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Elastic properties are important in fundamental understanding of multiferroic materials. However, up to now, there
is no work about anisotropy of elastic properties in orthorhombic CazMn,0O7. In this study, using coordinate transforma-
tion method, we investigated basic elastic parameters (elastic constants c§ j) and engineering elastic parameters (Young’s

modulus E’, Poisson’s ratio v/, and the rigidity modulus G’) of orthorhombic Ca3Mn,07 along arbitrary orientations. The
detailed anisotropic characteristics of these parameters were presented. The results reveal the orientation related elastic

properties in mm?2 point group orthorhombic CazMn,0O5.

Keywords: CazMn,07, elastic properties, coordinate transformations, orientation dependence

PACS: 62.20.de, 64.30.Jk, 71.15.Mb, 71.27 +a

1. Introduction

Multiferroic materials with perovskite structures have
been widely studied in the past decade, including BiFeOs3,!!]
TbMnO3,?! etc. for the purpose of exploring possible mag-
netisms in ferroelectric compounds. Recently, layered per-
ovskites have been actively pursued as multiferroic materi-
als. CapMn,07 is one of the compounds which was first
studied for its colossal magnetoresistance effect,®! and was
later proposed to have a hybrid improper ferroelectricity and
strong polarization-magnetization couplings.!* This indicates
it could be a good candidate for new magnetoelectric single-
phase materials. The chemical formula CazMn,0O7 also can
be written as CaO(CaMnOs3), that means a layered perovskite
structure with two MnOg octahedral layers in the perovskite
block.! In this ferroelectric CasMn,07, a G-type antifer-
romagnetic order is believed to exist below the Neel tem-
perature of around 112 K.1%! Concerning of crystal symme-
try of CazMn;0O5 at these temperatures, Bendersky et al. and
Lobanov et al. proposed it has a Cmc2, space group (Hall sym-
bol: C 2¢-2) symmetry,[®7! while the recent studies show it has
an A2jam space group (Hall symbol: A-2 2a) symmetry.[8-11]
However, both of Cmc2; and A2,am are Czlf in Schoenflies
symbols and both of them are No. 36 space group, and finally,
both of them belong to mm?2 point group with orthorhombic
system.!'213] Up to now, many efforts have been made to ex-
tensively investigate magnetic, electronic, symmetry proper-
ties of CazMn,07.14-17]

Elastic parameters are measurements of mechanical prop-

erties of a solid. They are closely related to specific heat,
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phonon spectrum, and Debye temperature of a solid,'*! and
thus, they are very important in strain energy investigations.
Moreover, elastic properties have decisive effects in magneto-
electric coupling coefficients in multiferroic materials because
of the magnetic—-mechanical—electric transformations.?>23!
At the atomic scale, the Harshe model can be used for single-
phase compounds having strong electromaechanical and meg-
netomechanical interactions, from which the magnetoelec-
tric coefficients a3 (transverse) and o33 (longitudinal) are
both increasing with decreasing c; + c¢1» or with increasing
s11 4 512.12324 Elastic parameters include basic parameters as
elastic constants and engineering elastic parameters includ-
ing Young’s modulus, Possion’s ratio, and the rigidity mod-
ulus. Because CazMn,0O7 has an asymmetrical crystal struc-
ture, it is meaningful to have a fundamental understanding of
anisotropy of elastic properties. Up to now, there is no work
on the detailed anisotropy of elastic parameters in Ca3Mn;07,
especially there lacks of numerical results along arbitrary di-
rections. Coordinate transformation is a method proved to be
effective in predicting orientation dependences of properties
varying with different crystal-symmetries (point groups), in-
cluding piezoelectric constants of 4mm BaTiO3,/?>! electrome-
chanical coupling factors of 3m LiNbO3 and LiTaO3,?°! and
piezomagneitc coefficients of m3m NiFe,0y.[>7]

In this research, using the coordinate transformation
method, we investigated the orientation dependences of elas-
tic constants and engineering elastic parameters including
Young’s modulus, Possion’s ratio, and the rigidity modulus of

mm?2 CazMn;0O5. Orientations were specified along which the
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maximum and minimum of these parameters can be obtained.
The results reveal elastic parameters and magnetoelectric co-
efficients can be increased along specific orientations in mm?2

point group orthorhombic CazMn,07.

