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In this paper, we propose a heterogeneous multi-stage model to study the effect of social reinforcement on information
propagation. Both heterogeneity of network components and the heterogeneity of individual reinforcement thresholds are
considered. An information outbreak condition is derived, according to which the outbreak scale and individual density
of each state under specific propagation parameters can be deduced. Monte Carlo experiments are conducted in Facebook
networks to demonstrate the outbreak condition, and we find that social reinforcement effects generally inhibit the propa-
gation of information though it contributes to the emergence of certain hot spots simultaneously. Additionally, by applying
Pontryagin’s Maximum Principle, we derive the optimal control strategy in the case of limited control resources to max-
imize the information propagation. Then the forward—backward sweep method is utilized to verify its performance with

numerical simulation.

Keywords: heterogeneous network, social reinforcement, multi-stage, optimal resource allocation

PACS: 87.23.Ge, 89.70.—a, 87.55.de, 89.75.-k

1. Introduction

Information propagation on networks is ubiquitous in our
daily life. The network of information circulation is extremely
complex due to the diversity of information itself and the mul-
tiple ways of its propagation.l'*! The formation of complex
social networks as well as the aggregation and dissemination
of various pieces of information on the network have pro-
duced many macro-social phenomena,>% which have deeply
affected human life and cannot be well described by a simple
contagion model.!”! Over decades, a large number of scholars
have been keen to explore the dynamic mechanism and key
factors of information propagation by investigating various
propagation phenomena, such as the spreading of rumors, 3]
opinions, ! fads and innovations.!'!]' A variety of factors that
affect information propagation are also explored, such as net-

H2.13] jndividual characteristics,'*17! and so-

work topology,
cial environment.>!8] These studies continuously enrich our
cognition of propagation phenomenon.

Despite this, many macroscopic phenomena of propa-
gation caused by individual complexity have not yet been
well modeled and explained. The phenomenon of social
reinforcement!!*>%! is one of them. Centola!*!! conducted ex-
periments on the dissemination of health behavior using real
social networks, and the result proved that information propa-
gation did have a social reinforcement effect. It can explain a
phenomenon such as that an individual is more inclined to ac-
cept and disseminate information after being informed several
times rather than accepting the information through just one
single contact. This form of dissemination is considered to
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be complex contagion which has been studied by Byungjoon
Min using a statistical model in Ref. [22]. There are also other
statistical models such as threshold model!?>-2% and continu-

(27 that were generated to study the re-

ous probability model
inforcement effect in propagation. However, the propagation
dynamics associated with the social reinforcement effect is far
from well studied. An author in Refs. [28]-[30] established a
multi-stage information propagation model, in which an indi-
vidual experienced multiple intermediate states as they were
repeatedly informed before eventually becoming a spreading
individual. This model not only fuses and explains the so-
cial reinforcement effect, but also describes the information
dissemination in society as a dynamic system. It is worth not-
ing that social reinforcement, but without the heterogeneity of
network components and the heterogeneity of individual rein-
forcement threshold, are considered in the current research on
multi-stage information propagation models.

The fundamental purpose of studying information prop-
agation is to discover which factors influence the spreading
process, as well as to find out ways to intervene to control the
process. A large number of control strategies have been pro-
posed to stop rumors'3!! and expand positive influence.3%33]
In general, heuristic control and optimal control are two types
of control strategies that are most commonly adopted. The for-
mer enables the system to evolve toward the desired objective
by adjusting parameters according to current feedback state
with a fixed formula, while the latter can maximize or min-
imize the desired objective function with the optimal control
strategy. 34! However, the control strategy of optimal resource
allocation proposed to maximize information dissemination in
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Ref. [35] is of more practical significance because the budget
required for control strategies is usually limited. Therefore,
considering the optimal allocation of limited control resources
in our heterogeneous multi-stage model is a more novel and
meaningful exploration.

