http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics B

Discrete symmetrical perturbation and variational algorithm of disturbed Lagrangian systems

Li-Li Xia(B W #1), Xin-Sheng Ge(X#i’E), Li-Qun Chen(FRAr7¥)
Citation:Chin. Phys. B . 2019, 28(3): 030201. doi: 10.1088/1674-1056/28/3/030201
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Multi-symplectic variational integrators for nonlinear Schrédinger equations with variable
coefficients

Cui-Cui Liao(JE 2 4%), Jin-Chao Cui(#4:#), Jiu-Zhen Liang((2 A1), Xiao-Hua Ding( ] %%4E)
Chin. Phys. B . 2016, 25(1): 010205. doi: 10.1088/1674-1056/25/1/010205

Hamiltonian structure, Darboux transformation for a soliton hierarchy associated with Lie
algebra so(4, C)

Wang Xin-Zeng, Dong Huan-He
Chin. Phys. B . 2015, 24(8): 080201. d0i: 10.1088/1674-1056/24/8/080201

Conservation laws of the generalized short pulse equation

Zhang Zhi-Yong, Chen Yu-Fu
Chin. Phys. B . 2015, 24(2): 020201. doi: 10.1088/1674-1056/24/2/020201

ymmetries and variational calculationof discrete Hamiltonian systems

Xia Li-Li, Chen Li-Qun, Fu Jing-Li, Wu Jing-He
Chin. Phys. B . 2014, 23(7): 070201. doi: 10.1088/1674-1056/23/7/070201

Lie group analysis, numerical and non-traveling wave solutions for the (2+1)-dimensional
diffusion—advection equation with variable coefficients

Vikas Kumar, R. K. Gupta, Ram Jiwari

Chin. Phys. B . 2014, 23(3): 030201. doi: 10.1088/1674-1056/23/3/030201


http://cpb.iphy.ac.cn/EN/abstract/abstract73562.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract66236.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract66236.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract64826.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract64826.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract62776.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract59839.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract58341.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract58341.shtml

Chin. Phys. B Vol. 28, No. 3 (2019) 030201

Discrete symmetrical perturbation and variational algorithm of
disturbed Lagrangian systems™

Li-Li Xia(2 Wi #1)!, Xin-Sheng Ge(X#i4:)?, and Li-Qun Chen(f4 7 #)>

1Schoo] of Applied Science, Beijing Information Science and Technology University, Beijing 100192, China

2Mechanical & Electrical Engineering School, Beijing Information Science and Technology University, Beijing 100192, China

3 Department of Mechanics, Harbin Institute of Technology, Shenzhen 518055, China

(Received 31 October 2018; revised manuscript received 5 December 2018; published online 23 January 2019)

We investigate the perturbation to discrete conformal invariance and the adiabatic invariants of Lagrangian systems. A
variational algorithm is proposed for a system subjected to the perturbation quantities. The discrete determining equations
of the perturbations to conformal invariance are established. For perturbed Lagrangian systems, the condition of the exis-
tence of adiabatic invariant is derived from the discrete perturbation to conformal invariance. The numerical simulations
demonstrate that the variational algorithm has the higher precision and the longer time stability than the standard numerical

method.
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1. Introduction

The adiabatic perturbation theory is utilized to give an
approximate description of the dynamics of a system contain-
ing fast and slow variables.!' If systems have no exact invari-
ants, scholars focus on adiabatic (approximate) invariants of
the perturbation systems.>3! Kruskal®! and many others in
later years!>! dealt with adiabatic invariants of the Hamilto-
nian systems. Djukié[’! and Cveticanin®! developed the the-
ory leading to adiabatic invariants of non-conservative systems
which cannot be described by Hamiltonian canonical equa-
tions. The theory of the symmetries and conserved quan-
tities gives a simpler method to solve the equations of dy-
namical systems.!”] The perturbation to the symmetries and
adiabatic invariants develops rapidly because of the close re-
As a

whole, there are three types of perturbations to symmetries:
[10-

lations between the integrability and the variations.
the perturbation to Noether symmetries,'*-1%! the perturba-
tion to Lie symmetries,'>!* and the perturbation to Mei

