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Phase diagrams and magnetic properties of the mixed spin-1 and spin-3/2 Ising film with different single-ion
anisotropies are investigated, by the use of Monte Carlo simulation based on heat bath algorithms. The effects of the
crystal-fields and the surface coupling on the phase diagrams are investigated in detail and the obtained phase diagrams are
presented. Depending on the Hamiltonian parameters, the system exhibits both second- and first-order phase transitions
besides tricritical point, triple point, and isolated critical end point.
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1. Introduction
Nowadays, the study of Ising thin films has received

much attention experimentally and theoretically, because of
the progress of the thin film deposition techniques[1–5] and
for reasons ranging from fundamental investigations of phase
transitions to technical problems encountered in thin film
magnets.[6] From the theoretical point of view, many approx-
imations have been used to study the magnetic properties of
thin films, such as the mean-field approximation[7,8] and the
effective-field theory with correlations.[9–16] Although each
method has its own advantages, they all have limitations in
treating film systems. Numerical techniques such as the Monte
Carlo method[17–19] can provide very accurate results for prop-
erties of finite systems.

Critical phenomena and universality behavior of fer-
romagnetic thin films described by a spin-1 Blume–Capel
Hamiltonian has been examined for various thickness values
ranging from 3 to 40 layers.[20] When the surface exchange
coupling is greater than a critical value, the surface region can
exhibit an ordered phase even if the bulk is paramagnetic and
it has a transition temperature higher than the bulk one. This
fact has also been experimentally observed.[21–23] Boughrara
et al. have applied Monte Carlo simulation to study the mag-
netic properties and the phase diagrams of a ferromagnetic thin
film described by a Blume–Capel Hamiltonian in the presence
of disordered crystal field interactions.[24] The authors have
found that the system presents tricritical points which are ob-
served at a certain interval of the crystal field and for lower
values of the probability p which represents the disorder pa-
rameter. They have also shown that the randomness parameter
p destroys the tricritical behavior and that the system exhibits

reentrant and double reentrant behaviors for a certain range
of p and D.

One of the well-known and most studied mixed spin
Ising systems is the mixed spin-1 and spin-3/2 Ising sys-
tem. From the experimental point of view, Stanica et al.
synthesized quasi-one-dimensional heterotrinuclear complex
[NiCr2(bipy)2 (C2O4)4(H2O)]H2O, that shows a rare case[25]

of antiferromagnetism between Ni(II) S = 1 and Cr(III) S =

3/2. Theoretically, the mixed spin-1 and spin-3/2 Ising model
have been studied by using a wide variety of methods in equi-
librium statistical physics. Abubrig et al.,[26] performed a
mean-field study in view of determining the effects of differ-
ent crystal-fields on the phase diagrams of the mixed (spin-1
and spin-3/2) Ising system as well as the T-dependence of the
total and sublattice magnetizations. By the use of mean field
theory,[27] Souza et al. have explored the phase diagrams of
a mixed spin-1 and spin-3/2 Ising model. The authors have
shown that the phase diagrams exhibit the tricritical behavior,
the first and the second-order phase transitions.

In this work, we are going to study, via Monte Carlo sim-
ulation, the surface effect and the influence of the crystal fields
on the phase diagrams and the magnetic properties of a mixed
spin (1,3/2) ferromagnetic thin film. The outline of this paper
is as follows: in Section 2, we describe the model and we give
the details of the Monte Carlo simulation. In Section 3, we
present our results and discuss important points. Finally, the
last section is devoted to a brief conclusion.

2. Model and formalism
We consider a ferromagnetic thin film with a simple cu-

bic lattice containing up to Lz monolayers (Fig. 1(a)). In the
†Corresponding author. E-mail: brahim.boughazi@gmail.com
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Monte Carlo simulations based on the heat bath algorithm,[28]

we apply periodic boundary conditions in the x and y direc-
tions and free boundary conditions in the z direction which is
of finite thickness Lz. The Hamiltonian of the system is given
by

