily obtained,

c1(t) =c1(0)e'®, (6a)
ca(t) = ¢2(0) e, (6b)

To obtain the other coefficients, we formally integrate
Eqgs. (5d) and (5e) in the condition of ¢4(0) = di(0) = 0 and
obtain

t .
clt) = —i / dtgles(t)el@-@)=D) (75
0
' )
di(t) = —i / dtgsies(t)e! (@ @)0=7  (7p)
0

Plugging them into Eq. (5c), in the continuum limitation
Yigiugjk — [daJi(o) (i, j = 1,2), we obtain

é5(0) :—/Otdr[fl (=D +hlt—Dles(r), @

where the correlation function is defined by f;(t — 1) =
[ dardj(@) (@),

Hamiltonian, we have set the energy of level |3) to be zero and
h=1.

Suppose that the atom is initially in a general pure state,
so that the state of the compound system is

#(0)) = [c1(0)[1) +2(0)[2) + 3(0)[3)] @ [O)r,  (2)

where |0)r denotes the vacuum state of the reservoir. The
evolved state at any time ¢ may be written as

P(1) = ler(®)) +c2(0)|2) +e3(1)[3)] @ [0)r
+ ch(t)|l> ® |1x)r +de(t)|2> ® |1x)r, (3)
k k
where |1;)r indicates that there is one photon in the k-th mode
of the reservoir, and all other modes are empty. Tracing over
the environmental degrees of freedom, one obtains the reduced
state of the atom in its natural bases as

cr(t)e3 () + Erer(t)di (1) - ci(t)e3(r)
le2(0)P + L lde (D calr)es(r) |- O]
c3(t)c (1) le3(1)]?
\
. 3)
cavity

(a)
Fig. 1. (a) A A-type atom embedded in a vacuum cavity with decay
rate A; the latter may be described by a zero-temperature Lorentzian
environment. (b) Energy levels of the A-type atom with ground, meta-
stable, and excited states (|1), |2), and |3)), respectively. The transitions
[1) + |3) and |2) <+ |3) are allowed, but the transition between |1) and
|2} is forbidden.

(b)

We use the Lorentzian distribution

1 A2
Jij(®) = m (w0 _%(10)2_’_12 9
to describe the spectral density of the dissipative optical vac-
uum cavity. Here, @y is the central frequency and the de-
cay rate A defines the spectral width. The parameter y;; = ¥;
(j = 1,2) describes the spontaneous decay of level |3) to level
|7}, and 7%; with i # j describes the correlation between the
two transitions. When the dipole moments of the two transi-
tions are parallel, the relation 12 = Y1 = /Y1 is satisfied.

In this paper, we consider only this case.
Under the condition of the Lorentzian spectrum, the cor-
relation function becomes f;(t —7) = % e M=% with M; =
A +i(wp — ®j), and the solution of Eq. (8) may be written as

c3(t) = 6 (t)e3(0), (10)
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with & () = (D b1 4+ D, e + D3 e?"). Here, b; are the roots
of equation
A A
R(p) = p* + (M) + M) p* + <M1M2 + %T + y22>p
ni A
—M, +—M; =0,
+ ) + ;M=

which are assumed non-degenerate. Since the degenerative
probability is very small and can always be avoided by adjust-
ing the structure parameters, we no longer consider the case
here. The coefficients D; are given by

_ (bi+M,)(bi+ M)
367 +2(My +Mo)b; + MM, + B 4 B2

Y

Having ¢3(#) in hand, we can then obtain the evolution of
ci(t) and dy(r). Equations (7a) and (7b), in transition to the
continuum limitation, lead to

Z\Ck(l)|2 =

k

Z|dk(t)2 - /tdr/tdr’fz(f/—’L')C3(T)c§(r’), (13)

/dr/ dt’ /dwjlz
k

~ el(wlf*(ﬂzl*wlﬂrwzf)q(r) ;(‘t/)

_ 7/1;/l i(@—o)t /df/ dt’c3(7)c3(7)

/tdr/tdf/fl(f/—T)CS(T)Cﬁ(T/)a (12)
o Jo

1wr ')

e AT —Tl+i(B =07 (14)
where
£t —1) = / doT;;(o)exp[i(@; — 0)(t' — 1))
= %exp[—lh”—r\ —i8;(7 —1)],