15.16] Conformal invariance is built on the scale

symmetries. !
invariance, the translation invariance, the rotational invariance,
and a variety of interactions.!!”2!] Perturbation to conformal
invariance is a modern approach to find the adiabatic invariants
for dynamical systems. The solutions of the determining equa-
tions of the perturbation to conformal invariance should sat-
isfy both the conformal invariance and the additional restric-
tion equations. Although it can provide a new integral method,
there has been no report on the perturbation to conformal in-
variance and the adiabatic invariants of dynamical systems.

DOI: 10.1088/1674-1056/28/3/030201

The discrete equations serve as fundamental mathemat-
ical models in mechanics. The discrete symmetries offer
the exact solutions for the discrete equations of dynamical
systems through the discrete Noether theorem.!??! The Lie

(2324 and the Mei symmetries!>! also provide the

symmetries
exact invariants of the systems. Theory of perturbations to
these three types of symmetries yields methods of getting the
solutions of the difference equations. However, theory of per-
turbation to conformal invariance has not been proposed to
solve discrete dynamical systems. The present work focuses
on the perturbation to conformal invariance and the adiabatic
invariants for discrete Lagrangian systems. Section 2 presents
the discrete Lagrangian equations according to the continu-
ous variables discretization. The definition of conformal in-
variance of the discrete Lagrangian systems is reviewed. The
discrete determining equations of conformal invariance are es-
tablished. Section 3 defines conformal invariance for discrete
Lagrangian systems subjected to the perturbation quantities.
Section 4 derives exact invariants directly from the conformal
invariance of the systems without perturbation. The discrete
perturbed Lagrangian systems and the z-th order adiabatic in-
variants are obtained based on the symmetrical transforma-
tions of the initial systems. Section 5 presents a numerical
example to demonstrate the application of the proposed ap-

proach.

*Project supported by the National Natural Science Foundation of China (Grant No. 11502071) and the Special Research Project of Beijing Information Science

and Technology University, China.
fCorresponding author. E-mail: chenliqun@hit.edu.cn
© 2019 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

030201-1


http://dx.doi.org/10.1088/1674-1056/28/3/030201
mailto:chenliqun@hit.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 28, No. 3 (2019) 030201

2. Conformal invariance of discrete Lagrangian
systems

Consider the space Z of sequence (¢, q), a mechanical sys-
tem whose configurations are determined by one independent
variable 7 and dependent variable ¢ =(g1,42,...,q,). Let us
rewrite a finite-difference functional in the form

L=Y L4 (1,t",q5,q )", (1)
Q0

with spacing ht =+ —¢, and ¢ = S (g5). Let us take a
+h

variation of the difference functional (1) along some curve

gs = Ws(t) at some point (z,qy). The variation will affect only

two terms in the sum of Eq. (1),
L= "'+Ls.d (tvt_aqkqu_)h_ +Ls,d (t7t+aq.&‘7q;'—) h++ ) (2)

with spacing i~ =¢—1¢", and g; = S (gs). Thus, we obtain
~h

the following expression for the total variation of the differ-
ence functional:

oL JL
AL::;;At+ZZgAq& 3)

For Eq. (2), we have

oL 3 8L;d B " 8Ls,d
5 = () 5 S L+ (T =) = = Lo, (4)
oL L OLa d(—1tT)
qu - (tit ) EN + D Ls,d
dLsy J(tT—1)
+ »
+ (1) g, T ag L )
with Ls,d = Ls.d<tat+aqquj—) and L;d =S (std) -
) , “h