H =−∑
〈i j〉

JSiσ j−DA ∑
〈i〉

S2
i −DB ∑

〈 j〉
σ

2
j , (1)

where Si = ±3/2,±1/2, σ j = ±1, 0 are the usual Ising vari-
ables, the summation is carried out only over nearest-neighbor
pairs of spins and J = JS if the lattice sites i and j belong to
one of the two surfaces of the film; otherwise, we take J = J1,
where JS and J1 denote the ferromagnetic surface and bulk ex-
change interactions, respectively (Fig. 1(b)). The first term in
Eq. (1) is a summation over the nearest-neighbor spins, the
second term represents the crystal field energy on the S-spins
and the third term represents the crystal field energy on the σ -
spins. For simplicity all system parameters are normalized by
J1. So that, RS = JS/J1.
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Fig. 1. (a) Schematic representation of a ferromagnetic thin film composed
of Lz distinct monolayers. The bottom and top surfaces have monolayer
thickness. Surface spin–spin interaction is denoted by JS. Bulk region thick-
ness is Lz − 2 with exchange coupling J1. (b) A cross section of a ferro-
magnetic thin film consisting of two magnetic atoms A (white points with
S = 3/2) and B (yellow points with σ = 1).

The simulations are carried out for face centered cubic
film containing NT = Nx×Ny×Lz spins. Nx×Ny represents
the number of sites in each layer of the film and Lz is the num-
ber of layers in it or its thickness. Results are reported for sys-
tems of size Nx = Ny = 80 and Lz = 6. A number of additional
simulations were performed for Nx = Ny = 40, 60, 80, and 100
but no significant differences were found for Nx = Ny ≥ 80. In
our study, 4×104 Monte Carlo steps were used to obtain each
data point in the system, after discarding the first 2×104 steps.
The magnetization M of a configuration is defined by the sum
over all the spin values of the lattice sites.

When studying the film properties, by employing the
Monte Carlo simulation, we compute different physical quan-

tities including the magnetizations per site of sublattices:

MA =
1

NA

NA

∑
i=1
〈Si〉, (2)

MB =
1

NB

NB

∑
j=1
〈σ j〉. (3)

The total magnetization per site which is given by

MT =
〈
Mi

〉
=

1
NT

(NAMA +NBMB), (4)

where Mi is the total magnetization for each configuration. NA

and NB are the numbers of spin-3/2 and spin-1 respectively.
The total susceptibility of the film is defined as

χT = βNT(
〈
M2

T
〉
−
〈
MT

〉2
) (5)

with β = 1/KBT , KB is the Boltzmann constant.
The total internal energy of the film is computed as

ET =

〈
H
〉

NT
. (6)

The critical temperatures are determined from the max-
ima of the susceptibility curves and the first-order phase tran-
sitions are obtained by locating the discontinuities of the mag-
netization and the internal energy curves.

3. Results and discussions
In this section, we examine the phase diagrams and the

magnetic properties of the system for some selected values of
the Hamiltonian parameters. The phase diagrams are exam-
ined only for the ferromagnetic case (J > 0). In all phase di-
agrams, lines with black circles and white circles are used to
indicate the second- and first-order phase transitions, respec-
tively, while large black stars and white stars represent the po-
sitions of tricritical and isolated critical points, respectively.
The black square shows the position of the triple point.
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Fig. 2. The susceptibility versus T/J1 for RS = 1.0, DA/J1 = DB/J1 = 0.0,
Lz = 6 and for different lengths of the wire.
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In order to investigate the finite size effect on the mag-
netic properties of the system, we have plotted the suscepti-
bility as a function of the temperature for RS = 1.0, DA/J1 =

DB/J1 = 0.0, Lz = 6 and for different sizes of the film (Lx =

Ly = 40, 60, 80, and 100) (Fig. 2). We can see from these
curves, that the value of the critical temperature is independent
of the size of the system when Lx = Ly ≥ 80. The variation of
the Curie temperature TC/J1 with the thickness Lz of the film
is shown in Fig. 3.
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Fig. 3. The variation of the Curie temperature TC/J1 with the thickness (Lz)
of the film for DA/J1 =−2.0, DB/J1 =−3.85, and RS = 0.05.

As can be seen in this figure, a significant increase in
TC/J1 can be detected when the thickness of the film is in-

creased from Lz = 4 to Lz = 24. For Lz = 24, TC/J1 = 3.14
which is comparable to that of the bulk[29,30] and no obvious
changes can be observed in TC/J1 when the thickness of the
film is further increased to Lz = 60. Hence, we can conclude
that, for Lz ≥ 24, the magnetic properties of the mixed spin-1
and spin-3/2 Ising film are comparable to those of the bulk.