Motivated by the above analysis, we propose a heteroge-
neous multi-stage information propagation model for the in-
formation propagation process in this paper. The reinforce-
ment threshold that denotes the number of times an individual
needs to successfully receive information from a state of ig-
norance of the information to the contagious state is different
from individual to individual. We divide individuals with the
same reinforcement attribute into the same group. Based on
this model, we study the outbreak scale of propagation about
the transmission parameters and individual’s stage attributes,
and draw the conclusion that the information propagation on
the network is usually not easy to break out, but once it does,
there will be a high probability of outbreak on a large scale. Fi-
nally, in view of the characteristics of the propagation model,
we explore the optimal control strategy for different stage in-
dividuals to maximize information propagation when control
resources are limited and verify its optimality by applying
heuristic control at the same time. Our study not only pro-
vides useful guidance for practical application, but also reveals
different propagation characteristics of heterogeneous individ-
uals from the perspective of optimal control strategies.

The rest of this paper is organized as follows. Section 2
describes the process of establishing a heterogeneous multi-
stage model. Section 3 is the analysis of outbreak scale of
the proposed information propagation model. The restrained

i

stage 0
N

stage 1

stage j

optimal control strategy is studied in Section 4. Finally, we
summarize the full text in Section 5.

2. Heterogeneous multi-stage information prop-
agation model

We consider a social network made up of N individuals
that can be classified into m groups according to their rein-
forcement thresholds. Generally, an empirical way of selecting
groups is based on individuals clustering analysis. Once the
historical behavior characteristics of individuals are obtained
and quantified, individuals can be grouped. In our theoreti-
cal study, we only concentrate on the heterogeneity of the in-
dividual towards a specific behavior. N denotes the set of all
individuals in the network, and N = U | N;, 0 <i <m. N; rep-
resents the group in which an individual becomes contagious
only when it contacts with a contagious one at least i times.
The SIS compartmental model is generalized which is widely
adopted in the study of epidemic spreading. An individual in
the I compartment who believes and transmits the information
is considered to be a contagious individual, while individuals
in the S compartment are considered to be non-contagious. For
the individuals of the N; group, we further expand the non-
contagious state to i stages to represent the number of times
the individual receives information. When an individual in the
N; group successfully receives information i — 1 times, the in-
dividual will move into stage i — 1 of non-contagious and then
transfer into the / compartment as long as it is informed one
more time.

The state transition process of the N; group member is
shown in Fig. 1.

stage i—

: g . B s . p p . s
e o o U @ @
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non-contagious state

Fig. 1. The state transition process for N; group members.

In addition, an individual may also go back to the previous stage with a certain probability due to forgetting or diminishing

interest. The state transition dynamics of the N; group member is

So (1) = =B'Sy ()1 (1) +6'S} (1),

S () = BiSy ()1 (1) = BIS} (1)1 (1) — 8} (1) + 885 (1),

)

ey

i1 (1) = BISi ()1 (0) = BISi_y ()1 (1) = 8| () + 7T (1),

I(t)=BiSi_ ()1 (1) = ¥I' (1),

where 56 (¢) denotes the proportion of N; group members in
the network that are in the state of stage 0, the superscript of
the symbol S}, (r) shows individuals’ reinforcement thresholds

and the subscript shows the exact intermediate stage that indi-

viduals are in. B’ denotes the propagation rate that is the prob-
ability of receiving the information when a non-contagious in-
dividual comes across a contagious one; &' denotes the hesita-

tion rate and this means the probability of individuals who are
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in non-contagious state tracing back one stage to the previous
state. 7 denotes the attenuation rate and its meaning is similar
to §'. The difference between &' and ¥ is that the former acts
on intermediate stages and the latter acts between the conta-
gious state and non-contagious state. I (¢) in the model is the
sum of all contagious state individuals in the network at time

t.