L 4(t,t™,q5,q; ). Substitute Eqs. (4) and (5) into Eq. (3)

yields

oL, oL,
AL — h+ s,d +h s,d Aqs
dqs dqs

IL JL,,

The total variation of the difference functional (1) satisfies
AL = 0. Considering the independence of Ag, and Az, we have

dLsq h~ aL;d _

— 7
aqS h+ aq‘ bl ( )
dLsa  h™ 9Ly

4y p (15,) =0, 8
ot ht ot Ph( s.d ®
— Ls.de;d . . . .
where D(L,,) = —5+=, D is the right difference deriva-
+h 7 +h

tive in the lattices space Z = (t,t7,t7, 45,97 ,q; ). Expres-
sions (7) and (8) are the equations for the difference La-

grangian systems as was reported in Ref. [26]. To consider

the discrete Lagrangian equations on the uniform difference
mesh 4™ = h™ = h, equations (7) and (8) become

dL;

aLs,d s d

dqs  9dgs =0 2
dL 4 aL;d -\
‘5;**“57’—{1(Lw0'—0- (10)

Equations (9) and (10) require the discrete equations of
the Lagrangian systems on the uniform difference mesh. Note
that equations (9) are the first order difference equations,
which are the difference Lagrangian equations. Equation (10)
defines the lattice on which the Lagrangian equations are dis-
cretized, which is the energy equation. In the continuous limit,
the lattice equation disappears, and both of them become the
differential Euler equation.

The variation of the functional (1) along the orbit of a
group is generated by the operator

XZ&oojt-i-nso;%, 1n
where oo = Epo(t,q5) and M50 = Ms0(f,qs). The prolongation
of the Lie group operator to the neighboring points (7, ¢; )
and (1,q]) is as follows:

d d _d _ 0
prX = 5005 +Tlsoaqu + 5008? + Tlsoﬁ
+éo+oaf++n$8§j7 (12)
where &g = oo (17,45 )s My = Ns0(t7 505 )s b = &1, ),
and TISB = N0(t™,q5)

The conformal invariance and conserved quantities for
discrete Lagrangian systems under the infinitesimal transfor-
mation of Lie groups have been studied in Ref. [27]. Here
we introduce this straightforward method of the conformal
invariance of Mei symmetry when the perturbation exists.
Mei symmetry (the form invariance) is a new type of sym-
metry theory proposed by Mei and his collaborators, relat-
ing to the form invariance of differential equations under

5.128.291 For the Lagrangian Lyg =

dynamical transformation:
Lyq(t,t%,qs,q;), the determining equations of Mei symme-

try of the discrete Lagrangian systems are

OprX (L~
aer(Ls,d) + pr ( s,d) :0’ (13)
a% a%
IpiX(Lya) | IX(Ly,) o
S — —ﬂ@ﬁ@m»_o(M)

The expanded forms of the determining equations of con-
formal invariance are given as follows.

Definition 1 For the difference functional (1), if there
exists a nonsingular matrix Mi 4 satisfying

prX (Lq) =M} 4 (Lia) , (15)
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then the discrete Lagrangian equations maintain the conformal
invariance of Mei symmetry under the infinitesimal transfor-
mations (12). Equation (15) is called the determining equa-
tions of the conformal invariance of Mei symmetry for the
discrete Lagrangian systems, and M§ 4 18 called the conformal
factor of the discrete Lagrangian systems.

Theorem 1
Ls,d (t )
formations (12) satisfy

For the discrete Lagrangian L,; =
t,q5,q;), if the generators of the infinitesimal trans-

prX (Ls,d )

then the discrete Lagrangian systems (9) and (10) satisfy the

=ML, (16)

conformal invariance of Mei symmetry, where M are con-
stants.
Proof From Egs. (15) and (16), we can obtain

IprX (Ls q) n IprX (Lg ) Yy <3Ls,d n aLs,d)
dgs aqs Igs dgs
Mﬁd{a;;];d+&;;d}, sk=1,....n, (17)
aera (th,d) N 8era (th,d) - (er ( L;d))
A
)
where MY, = ;M (651‘ = (1): j;]]z . So the discrete La-

grangian systems (9) and (10) satisfy the conformal invariance
of Mei symmetry.

Theorem 2 If a Lagrangian system maintains the con-
formal invariance of Mei symmetry, then it maintains the Mei
symmetry too.