2. Methods

CazMn, 07 crystal below Neel temperature is a member
of orthorhombic system with a point group of mm?2. For space
groups of Cmc2| and A21am, they exhibit almost the same

7.281 The spontaneous polarization

crystal structures (Fig. 1).!
axis is along the ¢ axis. CazMnO7 crystal has two mirrors
orthogonal with each other and one twofold axis. a and b axes
of orthorhombic CazMn,07 crystals are the normal lines of
the two mirrors and the ¢ axis is the twofold axis, respectively.
Because a = B = y=90° applies to orthorhombic CazMn,05
crystals, we choose an original crystallographic coordinate
system along principle crystal axes of the CazMn;,O7 cells for
transformations, whichis X || a, Y || b, Z || ¢ (Fig. 1).
Two-step rotations were used to reach a desired arbitrary
direction from the original coordinate system. First, a rotation
through a clockwise angle ¢ about the Z axis makes original

coordinates XY Z changed to new coordinates X'Y'Z’ (Z' || Z).
|

Fig. 1. Schematic illustration of CazMn,0O7 crystal structure (orthorhom-
bic system). The coordinate system (XYZ) of the crystal is chosen along
principle crystal axes of the CazMn,O7 unit cell. Lattice constants: o =
B =7=90° c=1944 nm, a = 0.524 nm, b = 0.525 nm (Cmc2;),""!
a=B=y=90°c=1.942nm, a = 0.523 nm, b = 0.524 nm (A2;am).?8]

The transformation matrix Az of this rotation is

cos¢ sing O
Az=| —sin¢ cos¢ 0 |. (1)
0 0 1

Second, a rotation through a clockwise angle 6 about the
X’ axis makes the coordinate system X'Y’Z’ changed to an-
other new coordinates X"Y”Z"” (X" || X’). The transformation

matrix Ay of this rotation is

1 0 0
0 cosB sinf |. 2)
0 —sinO cosB

Ax =

N and M are [6 x 6] transformation matrices for stress. As a;;
represents the element in row i and column j in transformation

matrix A, the relation between matrices M and N and A is

at, at ai apai

a3 a3 a3 anax

N = a%l a§2 a%3 a3asjz
2ap1a31  2axaz  2ax3a33  a204a33 +aznas
2az1a1y  2aza12 2a33a13  azaiz +apnas;
2a11a21  2apaxn  2a13a23  apaxs +anaiz

ai, aiy at 2aya13

a%l a%z a%3 2axa;

M= a3 a3, a3 2azaz;
az1as3| anazy  a3asz  axazz+aspazs
aasy apasz; apsass azpai3 +apass
ajlayl  apdp  a13ds a12a23 +aa13

apzaiy

ax3an|

aszasg
ax3az| +assayg
aszal| +ajzasg
aizaz +asan

2ay1a3

2az1a23

2az1as3
ax3az| +assaz)
azzai) +aizasi
aijzaz| +azzai

aan

a1 axn

as1as
ar1az +azjaxp
azjaip +ajas
ajjax +anamn

2ay1a12

2az1a2

2az1a3
az1azx +az1axn
azjaiz +anaz
apjaxp +azai

3

“

For a three-dimensional space coordinate system, all
physical quantities are presented in the form of matrices. The
matrices of elastic stiffness (compliance) are [6 x 6]-rank ten-
sors. According to Euler’s law of rotations, the physical quan-
tity matrices in a new direction are calculated from

=My -Myz-c-M}-M;, (5)
s’ =Nx-Nz-s-N} -Ny. (6)

The symbol <’ represents a new matrix in a rotating coordi-
nate system. The symbol ‘T’ denotes a transpose matrix. The

orientation dependences of Young’s modulus E, Possion’s ra-
tio v, and the rigidity modulus G were obtained from that of
elastic compliances s1; and s, and following equations

E =1/s),, @)
V= —s/sh, ®)
G =—E/2(1+V). ©)

The key to Egs. (5)—(9) is using the correct original matrices
that vary under different symmetry conditions. For orthorhom-
bic CazMn,07 (point group: mm?2), the original matrix for
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elastic constants ¢ can be found in Ref. [29].

cy cp c3 O

crp ¢ c3 0

ci3 c3 c33 0
0 0 0 cys
0 0 0 0 Cs55
0 0 0 0 0 Co6

CcC =

0
0
0
0 (10)

S oo oo

The limited terms in value (nine independent elastic con-
stants) in Eq. (10) are decided by Newman’s principle in the
symmetry conditions mm?2 point group.?* The original matrix
for elastic compliance is in the same form with Eq. (10). The
values of parameters required to obtain ¢/ s E',V, and G’ of
orthorhombic CazMn,O7 were summarized and re-calculated
in Table 1.[1]

Table 1. Elastic stiffness ¢;; (GPa) and compliance s;; (10~12 m?/N)
of O-phase CazMn0O7. The values of s;; were re-calculated from c;;
using an inverse matrix operation (s) = (¢)~

c11 12 c13 22 €23 €33 C44 Css C66
245 127 110 223 95 210 98 85 84
S11 512 513 522 523 533 S44 $55 566

65 28 -21 67 -16 6.6 102 11.8 119

Three-dimensional (3D) and two-dimensional (2D) repre-
sentation graphs were drawn using commercial mathematical

=200 109 |

100 200

software Maple 18.