Notice that there exists a group of individuals without in-
termediate stages (i = 1 and 8! = 0) in the network, whose

state transition process is similar to that of SIS model and cor-

Py =Bt (0)1(t) = VP (1),

i

So (1) =—=B'Ss ()1 (1) +7'I' (1),
') =B'Sy () 1(0) =71 (1),
$5(1) = —B2S5 (1) 1(1) + 8783 (1),
$H(r) = )

responds to Eq. (2).

{ $H(0)=—B'Sy O 1 () +7'1' (1), .
') =B'Sy (1)1 (t) =¥'1' (1).

Usually, the extent to which individuals need to be strength-
ened is different from individual to individual. We assume
that there are m groups of individuals that hold different rein-
forcement attributes and different proportions. Concretely, the
proportion of the i-stage group is p; that satisfies normalized
conditions }}* | p; = 1. Then, the model for heterogeneous

multi-stage information propagation networks can be obtained

B2S3 (1)1 (1) — B2ST (1)1 (1) — 8>S} (1) + V1 (1),

3

St (1) = —B"Sg (1)1 (1) + 6™ST (1),

ST (1) = BSg (1)1 (8) = B"ST (01 (1) — 8™S (1) + 685 (1),

i1 (1) = B"Sp 5 (0 1(6) = B"Spy ()1 (1) = 8™y, () + "™ (1),
" (e) = B"Sy_y () 1(6) —y"I™ (1),

where I(t) = Y™ I' (t). It tells us that the contagious indi-
vidual has a chance of transmitting information to any non-
contagious individual.

Compared to other models!*230! of information propaga-
tion, such as the threshold model, the continuous probability
model and independent cascade model, the multi-stage pro-
posed in our paper between the initial non-contagious state
and the contagious state presents us a continuous process of
social reinforcement effects and it provides additional details
for us to study the intermediate process of propagation. More-
over, the heterogeneous reinforcement and forgetting mech-
anisms of individuals are also the focus of our study, which
contain richer characteristics of human beings and contribute
to a more reasonable model for describing and studying infor-
mation propagation under the social reinforcement effect.

3. Outbreak scale of the information propaga-
tion
3.1. Theoretical analysis

From previous study, it is well known that either in virus
transmission or in information propagation, the propagation
rate needs to be large enough to allow viruses or information
to break out. In this section, we explore the outbreak condi-
tions of information propagation based on our proposed model
Eq. (3).

Firstly, we provide the following theorem about the

steady state of I(¢).
Theorem 1 The steady state of /(¢) in Eq. (3) is the zero
or the positive real solutions sets of the following equation

P1 P2
Tt 2

7
Bl T (1 * B21(°°)> Bl (=)
Pm 7 )

Zo (ﬁ%ﬂ T

where Y7 | pi= 1.

1+

Proof The propagation dynamics model for individuals
in N; group is Eq. (1).

Let the derivative of each state in Eq. (1) equal zero. The
relationship between the density of contagious individuals and
non-contagious ones in the same group can be obtained as

. 5t .
Sl] (°°> = ﬁil (oo) Sljfl (Oo) ) )
S () = g ).

where j=1,2,...,i—1.

Since the individual density of each state in the group sat-
isfies S, (1) + S (t)+~~~Sj< (t)+--- S, (t)+I'(t) = p;. There-
fore, we derive the proportion of contagious individuals in the
i-stage group, which is expressed as follows:
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() =

b - — ©6)

5[

1+ 1+

There are m groups of individuals in the network, and thus
1(t)=Y",I(¢). This leads to the expression of Eq. (4). The
proof of Theorem 1 is completed.

Obviously, the zero is a trivial solution to Eq. (4), which
means that zero is always an equilibrium of system Eq. (3).
Besides, the proportion of contagious individuals / (e) can be
solved. Propagation will break out if the solution of Eq. (4)
is a positive real number and the scale of the outbreak is ex-
actly this solution. This result may shed light on revealing
the relationship between propagation parameters, the outbreak
conditions and the steady state of the outbreak scale.

Next, we provide numerical examples to present the im-
pact of parameters on the scale of propagation.