Proof Substituting Egs. (9) and (10) into Eqgs. (17) and
(18), one can obtain Egs. (13) and (14), which are the deter-
mining equations of Mei symmetry.

3. Perturbation to conformal invariance of the
discrete Lagrangian systems

Suppose that the discrete Lagrange systems are perturbed

by small quantities
Fy=eWa=eWoa (1.17,45,47) - (19)

The total variation of the difference functional (1) satisfies

AL ==Y eW,q(t,17,q5.q7 ) hi8qy, (20)
Q

where g is the discrete virtual placement satisfying

8qs = Ags— L D, Q1)

s
ht

Substituting Eqs. (21) and (6) into Eq. (20), we have

L.,
(;ﬁ 8;;,01 g ) Ags

oL L,
+<h+ a‘dwf 8”+LM Lﬁd>Az

= —eW, gh, (Aqs . At) (22)
+

We obtain the following expression for the variation of the dif-
ference functional:

8LS 4 h
: eW; =0, 23
dgs nt aQS + v @3
OoLgy h™ 8LS ¢ Lig—Lsa (q+ —qs)
- — : : — — = —eW, 0 =0. (24
ot W o I+ o Wea =028

The equations of the discrete perturbed Lagrangian systems on
the uniform difference mesh become
aLs,d JL ;d
dgs dgs
ILsa  OLga
s, sd o (- )
o o Ph ( s:d

For the discrete perturbed Lagrangian systems, the origi-

= —eWg, (25)

=D (¢5)€Wsa.  (26)
+h

nal symmetries and the invariants of the systems may vary be-
cause of the action of €W, 4. Assume the variation is a pertur-
bation based on the symmetrical transformation of the initial
system, then & = &y(r,q;) and 1y = n,(t,q;), which denote
the new generators after being perturbed and can be expressed
as

&= Eoo+ ko1 + 2+, 27
Ns = MNs0 + ENs1 + N2 + -+ . (28)

The prolongation of the Lie group operators for the discrete
perturbed system can be written as

prX = £"prX,,, (29)
where
d 0 d
éOm +n?ma + é()m (91‘7 + nsma —
d 0
+ gOm at+ + nsm a (30)

According to the definition of the Mei symmetry, the functions
Lsq and €W, become is,d and SWs,d- Expanding the func-
tions Ly g = Ly g + €prX (Ly4) + O(€?) and W,y = eW, 4 +
e2prX (Ws 4) + O(€®), substituting them into Egs. (25) and
(26), and ignoring high order small quantities, we can obtain
the determining equations of Mei symmetry of the discrete La-
grangian systems

IprX (L4 ) IprX (L o)
dgs dgs

+eprX (W, q) =0, (1)

030201-3
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apr)?a(th’d) N aera(tLS_ad> _ 31 (pr)? (L;d))

=D (qs) eprX (W) - (32)

In the following definitions and theorems, the generators are
the conformal invariance of Mei symmetry because the gener-
ators’ vector (29) is the Mei symmetry firstly.

Definition 2 For the discrete perturbed Lagrangian sys-
tems (25) and (26), if there exists a nonsingular matrix M§ d
satisfying '

PR (Lya+L;,) =My (Lk,d +ijd) 7 (33)
prX (eWs ) = M Wi a, (34)

then the Lagrangian systems maintain the perturbation to the
conformal invariance of Mei symmetry under expressions (27)
and (28). Equations (33) and (34) are called the determining
equations of the perturbation to conformal invariance for the
discrete Lagrangian systems, and Mi 4 18 called the conformal
factor of the discrete perturbed Lagrangian systems.
Theorem 3 For the discrete perturbed Lagrangian Ly 4 =

Ly q(t,17,q5,q]), if the generators &y, and 1y, of expressions
(27) and (28) satisfy
prf((Ls.,d + L;d) =M <Ls,d +L;,d) ; (35)
prf((SWs,d) = 8MWS‘,d7 (36)

then the discrete perturbed Lagrangian systems (25) and (26)
satisfy the perturbation to conformal invariance of Mei sym-
metry, where M are constants.