3. Results and discussion

The orientation dependences were calculated using trans-
formation law in Egs. (5)—(9) and original matrices in Eq. (10).
The results are shown by means of 3D and 2D representation
graphs. These graphs can be understood that the distance be-
tween a point in the graphs and the origin point represents the
absolute value of the relative physical quantity in the new di-
rection.

Figure 2(a) shows the orientation dependence of elas-
tic constant c¢j; of orthorhombic CazMn,O7 crystal in the
3D space. It was drawn using the nine independent c¢;; on
CazMn,07 as shown in Table 1. From Fig. 2(a), it can be
found that elastic constant ¢}; shows moderate orientation
dependences along different orientations. ¢, shows evident
changes at the first rotation about the Z axis at angles ¢. The
min c’“ = 245 GPa can be found at ¢ = 0° and 90°, while
the max ¢}; = 265.6 GPa is obtained at ¢ = 45° (also see
the 2D cross-sectional plot in Fig. 2(b)). A difference of
Ac’“ =20.5 GPa which is 7.7% of the max c; indicating mod-
erate changes.

[110]

—200 —100 O

100 200

Fig. 2. (a) Schematic diagram of elastic constant ¢ of orthorhombic CazMn; 07, (b) elastic constant ¢ of orthorhombic CazMn,07

in X’ OZ plane (¢ = 45°, unit GPa).

Figure 3(a) shows the orientation dependence of elastic
constant ¢y of CazMn,0O7 crystal in the 3D space. From
Fig. 3(a), it can be found that elastic constant ¢}, shows larger
orientation dependences than c;. ¢}, changes at both of the
two rotations at different @ and 6. When the coordinate sys-
tem rotates about Z axis at 6 =90° and 6 = 90° (CazMn, 0 ||
[010]), ¢, tends to be small (the min ¢}, = 95 GPa). A 2D
cross-section plot (an ellipse) in Fig. 3(b) shows that the max
c’12 = 127 GPa is obtained at 8 = 0°, i.e., along the Z axis
(CazMn, 07 || [001]).

Because at the atomic scale, applying the Harshe model

for strong electromaechanical and megnetomechanical inter-
actions in single-phase magnetoelectric compounds, magne-
toelectric coefficients ag3; (transverse) and o33 (longitudi-
nal) are increasing with decreasing c1 + ¢12.2>**1 And from
the above results of anisotropy of elastic constants cyj + ¢z,
which have a min value along [nkQ] direction and a max value
along [001] direction. Thus, magnetoelectric coefficients o3
and og3z may have an increased value along [nk0] directions
for the increased elastic transport abilities, while both o3
and o33 tend to be decreased values along [001] direction for

the compressed elastic transport abilities.
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Figure 4(a) shows the orientation dependence of elastic ~ obtained along [100] and [010] axes. Figure 4(b) shows a 2D
constant ¢13 of CasMnO7 crystal in the 3D space. From the  cross-section plot of ¢} in XOZ or YOZ planes, besides the
geometry in Fig. 4(a), the min ¢|; = 96 GPa exists at orienta-  orientation of the max ¢}; can be confirmed, ¢}; = 110 GPa

tions summarized as ¢ = 45°, the max c’13 = 127 GPa can be along [001] also can be observed.

(b) [001] 4
100 100
50 50
[100]
N 0+ 100 —50 0 50 10 -
_50 —50
100 - 50 —100
_50 Y

—100 g

0
X

50 100

Fig. 3. (a) Schematic diagram of elastic constant ¢, of orthorhombic CazMn, 07, (b) elastic constant ¢ of orthorhombic CazMn,07

in XOZ plane (unit GPa).
00
50
[100]

100 —-50 O 50 100

100 —50

100

X 100

Fig. 4. (a) Schematic diagram of elastic constant c;3 of orthorhombic CazMn, 07, (b) elastic constant ¢;3 of orthorhombic CazMn;07 in XOZ
plane (also applied to Y OZ plane, unit GPa).

(a)
(b) [001] 4
—200 — —200
—100- —100
N 0 [110]
1 —200 —100 0| 100 20
100 100
200 200 200
=200 —100 | —200 ¥

100 900

Fig. 5. (a) Schematic diagram of elastic constant ¢y, of orthorhombic CazMn, 07, (b) elastic constant 3 of orthorhombic CazMn,07 in X'0Z
plane (¢ = 45°, unit GPa).
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Figure 5(a) shows the orientation dependence of elastic
constant ¢y of CazMn;0O7 crystal in the 3D space. From the
geometry in Fig. 5(a), it has a shape like a cylinder. Large
¢, exist at small 0 angles apart from the Z axis. The max
¢h, = 265.6 GPa is obtained at 8 = 0° and ¢ = 45°, also see
a 2D cross-section plot in X’OZ plane (¢ = 45°) in Fig. 5(b).
The min ¢, = 96 GPa can be found along orientations sum-
marized as 8 = 90° (CazMn,07_L[001]).