The phase diagrams in the (TC/J1,RS) plane for DB/J1 =

−3.85 and for different values of DA/J1 are plotted in Fig. 4.
As can be seen, depending on the value of DA/J1, we can
have four types of phase diagrams. The first one, obtained for
DA/J1 ≤ −4.45, is presented in Fig. 4(a) for DA/J1 = −6.0.
It is observed that the system exhibits two types of transi-
tion lines separating the ordered and disordered phases, the
first one is a first-order transition line which starts from
RS = 1.95 at TC/J1 = 0.0 and increases with increasing
RS to terminate at a tricritical point. The second one is a
second-order transition line, which extends from the tricritical
point and increases with increasing (RS) to reach a satura-
tion value (TCsat/J1 = 1.82 for RS ≥ 6.0). The second type
of phase diagram, obtained for −4.45 < DA/J1 < −3.10,
is plotted in Fig. 4(b) for DA/J1 = −3.5, in this phase di-
agram we have three ordered phases (O1, O2, and O3) and
a disordered one (P) separated by three transition lines.
In the low temperature region, a first-order transition line
emerges from RS = 0.95 at TC/J1 = 0.0, separates the two
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Fig. 4. The phase diagram of the system in the (T/J1, RS) plane for DB/J1 =−3.85 and for DA/J1 =−6.0 (a), DA/J1 =−3.5 (b), DA/J1 =−2.5 (c), and
DA/J1 = 2.0 (d).
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ordered phases O1 and O2. This line is connected to a second
first-order line at RS = 1.05 and TC/J1 = 0.19, for RS ≤ 1.05
this second line separates the ordered phase O1 from the dis-
ordered one P with a constant transition temperature TC/J1 =

0.19, while when 1.05 < RS ≤ 2.2, it separates the ordered
phase O2 from the disordered one P with increasing critical
temperature and it arrived at a triple point (E), the coordinates
of which are (RS = 2.2, TC/J1 = 0.59), from the triple point
(E) when RS ≥ 2.2, this line separates the two ordered phases
O2 and O3 with a constant critical temperature (TC/J1 = 0.59).
The third line, which is of the second order, separates the or-
dered phase O3 from the disordered one P, this line is obtained
for RS ≥ 2.2 and it emerges from the triple point (E) with a
critical temperature which increases to reach a saturation value
(TCsat/J1 = 2.9) at high values of RS. The third type of phase
diagram is obtained for −3.1 < DA/J1 <−2.0, it is presented
in Fig. 4(c), for DA/J1 = −2.5. In this phase diagram, we
have three transition lines, the first one, in the low temper-
ature region, is of the first order separating the two ordered
phases (O1, O2). It starts from RS = 0.7 at TC/J1 = 0.0 and
increases speedily with RS to terminate at an isolated critical
point, which has coordinates (RS = 0.9, TC/J1 = 0.64). The
second one is of the first order too, separating the ordered and
the disordered phases. It is clear that the critical temperature
remains constant (TC/J1 = 0.97) below a threshold value of RS

which is equal to 0.5 and then increases with RS to terminate
at a tricritical point, from which a third second-order transition
line starts and extends to reach a saturation value for large pos-
itive values of RS. The fourth type obtained for DA/J1 ≥−2.0
is plotted in Fig. 4(d), as can be seen, the phase diagram con-
tains almost second order phase transition line separating or-
dered and disordered phases. The explanation of the existence
of the three ordered phases can be easily found in the crystal
fields and the surface coupling reliance of MA and MB, since
they are just related to the spin states of A- and B-atoms, for
example, for DA/J1 = −3.5 and DB/J1 = −3.85, the phases
O1, O2, and O3 are characterized by (MA = 0.99, MB = 0.60)
at TC/J1 = 0.1 for RS = 0.5, (MA = 1.45, MB = 0.84) at
TC/J1 = 0.4 for RS = 2.0 and (MA = 0.29, MB = 0.17) at
TC/J1 = 1.0 for RS = 3.0, respectively.

To examine the influence of the uniaxial anisotropies
on the phase diagrams of the system, we have plotted the
variations of the critical temperature versus the uniaxial
anisotropies DA/J1 (Fig. 5) and DB/J1 (Fig. 6) for RS = 0.05
and for different values of DB/J1 and DA/J1, respectively. It is
observed that the phase diagrams are very rich; they exhibit the
first- and second-order transitions, the tricritical and the reen-
trant behaviors. In Fig. 5, depending on the value of DB/J1, we
have two types of phase diagrams, in the first type, obtained for