Proof According to Egs. (33) and (34), equations (31)
and (32) can be expressed as

IorX (Loa) oprX (L)

aqs aqs +8er (W )
o) 2 (ML)
- + +EMW, 4
9% 8qs
aL L,
_ gk k.d
= Mo ( I | Oax ) (37)
IprX (Ly ) . JprX (L;d)
ot ot
- Ph (er(LSd)) — D (gs) eprX (W )
o (MLyg) © (MLYd) )
ot ot B JrDh (MLA\',d) - SJrDh ((/Is)MWS7d
oL dL,
_ gk k,d kd N
Msa < ot + ot +Dh (Lk,d) +Dh(61k)8Wk,d> , (38)

with M* , = §kmM (6}‘:{(1)’ z;i

discrete perturbed Lagrangian systems (25) and (26) satisfy

,8,k=1,...,n. So the

the perturbation to conformal invariance of Mei symmetry.

4. Adiabatic invariants of discrete Lagrangian
systems

The Noether theorems state the relationship between
the conservation laws and the symmetries of the dynamical

=111 For the discrete Lagrangian systems, the dis-

systems.
crete analogues of Noether theorem for difference equations
were reported in Refs. [26] and [30]. For this perturbed system

on uniform lattice, the new generators (27) and (28) satisfy

prX(Lq)+La D (50) +&Wsa(ns— D (g5) &) + D(Gsa)
Y “h

+h

o (O, 0Ly
nS 8qv 8q Sd

JL; L, _
+ Ph (hnsa% + hgow + &Ly + G‘%d) : (39

dL, 8L7
=& (% + 5 - D) e Dl Wea

After being perturbed, the gauge function comes into
Gya = Gya+€Gy 4+ Goat---. (40)
Substituting Eqgs. (27), (28), and (40) into Eq. (39), we have
e” {Per (La)+La ﬂ(&)m)

“!‘Wv,d(ns(mfl) - D (QS) gO(mfl)) + Bl(Gsm,d)j|
e (9L aL—
= enon (524 52 - p(L) e (4 W

+h

m dL, 8L;
+ & Nsm (aqs aq € S#)
a _
o oL

o oL,
+ D | €"hNgn
Th aqs
—&-EméomL; +€mGsm,d), (m:(),l,z,...)7 “41)

when m = 0, the condition W; 4 = 0. If the left-hand side of
Eq. (41) equals zero, i.e.,

prXm(La) +La 3(&0/11) +Wa (ns(mfl) - +Dl1 (4s) gO(mfl))
+D (Gsm,d) = O; (42)
+h

which is called the discrete Noether identity. Here the right-
hand side of Eq. (41) equals zero, based on Egs. (25) and (26),
the discrete versions of the conservation law are

oL, JL ;

Z e (hnsm + thm + ‘SOmL + Gsm d) . (43)

The discrete equations (43) are called the difference version of
Noether conservation laws associated with the perturbed La-
grangian systems.

030201-4
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Theorem 4 If a discrete gauge function G4 =
Gy0,4(t, tt,qs5,q7) exists such that the symmetry operators
prX,, satisfy the discrete Noether identity (42), then the dis-
crete perturbed Lagrangian systems (25) and (26) possess the
discrete adiabatic invariants (43).

The discrete Noether identity (42) is the sufficient condi-
tion for obtaining adiabatic invariants (43). We need to have
the appropriate Lie group operators to satisfy them, as well as
make sure that the adiabatic invariants are non-trivial.

The definition of discrete adiabatic invariants for the La-
grangian systems is obtained as follows.

Definition 3 For systems (25) and (26), if a physical
quantity I5 = I5(t,t7, g, g}, €) satisfies

D (I5) = 0(e), (44)
+h
where Ifl = 120 + 8]01“ 4t 811;;2, Ij is called a z-th order adi-
abatic invariant of the systems.