3.2. Numerical experiments

Firstly, we consider that information propagates on a ho-
mogeneous network that is composed of only one single group
of individuals, which means N = N;, 0 < i < m. We study
whether individuals with intermediate stages have influence on
the propagation, and how much effect individuals with differ-
ent stages have on the propagation. Three cases of simulations
are given in Table 1.

Table 1. Three cases of information propagation on homogeneous net-

work.

popops ¥Yr ¥ s F§
Case 1 1 0 0 0.06 0 0 0 0 0
Case 2 0 1 0 0 0.06 0 0 0.06 0
Case 3 0 0 1 0 0 0.06 0 0 0.06

As shown in Fig. 2(a), the outbreak scale of propagation
continuously changes with the propagation rate 8 in case 1.
However, when the individual has multiple stages, the first or-
der transition occurs between the outbreak scale and the prop-
agation rate shown in the case 2 and case 3. The greater the
number of intermediate stages of the individuals, the larger the
propagation rate 3 has to be when the outbreak occurs, and the
longer time is also required for the outbreak. In general, it will
be more difficult for an outbreak to occur under the effect of
social reinforcement.

Next, another numerical experiment is carried out on het-
erogeneous networks to show the effect of propagation pa-
rameters in Eq. (4) on the final scale of outbreak. The net-
work is composed of three groups of individuals with different
stage attributes. They are N = Z?:1 N;,i = 1,2,3 respectively
and their proportions in the networks correspond to p1, p2, p3.
Three sets of proportions of the three groups are adopted in Ta-
ble 2 to analyze the impact of the heterogeneity of the network
on the propagation. For simplicity and without loss of gener-
ality, we assume B! = B2 = B3, vy = > =93, 62 = §°. The
simulation results are shown in the Fig. 3, Fig. 4, and Fig. 5.

ﬁfl(oo)*(ﬁf(ioo>)2+”'+<ﬁff<iw>>l | /31‘17(@

I(w0)

400

0.9
350 (b) case 1
0.8
case 2
3001 © ¢ case 3 0.7
250 0.6
£ 200 0.5
0.4
150
* 0.3
100 L) 0.2
50 "-.: &:! 0.1
0 0
0 0.2 0.4 0.6 0.8 1.0
B

Fig. 2. The outbreak scale and outbreak time are plotted against the
propagation rate 3 in three cases. (b) Tj, denotes the time required for
the system to reach 95% of the steady state value.

The common causal relationship in the three simulations
is that the outbreak scale of the propagation is positively cor-
related with the transmission rate 3 and negatively correlated
with the attenuation rate ¥ and hesitation rate 6. From the
comparison between Fig. 3, Fig. 4, and Fig. 5, we can derive
the influence of the heterogeneity of multi-stage individuals
on the propagation. The more individuals with multi-stage
attributes (Fig. 4 and Fig. 5 compared with Fig. 3) and the
more stages of individuals (Fig. 5 compared with Fig. 4), the
smaller the propagation parameter space will be which enables
the propagation break out to a medium scale (medium propa-
gation scale refers to the yellow—green area in Fig. 3, Fig. 4
and Fig. 5). We can conclude that the social reinforcement ef-
fect leads to the phenomenon of polarization propagation that
means the propagation tends to die out, or break out with enor-
mous scale.

Table 2. Three sets of a proportion of three group individuals on the
heterogeneous network.

P1 P2 p3
Set 1 0.6 0.2 0.2
Set 2 0.2 0.6 0.2
Set 3 0.2 0.2 0.6

028701-4
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Fig. 3. The outbreak scale as a function of propagation parameters 3, §, and y under the condition of Set 1. (a) ! = 7> =93 =0.08, (b) B! = B> =p>=0.4,

(c) 82 =83=0.08.