8; = wy — w;, and we use
/‘dwjlz(w)eiw(rff’) _ %eik\r/ir‘ii%(flf’l:)

in the second equality of Eq. (14).
The double integrals in Eqs. (12)—(14) can be solved fur-

ther. Using
/
T—-1
|T/_T‘ :{ /
T-T,

to divide the integral with respect to 7’ into two parts, after

if 7/>r1,
if <1

tedious but straightforward calculation, we finally obtain

Y le(t)]* = au (1) |e3(0) 2, (15a)
k
Y 1di (1) = aa(1)]e3(0)], (15b)
k

=0(t)|c3(0)|?, (15¢)

;ck(t)dzf (1)

where

A
ou(r) = Yl Z D D,{Qﬂ (bj+bi)t 4 QJ! o (~Atbj+idi)
jii=1

Jerl (_z+b7—i51)t+gﬂ} (16)
o) = ml Z DD { Wi ebrthi il o (Athitids
J,l=1
+ngle(71+b}‘7i51)l_|_W4jlei(w17w2)t}, (17)
with
Qi = 1
LT (CA+ by —i8)(A+b;+18))
- 21
(A+bf —i81)(—A +b; —i61)(b; +b;)’
Qi = :
2 (l*bj*i&)(ler?iicsl)’
w/l = 1
DT (CA+bj—i8)(A+b;+idy)
B 21
(b —i8) (A + b = i8)[b; + b (w2 — @n)]
wy = :

(A+bf—i&)(A—bj—ib1)

The other four coefficients can be obtained through the follow-
ing replacement:

, y o
o A—--2 o o r1--1 of,
wlh =2 wllowit - - w

In addition, the coefficient 0 (¢) in Eq. (15b) can be obtained
by making the replacement

ai(t) = p,0 = o opr). (18)

Finally, the reduced density matrix equation (4) can be written

as
Pi(t)  pr2(t) pi13(t)

ps(t) = | pia(t) Paft) P23( )| (19)
P13(f) p33(t)  Ps(t)

where pi2(1) = c1(0)c3(0) €'~ +0(1)[c3 (0), p13(t) =

Ti(t)c1(0)c3(0), p23(t) = Ta(t)c2(0)c3(0) with

3
Ti(t) = '™ ( Z:le ebit>7
j=

3
o = oo (£ 2y,
j:

The populations of the three levels of the A-type atom are, re-
spectively,

Pi(t) = c;(0) P+ &;(1)|c3(0)%,  j=1,2, (20)
= E(1)[*|e3(0) . @1
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From Eq. (19), we can easily obtain the quantum map €
for the dynamics of the open A-type atom

e(|H){A]) = [H){],

e(12)(2]) = [2)(2],

e(13)(3]) = an()[1) {1+ 02(1)[2)(2[ + 05 (1) 3) (3]
+O(0)[1)(2]+07(1)[2)(1],

e([1)(2]) = expli(@n —@)i]|1)(2],

e(IH@E)) = I,

e([2)3]) = 2)@3I, (22)

which will be used in the study of entanglement evolution.

3. Control of population and entanglement

To study the evolution of population, we assume that the
atom initially populates in the excited level |3), i.e., initially
the atomic state is given by Eq. (2) with ¢;(0) = ¢2(0) =0 and
¢3(0) = 1. In Fig. 2(a), we show the evolution of the three
populations over dimensionless time for y; = y» = 7. As ex-
pected, the excited population P3 decays monotonically and
the populations Pj > increase continuously. To avoid overlap
of curves, we set the spectral frequency to be wy = 847, which
deviates slightly from the central frequency 85y between ®;
and @, leading to a quicker increase in P> (red line) than Py
(blue line). This result implies that the stable populations of
levels |1) and |2) should be related to both the spectral fre-
quency @y and the decay rates 7 5.

In Fig. 2(b), we show the evolution of the stable popu-
lations of the three levels versus the relative decay rate /7

for yt = 50, where the spectral frequency @y is set to be the
center between @; and @,. It is shown that in the stable state,
the population P; of the excited level is zero, and P; decreases
and P, increases with the change of 15 /7;. The intersection of
the two curves corresponds to P; = P, = 0.5 and p»/y1 = 1.
Figure 2(b) tells us that if the relative decay rate 1>/ can be
adjusted, we can then control the stable populations of levels
[1) and |2).