DB/J1 ≥ −2.0, the system behaves like the spin-3/2 Blume–
Capel model which does not exhibit a tricritical behavior;[31]

the phase diagram exhibits a second-order transition line, sep-
arating the ordered and the disordered phases, it is clear that,
the critical temperature remains constant (TC/J1 = 1.85 and
2.35 for DB/J1 = 0.0 and 6.0 respectively) below a thresh-
old value of DA/J1 which depends on the value of DB/J1

(DAC/J1 = −7.0 and −8.0 for DB/J1 = 0.0 and 6.0 respec-
tively) and then increases with DA/J1 to reach a saturation
value which depends on the value of DB/J1 (TCsat/J1 = 5.46
and 5.95 for DB/J1 = 0.0 and 6.0 respectively). In the second
type, obtained for DB/J1 <−2.0, we have a first-order transi-
tion line which starts, at TC/J1 = 0.0, from a value of DA/J1

which depends on DA/J1 (for example, for DB/J1 = −3.85,
the value of DA/J1 is equal to −4.0), and it extends to termi-
nate at a tricritical point, from this point a second-order tran-
sition line emerges and increases to reach a saturation value
which depends also on the value of DB/J1 (for example, for
DB/J1 =−3.85, TCsat/J1 = 4.8).
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Fig. 5. The phase diagram of the system in the (T/J1, DA/J1) plane for
RS = 0.05 and for different values of DB/J1.

In Fig. 6, the phase diagrams in the (DB/J1, TC/J1) plane
are shown for selected values of DA/J1. For DA/J1 = −6.0,
the phase diagram shows only a second-order phase transition,
which starts from DB/J1 = −2.01 at T/J1 = 0.0 and extends
to reach a saturation value for large positive values of DB/J1.
The system exhibits also the reentrant phenomenon, that is we
have two successive second-order transition temperatures (for
example for DB/J1 = −2.25, we have TC/J1 = 0.18 and 1.2),
a similar behavior has been found in Refs. [32] and [33]. For
DA/J1 = −3.5 and 0.0, in the phase diagram we have two
lines separating the ordered and the disordered phases, one
of the second-order for higher temperatures and the other of
the first-order for lower temperatures which meet at a tricrit-
ical point. Increasing the value of the crystal field (DA/J1),
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the coordinates of the tricritical point move to lower temper-
atures (TC/J1 = 1.04 for DA/J1 = −3.5 and TC/J1 = 0.34
for DA/J1 = 0.0). A reentrant phenomenon is also found
for DA/J1 = 0.0 (for example for DB/J1 = −6.05, we have
TC/J1 = 0.24, which is of a first order and TC/J1 = 2.36, which
is of a second order). It is important to mention that, the reen-
trant phenomenon, in our case, results from the competition
between the crystal fields DA and DB and the surface coupling
interaction JS.

In order to confirm the existence of the re-entrant phe-
nomenon, which appears in Fig. 6, we have plotted the mag-
netization (Figs. 7(a) and 8(a)), the internal energy (Figs. 7(b)
and 8(b)), and the susceptibility (Figs. 7(c) and 8(c)) depen-
dencies on the temperature for RS = 0.05, DA/J1 =−6.0, 0.0,
and DB/J1 = −2.4, −6.05, respectively. We can see that, as
the temperature is increased, the system passes from the para-
magnetic (P) phase to the ordered phase and back to the P
phase again, continuously as shows the internal energy curve
(Fig. 7(b)), while it passes from the P phase to an ordered
phase discontinuously and back to the P phase again contin-

uously as is shown by the internal energy curve (Fig. 8(b)).
Concerning the susceptibility curves, we observe that we have
two peaks, for each figure, which coincide with the two suc-
cessive transition temperatures.
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Fig. 6. The phase diagram of the system in the (T/J1, DB/J1) plane for
RS = 0.05 and for different values of DA/J1.
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Fig. 8. Total magnetization (a), internal energy (b), and susceptibility (c) versus the temperature for RS = 0.05, DA/J1 = 0.0, and DB/J1 =−6.05.

4. Conclusion

In conclusion, we have studied the magnetic properties

and the phase diagrams of a ferromagnetic thin film system

with different single-ion anisotropies acting on the spin-1 and

the spin-3/2 by using the Monte Carlo simulation. We have

discussed the influence of the uniaxial anisotropies and the

surface coupling constants on the critical behavior. We have
found that the system presents rich critical behaviors, which
include the first- and the second-order transitions. It is shown
that, depending on the values of the Hamiltonian parameters,
the system can exhibit the tricritical, the isolated critical, and
the critical end points. The possibility of obtaining a reentrant
phenomenon has been highlighted.
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