1.0 0.40 ) 1.0
0.8 .35 ) .
0.8 0.8
0.30
0.6 0-6 0.25 :
o o 0-6
0.4 ° 0.20 )
0.4 015 0.4
0.2 02 910 : 0.2
0.05
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 0.1 0.2 0.3 0.4
6 1) ¥

Fig. 4. The outbreak scale as a function of propagation parameters 3, §, and ¥ under the condition of Set 2. (a) ' = ¥> = 1> =0.08, (b) B! =2 =B> =04,

(c) 8% =83 =0.08.

1.0 0.40
0.8  0.35

0.8 0.30
0.25

w 0-6 -

04 < 0.20

0.4 0.15
0.2 0.2 0.10

0.05

0.2 0.4 0.6 0.8 1.0
0

0.2 0.4 0.6 0.81.0 0.1 0.2 03 04

Y

Fig. 5. The outbreak scale as a function of propagation parameters 8, 8, and y under the condition of Set 3. (a) ' = ¥> =1 =0.08, (b) ! = B2 =B> =04,

(c) 8% = 8% =0.08.

The characteristics of this model provide an explanation
of the fact that it is only a few messages that hit the headlines
although plenty of messages propagate around. Social rein-
forcement effects inhibit the spread of information generally
though it contributes to the emergence of certain hot spots at

the same time.

3.3. Monte-Carlo experiments

In this section, we analyze our multi-stage propagation
mechanism on real social networks. We extract the topology
of the Facebook network with 4039 nodes and 88234 edges
in total.’”! All individuals are randomly divided into three
groups and the proportions of the three groups are the same
as those in Table 2. The proportion Iy of initial seed nodes
is also randomly selected in each group. At every time, we
consider that each node can only communicate with one of its

neighbors, and a non-contagious individual will transfer into
the next stage with a probability of f if it communicates with
a contagious one. When 6 = y = 0.08 is adopted, the vari-
ation of outbreak scale against propagation rate is shown in
Fig. 6. Each result of the Monte Carlo experiment is averaged
30 times run.

As we can see, the experiment’s results are similar to the
theoretical results and the polarization characteristic of multi-
stage propagation mechanism is still obvious although there
are some errors when the model is applied to real networks.
The causes of errors are roughly divided into two categories.
One is the experimental error of simulation, such as the length
of simulation time and the limitation of network size. The
other is caused by the simplified condition of the model. Our
model assumes that the network scale is infinite and does not
involve a specific network structure.
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Fig. 6. The outbreak scale is plotted against the propagation rate f3 in three sets as shown in Table 1. (a) Set 1, (b) Set 2, (c) Set 3. ¥ = 0.08, §' = 0.08.

i=1,2,3.

4. Maximize the propagation of information

4.1. Optimal control strategy with limited control re-
sources

The variation of propagation parameters or network
topology will change the spreading dynamics. From the per-
spective of control theory, it can be considered that the prop-
agation process is intervened by controlling the propagation
parameters or network structure, and thus the propagation re-
sult is controlled. Heuristic control and optimal control are
two commonly utilized control strategies. While the former is
not aimed at a clear objective function, the latter is.

In this section, we consider how to achieve the goal of ac-
tivating the contagious individuals as much as possible by the
optimal control of the attenuation rate under the propagation
dynamics of Eq. (3) when the control resources are limited
within time interval [0, T].

The problem can be stated as the following optimization

program
T m
maxJ = / Zw,l’ @)

where @; > 0 denotes the relative importance of the i-stage in-
dividuals, the value of wj is positively related to the importance
of the i-stage individuals.

The cost constraint is

T m
/ Zﬁ ))dr < Co, ®)

A(t)=[Aa (1) Jip(t) A1 (2) Ao (7) A3 (1) -

and
ST () =

[So (1) 1' (1) S5 () ST (1) I (1) -

where f; (¥ (1)) = hipi (V' (t) — 7/6)2 is the control cost func-
tion of N; group. h; , ¥ (¢) and ¥, denote the cost coeffi-
cient, the control strategy and the natural attenuation rate of
that group respectively. Cy denotes the resource budget.