Based on Theorem 4 and Definition 3, Noether theorems
for the discrete Lagrangian systems subjected to the perturba-
tion quantities are obtained as follows.

Theorem S For the discrete Lagrangian systems (25) and
(26), if a discrete gauge function Gy g = Gana(t,t",q5,q;)
exists such that the infinitesimal transformation generators &y,
and 1, satisfy the discrete Noether identity (42), then the dis-
crete perturbed Lagrangian systems have the z-th order adia-
batic invariants (43).

Proof Considering Egs. (25), (26), and (42), the discrete
derivative of I can be expressed as

Iz
Ph( 7)
z oL, JL,
=D Z e {hnsm +h§0m +€0mL +Gsmd}
+h 0 (9
& o\ oL,
PR EACY R A
+Jlr)h(‘§0m ;) —prXom ( d)_LdPh(§0m)

—Wsa (ns(ml) _EI(QS)go(ml)> }
z dL
42 p(L, ))
" +h

_ e éOm (_ )
";0 { ot

L4 aLs_,d
o <_ aCIS a aCIs

d (ns(ml) - g(‘b)éO(ml)) }

Using Eqgs. (25) and (26), we have

D (4s) Eom)
- -Ph (qs) é()(mfl)) }

z
D(3) = X &" {eWsa(Nom -
+h m=0

s,d (ns(mfl)

4
= Z £m+1"vs,d (nsm -

m=0
Z
- Z e" s7d(ns(m71)
m=0

The first term of Eq. (45) can be expressed as

D (4s) §on)

- Ph(qs) Eogm—1y)- (45)

Z £m+1W‘d(nsm (qs) €Om)
m=0
= 8Wsd<7730 - (CIs) 600) +€ Wsd(nsl - (‘]\) J;()1)
+ - 4 EEW. 57d(ns(zfl) — O (CIS) éO(zfl))
+eM W (0. — D (45) &oz)- (46)

Expand the second term of Eq. (45) as
Z
Z e s,d (ns(m—l) -D (qv) éO(m—l))
m=0 +h
= SOWs,d (ns(fl) D (C]s) ‘50(71))
(CIS) 500)

(qs> &o1)
-D D (q5)&o—1))- 47

Substitute Egs. (46) and (47) into Eq. (45) yields

4

+eW, 4 (N0 —
+E& Ws d(nsl -

It s,d(ns(z—l)

) = m s sm s m
ﬂ(d) mz::og Wea(n +Dh(61‘)<§o )
Z
— Y &"Wea(Myom—1) — D (as) Eopm—1))
= Th
= 8ZHWsd(TIsz (‘Is) éOZ)
- sOWSﬁd(w_l) =D (4)80-1): (48)

the perturbations W ;4 = 0 hold when z =0, so

g(ﬂ) =& W, 4 (N — (qs) &oz)- (49)

Expression (49) is deduced by the results of Definition 3, the
Leibniz rule, and Egs. (25), (26), and (42). It shows that Ij,
is in direct proportional to z+1, so /] is the discrete analogue
of the z-th order adiabatic invariants for the discrete disturbed
Lagrangian systems.

5. An example

As motivation for the present work, consider a classical
mechanical system with one degree of freedom, whose motion
is given by the Newton equation

2
m% + %V (x) =0. (50)
The integration of Eq. (50) provides the time dependence
of the coordinate x(¢) of a mass m = 1 particle in the po-
tential V(x). Suppose the systems are subjected to the per-

turbation forces F; = eW = —g(dx/dr)>. The Lagrangian
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function is L = %((%)2—&—)(2 . In the case of the inde-

pendent variable ¢ = (z,7,¢7" ...) and depended variables
2

q=1(q,q9",q%",...), the discrete force is eW; = —¢ (ququ
When the systems do not have the perturbation forces,
the difference Euler—Lagrangian equation can be written as
Egs. (9) and (10). The prolongation of the Lie group opera-