In Fig. 2(c), we show the evolution of the stable popu-
lations versus the spectral frequency @y/y. It is shown that,
in the case of » = 71, when @y resonates approximately with
%, the stable population P> approaches one and P; approaches
zero, and the result exchanges when @y approaches @; (see the
dash lines). However in the case that the difference between
7 and 7P is large (» = 97 for the solid lines in the figure),
the situation is different: when @y approaches m,, the stable
value of P, is more close to one and P; is more close to zero;
but when @y approaches )y, although the stable value of P; is
larger than P,, they are far away from one or zero. This is the
result of the cooperative effect between resonance and decay:
both a large decay rate and resonance can improve the stable
population. When @y resonates with @,, the cooperative effect
is constructive, i.e., both resonance and decay improve the sta-
ble value of P»; when ay approaches @, the cooperative effect
is destructive, i.e., the resonant effect improves but the smaller
1 reduces the stable value of P;. These results remind us that
we should use the combination of spectral frequency and de-

cay rates to control stable populations.

i
o 0.8, e =TT
E N E
= s 0.6f1 .7 =
= = x L;
2 So04f 0 2
3 o ) N o
IS ~ ) o o
0.2k -l
I
0
0 2 4 6 8 10 75 80 85 90 95

Y2/M wo/y

Fig. 2. Population versus (a) dimensionless time ¥t, (b) relative decay rate y»/¥, and (c) spectral frequency @y /y for the initial state given
by Eq. (2) with ¢;(0) = ¢2(0) = 0 and ¢3(0) = 1. The blue, red, and black lines correspond to populations Pj, P», and Pz, respectively. Other
parameters are set as y; =¥, A =27, @; =90y, and @, = 807. (a) 1, = ¥, wy = 84Y; (b) ¥t = 50, wy = 857; (¢c) ¥t = 50, }» = ¥ (dash lines) or

Y = 97 (solid lines).

To study the evolution of entanglement, we employ the
notion of entanglement negativity. For a bipartite system state
paB, the entanglement negativity is defined as>>>3!

:ZklnkTAl—l

Npae) =Y In* = =2—— @)
k

=)

eigenvalues of the partial transpose of pap with respect to sub-

where nkT A7 and nkTA are, respectively, the negative and all

system A.
Having Eq. (22) in hand, we can calculate in principle the
evolution of any quantum entangled state. Here we take the

Werner-like state>4)

Pe = (lgig)l +&|PAB) (PAB| (24)

as the exemplary example. Here, I denotes the three-
dimensional identity matrix, and |¥AB) = %(Hl) +122) +
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|33)) is a maximally entangled state of two qutrits A and B.
The Werner-like state is separable for 0 < £ < 1/4, and entan-
gled for 1/4 < e <1.

We discuss the problem in two cases: the unilateral en-
vironment and the bilateral environment. The former means
that only atom A is influenced by the noisy environment while
atom B remains noise-free; the later means that both atoms are
influenced by noises. In Fig. 3, we show the time evolution of
the entanglement negativity of the Werner-like state for these
two cases. It is shown that the entanglement negativity has
similar decay behaviors for the unilateral and bilateral envi-
ronments: after the decaying at the initial stage, the entangle-
ment negativity reaches a stable value that depends on the pa-
rameter €. The difference between the unilateral and bilateral
environments is mainly reflected in three aspects. 1) In the ini-
tial stage, the entanglement for the bilateral environment case
reduces faster than that for the unilateral environment case. 2)
The stable entanglement for the bilateral environment case is
larger than that for the unilateral environment case. 3) The
entanglement for the bilateral environment case has a momen-
tary restoration after decaying in the initial stage. The first
difference is intuitive, because the bilateral environment has a
larger noisy effect than the unilateral environment. The second
difference may be explained as follows. The stable entangle-
ment for the unilateral environment case is formed between
an effective two-level system and a three-level system, but for
the bilateral environment case it is formed between two effec-
tive two-level systems. When the populations of the excited
levels of both entangled A-type atoms decay into their lower
levels, there is more entanglement. Finally, the momentary
restoration of entanglement for the bilateral environment case
implies that there are some intermediate states in the decay
process, which have less entanglement than the stable state.

1.0f. (a) 1.0{. (b)
0.8 T B osl T }
0.6 0.6h____
= 0.4 < 0.4

02l T 0.2

0 0

0 2 4 6 8 10 0 2 4 6 8 10

Yyt 7t

Fig. 3. Evolution of entanglement versus dimensionless time Yy for
the Werner-like state with € = 1 (dot-dash red lines), € = 0.7 (solid
black lines), and € = 0.5 (dash blue lines): (a) bilateral environment
case and (b) unilateral environment case. The parameters are chosen as
Nn=p=7ArA=2y, 0 =92y, @ =907, and @y =917.