The state constraints satisfy Eq. (3).

We know that in the context of the above problems, the
objective function will reach the maximum when the available
control resources are fully used. In other words, when the
problem (Eq. (7) and Eq. (8)) is solved, the equation C = Cy
must be satisfied, C = [ ¥, fi (¥ (1)) dt

Next, we refer to the conversion method of the
literature, 3> multiply the cost constraint Eq. (8) by a multi-
plier and add it to the objective function Eq. (7) to form a new

objective function.
T m .
maxJ:/ Za),-l’(t)dt
0 =t

—9(/ Z hipi (7

where 6 > 0 is defined as a cost auxiliary variable multiplier.

)= 1%) dr—co> , 9

State constraints satisfy Eq. (3).

Obviously, the objective function Eq. (9) is equivalent
to the objective function Eq. (7), and Eq. (8) if and only if
C = (. In the subsequent simulation study, we approximate
it as C = Cy when the condition |C — Cp| < 1073 is satisfied.

Defining

Dot () A2 (€)oo (£) A (£)]"

T

S5 () ST (e) Sy (1) 1™ (1)]

as the vector of costate variable and system state. By applying the Pontryagin Maximum Principle (PMP), we can derive the

following Hamiltonian function of the problem (9)

m

H(I'(0), 20 (1), Y (1)) = Y @ @) I (1) + A1 (1) (=B'So (1) 1 (1) +4'1" (1

i=1

)+Z7Lz1 (=B'Sy (1)1 (1) +8'S (1))
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m i—1

LY i)

i=3j=2

+ Z Aii (1) (B'Si_, (1)1 (t) — B'S;_
i—2

(1) = B'Sy (1) 1(r) = 8} (1) +8'S5(7))

L(O1(6) = 8'Siy (1) + 7T (1))

V
+Zz,,+1 ) (B'Sii (1) = 7Tt GZh,p, i) , (10)
where m > 2.
Adjoint equations are
dl@l oH .
dr :785‘67(11 12)B1() l:172a"'7m7
dA; ; JH ; P ; .
ar TS, (Aij =i jon) BT+ (Aij = Aijor) 85 =2, m, j=2,..d, (11)
dAii oH A i i .
T’t: (91[ ——(Di+(l”+1 V—"_lel(lkui_lk»./*l)ﬁ Sj—lv i=1,2,....m
=
‘ \
Denote ¥ (¢) as the optimal control strategy for the i- - P (1) = min { max {0 1 (A
- Y Nx 1,1
stage individuals, i = 1,2,...,m. Without loss of generality, 6% - hipi
we assume that control variable ¥ (¢) is bounded in [0,%]. i)+ %} %} (13)
The corresponding functions of system state and costate vari- 7

ables are denoted as ST (r) and A* (¢) respectively. Equation
J (yl*) = max {J (yl) } ,i=1,2,...,mis satisfied. Then PMP
implies that the optimal control at time ¢ satisfies
max H (Ii* (1), A% (1),7 (1) 1)
140]
= H(I"(t),A* (1), 7" (t).1),
and we derive

JH
871 (Z‘) yi=yi*

12)

= —6hip; (Y* (1) - %)

+ (Aii— Aig1) I =0,

where 6* denotes the optimal auxiliary variable multiplier.
The transversality conditions

A5 (T) =0,

i\j (14)

wherei=1,2,....,m, j=1,2,...,i+ 1.

4.2. Simulations

In this section, we will provide a numerical experiment
and analysis of the optimal control strategy Eq. (13) in the

case of limited control resource.

Table 3. Algorithm: Forward and backward sweep algorithm for optimal control with limited control resources.

Input:
Output:

610W7 6high B CO, T, Nsweep7 Pk ST (0)9
Optimal control strategy ¥ (¢), optimal auxiliary variable multiplier 6*.