tors for the discrete system is prX = qa% + q‘% + q+%,

the conformal factor is M{‘ g = 268kM = (2 0) according

02
Theorem 4, the conserved quantity is I3 = ;¢ (%) -
+_ Lo .
q ("—ﬂ) = const., which is the conservation of angular mo-

mentum. Equations (9) and (10) describe the motion of the
system away from the impact point by implicitly defining a
map (¢~,q) — (q,q") and are also the variational numeri-
cal algorithm. In order to implement the variational integra-
tor for the harmonic oscillator, equation (9) can be written as
dL;/dq = —dL,; /dq. By taking b = dL,/dq for each k, this
equation is simply b = —dL, /dq, together with the next up-
date b = —dL;/dq". Solving the implicit equation for g*
and then evaluating the explicit equation that gives b™, we up-
date (¢,b) to (¢™,b™). More numerical algorithms show that
the discrete variational methods have good performances both
on the accuracy and long-term tracking.[*'3%] In Fig. 1, we
can obtain more precise numerical results than those from the
standard RK4 for this free harmonic oscillator under the initial
conditions (g1,b1) = (0.01, 0.01). The variational algorithms
demonstrate the high precision and the long time stability with
comparisons to the standard method.

w 1
i
S 0 e
= -1t T —variational method |
2 5l T ---RK-4
= -
» —3F T
&0
g —4} e
g
m -5 ! ! ! ! ! !
0 2 4 6 8 10
Time/103

Fig. 1. Error in the energy for free harmonic oscillator versus time.

When adding the perturbation quantities, the difference
Euler-Lagrangian equation of the systems can be written as

8Ld aL; q*—q 2

3g " 9q _8( ht > - eb
q —q\’

ﬂ(Ld):gﬂ(Q)( e ) : (52)

The difference equations (51) and (52) are also the discrete
variational algorithms for this system. Then we can check the
variational invariance of Eqgs. (51) and (52) with regard to the
symmetry of Lagrangian equation

d - . d
prX; = (q+8cJ)(7q+(q +é&q )W

+ (¢" +eq™) (53)

o+

One can readily verify the invariance of the functions L, 4 and
eW; 4, that is

R e
= 2(1+8)La, (54)
prX; (eW,) = 2 (q+h6]) . <§+hé>

= 2(1+¢)eW,. (55)

1+ 0
0 1+¢)°

We have the solution of Eq. (42) with the prolongation of the

The conformal factor is M¥, = 26fM = 2

Lie group operators prX. From the adiabatic invariants (43),
we have

+_9 -
qW) 7 (56)

IL=—q(l+¢) ( %
with the gauge function G 4 = (1+¢€)gq (fh—_q .

We implement the discrete equations (51) and (52) as nu-
merical integrators of the perturbed Lagrangian systems. Fig-
ure 2 shows the adiabatic invariants (56) with different coef-
ficients of € under the initial conditions (¢1,b;) = (0.01, 8).
As we go forward in time, the perturbed parameter € keeps on
increasing, leading to a decrease in accuracy.
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et 0f

< 200 1 1 1 1 1 1 1
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Fig. 2. Adiabatic invariants in Eq. (56) versus time.

6. Conclusions

We construct the conformal invariance perturbation and
the adiabatic invariants of the discrete Lagrangian systems.
The discrete equations of the perturbed Lagrangian systems
are obtained utilizing the discrete variational approach. The
discrete conformal invariances of both the free Lagrangian
systems and the perturbed ones are proposed respectively. The
adiabatic invariants of the discrete perturbed Lagrangian sys-
tems are obtained based the discrete Noether theorem of the
systems. The discrete Noether theorem of the perturbed La-
grangian version gives the conditions of finding first inte-
grals when their symmetries are known. The discrete confor-
mal invariance and the numerical computation of the systems
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demonstrate the following points. (i) The conformal invari-

ance proposes one way of searching the solutions of discrete

perturbed Lagrangian mechanical systems. (ii) The variational

algorithm is a reasonable structure-preserving scheme for an-

alyzing the dynamical behaviors of the perturbed mechanical

systems.
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