In Fig. 4, we show the evolution of the stable entangle-
ment versus the relative decay rate 9, /v, for the unilateral and
bilateral environments. It is shown that the stable entangle-
ment for the unilateral environment case almost remains un-
changed, and only has some tiny changes in the beginning

This is
sharply contrasted with the decaying of populations where the

stage of 1/ for the bilateral environment case.

stable populations P » change remarkably with > /7;. In addi-
tion, it is seen more clearly that the stable entanglement for the
bilateral environment case is lager than that for the unilateral
environment case, which agrees with the result presented by
Fig. 3.

1.0 (a) L0] S

o8|~ T T T T T 0.8l (b)

0.6 0.6 e

= 0.4 < 0.4f o ____
o2l T 0.2
0 0

0 2 4 6 8 10 0 2 4 6 8 10

’Yz/'Yl ’Yz/'Yl

Fig. 4. Asymptotic entanglement versus relative decay rate 9 /y; for the
Werner-like state with € = 1 (dot-dash red lines), € = 0.7 (solid black
lines), and € = 0.5 (dash blue lines): (a) bilateral environment case
and (b) unilateral environment case. Here, y; =7, A =27, @; = 927,
wy =90y, wy =917, and yr = 50.

Figure 5 shows the evolution of stable entanglement ver-
sus the environmental spectral frequency for the Werner-like
state with € = 1, i.e., the maximally entangled state |AB). Tt
again shows that the stable entanglement for the bilateral envi-
ronment case is lager than that for the unilateral environment
case. For the unilateral environment, the stable entanglement
is almost unchanged when @y/y changes (lower dash lines).
For the bilateral environment, it also has limited adjustability
via the change in @y (upper solid lines). The minimum stable
entanglement for the case of 7, = }» takes place at wy/y = 85,
i.e., at the center between @; and @, (red lines). For y» =97y,
the minimum points move to the right (blue lines). The results
of Figs. 4 and 5 imply that the stable entanglement for the open
A-type atoms has only little adjustability by engineering the
environmental spectral frequency and the relative decay rate.

1.0

0.8
75 80 85 90 95

Fig. 5. Asymptotic entanglement versus dimensionless frequency ay/y for
the Werner-like state with € = 1, where @; = 907, @, = 80y, A =27, and
vt = 50. Red lines correspond to ¥ = 1» = ¥ and blue lines correspond to
71 =7, » = 97. The upper solid lines correspond to the bilateral environ-
ment and the lower dash lines correspond to the unilateral environment.

There is a nonintuitive result that needs to be mentioned.
For the initial Werner-like state, and in the conditions of
11 = 1 and @y = (@) + @) /2, the stable populations of each
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atom should satisfy P; = P, (refer to Fig. 2(b)), where the cor-
responding stable entanglement is just the minimum (red lines
in Fig. 5). On the contrary, when @y resonates with ®; or @,
the stable populations P; > have great disparity (dash lines in
Fig. 2(c)), where the stable entanglement is the maximum (red
lines in Fig. 5). In other words, the smaller the population
difference, the smaller the entanglement. This result can also
be seen from Fig. 4(b), where the stable entanglement has its
minimum for 9 /9, = 1 (corresponding to P = P,), and in-
creases when 79 /¥, deviates from this point. This is sharply
contrastive with the fact that a maximal entangled pure state,
i.e., Bell state, has equal weight between the two levels.

4. Conclusion

We have presented the exact solution of the dynamics
for an open A-type atom dissipating in the zero-temperature
Lorentzian environment. Special attention has been paid to
the study of the stable population and stable entanglement.
We have found that the stable populations on the two lower
levels of the A-type atom can be effectively adjusted by the
combination of relative decay rate and environmental spectral
frequency. Both a large decay rate and resonance effect be-
tween the atomic transition and environmental frequency can
improve the stable population.

In the discussion of entanglement, we have distinguished
two cases of unilateral and bilateral environments. We have
found that the entanglement for the bilateral environment case
decays faster but its stable value is larger than that of the uni-
lateral environment case. Unlike the evolution of populations,
the stable entanglement for both unilateral and bilateral envi-
ronments only has very restrictive adjustability by engineer-
ing the decay rates or environmental spectral frequency. A
nonintuitive relation between the stable entanglement and sta-
ble population has been found: the smaller the population dif-
ference between the two lower levels of the A-type atom, the
smaller the entanglement.
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