A(T), B8 i €M, j=1,...,

i+1,:€(0,T]

1: Ac < min {1073
2: repeat
3 0"« (elow+9high)/2

repeat

x Cp, 1075}

Calculate ST™ () using state equation (3) with initial value ST (0).

Calculate the optimal control strategy ¥ (¢),i = 1,2, ..

until error < Ag or Circle=Ngweep
1 o m . N2
Ceslo L hipi(y (1) = )" dr
i=

10: if C > Cy then

11: Bow — 0*

12:  end if

13: if C < Cy then

14: Ghigh «— 0*

15: endif

16: until |C—Cp| < Ac

4
5
6: Calculate A* (1) with Eq. (12) with transversality Conditions A (T') = 0.
7
8
9

.,m, by Eq. (13).
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The optimal control strategy obtained above is only the
structure of the optimal solution, and the analytical solution
of the control function cannot be obtained. We apply the
forward-backward sweep algorithm that is shown in Table 3
to make the optimal control strategy play a role in the simula-
tion.

Denote Ag and Ac as the state error tolerance and cost
error tolerance respectively. Ngweep is the times of inner loop.
The value of optimal auxiliary variable multiplier 6* is ad-
justed by the bisection algorithm (initialized by appropriate
guesses for minimum and maximum values for 8*) until the
cost constraint Eq. (8) is satisfied with desired accuracy.

When the individual’s ability to disseminate information
is weak, the propagation cannot break out in a natural way,

which can be concluded from Fig. 7(a).

0.05
(a) no control
0.04 I(t)
I'(t
0.03 ()
= (1)
=~ .
0.02 I(t)
- &
0
0 100 200 300
Time
0.6
(b) restrained optimal control
0.5
1(t)
0.4 (1)
= 2
Z 03 2(t)
I3(t)
0.2
0.1
0 : .
0 20 40 60 80 100

Time

Fig. 7. The evolution of information propagation under no control and re-
strained optimal control. (a) Propagation eventually stops when no control
is applied. Graph (b) shows the evolution of propagation in each group un-
der the optimal control strategy when the control resources Cy = 6 are fully
used.

Consider a propagation network N = U?le,-, and let
the parameters p; = 0.2, p» = 0.6, p3 = 0.2, all individuals

are randomly divided into three groups. h; = hy = h3 =1
and B! = B2 =3 =102, §2 =6 =0.08, f =0.06,% =
0.05, yg = 0.04. At the beginning of propagation, one per-
cent of individuals are randomly selected as contagious ones
in each group.

In order to study the performance of the optimal control
strategy, we introduce a heuristic control strategy that contains
direct feedback of the current propagation level I (¢), i.e.,

Y(O) =% )/ p)" i =123,

where o; denotes the nonlinear feedback strength. Two sets of
parameters of the heuristic control strategy are adopted. Let
a; =0.3,00 =0.27, a3 = 1 as the heuristic control strategy 1
(HC1and a; =1.1,0p = 1.1, 03 = 1.1 as the heuristic control
strategy 2 (HC 2). The corresponding propagation evolution
of three different control strategies in both numerical experi-

ments and Monte Carlo experiments are shown in Fig. 8.

0.6
(a) numerical experiments
0.5
— ROC
04l — - - HC1
S
= 0.3
0.2
0.1
0
0.6
(b) Monte Carlo experiments
0.5
—— ROC
04 - -- HC1
= | - HC 2
= 0.3

Fig. 8. The evolution of propagation in the network under three different
control strategies. Heuristic control strategies 1 and 2 are plotted with dot-
ted line and dash-dot lines. (b) Monte Carlo experiments are conducted on
the Facebook network with 4039 nodes and 88234 edges in total. The cause
of errors between numerical experiments and Monte Carlo experiments is
similar to that in Subsection 3.3.

Table 4. Compare the size of the outbreak and the control resources consumed under different control strategies.

Restrained optimal control

Heuristic control 1 Heuristic control 2

Consumed resources 6.000
Numerical I(T') 0.2841
Monte Carlo I(T) 0.2115

6.1062 10.5932
0.0639 0.2880
0.1114 0.2156
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0.10
(a) ——ROC
0.08 ---HC1
‘‘‘‘‘ HC 2
= 0.06
ks
0.04 .
0.02p -~ "~ e
N
0 20 40 60 80 100
Time
0.10
(c) ——ROC
0.08 ---HC1
‘‘‘‘‘ HC 2
S 0.06
< 0.04
0.02
0 .
0 20 40 60 80 100
Time

0.10
b — ROC
0.08 (b) ---HC1
‘‘‘‘‘ HC 2
= 0.06
ks

0.04

0.02

12
n
Q d C(t
g 10 (d) C()
=} 0
2 8
'
g 6
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S 2
0
0 50 100 150 200
Iteration

Fig. 9. The optimal and heuristic control strategies are displayed in panels (a)—(c), and panel (d) is the iteration process of adjusting
the consumed control resources when we look for an optimal control strategy that satisfies the conditions.

As revealed in Fig. 8, both the optimal control strategy
and heuristic control strategy have an important impact on the
propagation process and steady state value of contagious indi-
viduals. The variation of the attenuation rate y* (¢), i = 1,2,3
within the control time [0, 7] changes the equilibrium state of
the dynamic system. However, the control performance of the
two control methods has significant differences. From Fig. 8
and Table 4, it is not surprising to find that a larger propa-
gation scale is achieved by the optimal control strategy than
that by the heuristic control under the same mount of control
resources. In turn, when the propagation scale is equal, less
control resources are required for the optimal control than the
other.

From the perspective of the optimal control strategy itself,
the optimal control strategies for different groups of individu-
als reflect the different propagation properties of these groups.
Comparing the optimal control strategies of the three groups
in Fig. 9, we notice that the control resources are used to the
maximum extent for the first group and y' = 0 almost through-
out the control time. However, y' rise rapidly to the natural
attenuation rate y' = 0.06 near the fixed final time 7. This is
because there is no need for such investment of control when
almost all the individuals of N; group have been transformed
into contagious states and the space for conversion tends to be
saturated, as shown in Fig. 7(b). In sharp contrast to the N
group, until the fixed final time T, lots of individuals in the
N, and N3 groups with less control intensity are still in the
non-contagious state, and the space for investment and con-
version are large. Such a method of resource allocation may
reflect the different importance of the three group individuals
from the point of view of propagation efficiency. As there is no

intermediate state for the N; group individuals, in which the
non-contagious individual can transform into the contagious
state in at least one step, its conversion is inevitably faster and
more efficient than individuals in other groups.

5. Conclusion

This paper considers the social reinforcement effect of
different groups of individuals and establishes a heterogeneous
multi-stage information propagation model that presents a rich
propagation dynamics phenomenon. Through the outbreak
condition theorem, we can deduce whether the propagation
will break out and its outbreak scale as long as the parameters
of the system are given. Another conclusion about the prop-
agation model is that the higher the proportion of individuals
with multiple intermediate states, the more difficult it is for an
outbreak of propagation. What is more, the scale of the out-
break shows a significant polarization. In other words, either
it does not break out or the scale of the outbreak is large with
a high probability.

Analysis of the model by applying the Pontryagin’s Max-
imum Theorem, the optimal control strategy obtained under
the condition of limited resources has achieved the purpose
of promoting and maximizing information propagation. Obvi-
ously, the optimal strategy is more efficient in resource utiliza-
tion compared with the heuristic control strategy. The strategy
of optimal resource allocation is of great practical significance
for the wide dissemination of opinions, innovations and prod-
ucts. We believe that the outcomes of this paper can provide
diverse inspirations for further study of multi-stage propaga-
tion problems, and establish the theoretical basis for the uti-

028701-9



Chin. Phys. B Vol. 28, No. 2 (2019) 028701

lization and control of information propagation on the social

networks.
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