200

—200 _ 49 0

Y
—200

100 90q

Figure 6(a) shows the orientation dependence of elastic
constant ¢33 of CazMn,0O7 crystal in the 3D space. The ge-
ometry of ¢’ is near a cubic but with very flat angles. The
min c; = 213 GPa exist along the main crystalline axes of
CazMn;07, while the large c’33 exist at ¢ = 45°, and the max
3 = 265.6 GPa is obtained at ¢ = 45° and 0° < 6 < 34°
(Fig. 6(b)).

(b) [001]
2
[110]
—200 —100 O 100 200
—100

Fig. 6. (a) Schematic diagram of elastic constant c33 of orthorhombic CazMn,O7, (b) elastic constant ¢33 of orthorhombic CazMn, 07

in X’ OZ plane (¢ = 45°, unit GPa).

X 80 —80 v

® [001]

)
80
40
[100]
80 —40 O 40 80
—40
0

Fig. 7. (a) Schematic diagram of elastic constant cgg of orthorhombic CazMn, 07, (b) elastic constant cgg of orthorhombic CazMn;07 in XOZ

plane (also applies to XOY plane, unit GPa).

200
100
N 0 -
—100-
1 100
—200- 0 y
-1
—-100 00
100
X

[001] 4

(b)
100
[110]
200 —100 0 100 200
~100

-

Fig. 8. (a) Schematic diagram of Young’s modulus E of orthorhombic CazMn,07, (b) Young’s modulus E of orthorhombic CazMn;07 in

X'0Z plane (¢ = 45°, unit GPa).
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Figure 7(a) shows the orientation dependence of elastic
constant cgg of CazMnyO7 crystal in the 3D space. From
Fig. 7(a), it can be found that, along three main crystalline
axes, elastic constant C,66 all have the max value, which is
87 GPa. Along orientations at 8 = 27° and ¢ = 90°, cg, tends
to be very small close to zero. The 2D cross-section plot in
XOZ plane in Fig. 7(b) also applies to XOY plane. The orien-
tations where the max cj, exist can be summarized as 6 = 90°
or ¢ =0°.

Figure 8(a) shows the orientation dependence of Young’s
modulus E (change in length per unit length for a tensile
stress) of CazMnyO7 crystal in the 3D space. It was de-
cided by using Eq. (7) and nine independent compliance s;; on
CazMn;07 as shown in Table 1. From the geometry showed
in Fig. 8(a), the Young’s modulus E’ shows evident orientation
dependences during rotations. The min E’ = 154 GPa exists
at orientations summarized as ¢ = 0° and 90°. A 2D cross-
section plot in Fig. 8(b) shows that the max E’ = 205 GPa is
obtained at ¢ = 45°. It should be noted that, along three main
crystal axes, the max E’ exists along [001], while the min E’
exists along [100] and [010].

Figure 9(a) shows the orientation dependence of Pois-
son’s ratio v (the ratio of the transverse contraction to the lon-
gitudinal elongation) of CazMn,0O7 crystal in the 3D space.
It was determined by orientation dependences of compliances
s}, and s}, and Eq. (8). From Fig. 9(a), it can be found that
Poisson’s ratio v/ shows strong orientation dependences along
different orientations. The min V' tends to zero exist along

x 40 —40 Y

[100] axis. A 2D cross-section plot in Fig. 9(b) shows that
the max absolute v/ = 0.657 is obtained at along [001] axis.
v = 0.23 along [010] axis also can be found from Fig. 9(b).

(a)
0.6 —

(b) [001]

0.4 —

[010]

Fig. 9. (a) Schematic diagram of Poisson’s ratio v by of orthorhombic
Ca3zMn;, 07, (b) Poisson’s ratio v of orthorhombic CazMn, 07 in YOZ
plane.

Figure 10(a) shows the orientation dependence of the
rigidity modulus G (a measure of shear strain under shear
stress) of CazMnO7 crystal in the 3D space. It was deter-
mined by orientation dependences of E and v and Eq. (9).
From the geometry in Fig. 10(a), it can be found that the rigid-
ity modulus G’ shows strong orientation dependences during
rotations. The G’ = 77 GPa along orientations summarized as
¢ = 0° and 90°. A 2D cross-section plot in Fig. 10(b) shows
that the max G’ = 88 GPa is obtained at ¢ = 45°.

- [001]

[100]

Fig. 10. (a) Schematic diagram of the rigidity modulus G of orthorhombic CazMn, 07, (b) the rigidity modulus G of orthorhombic CazMn,07

in X'OZ plane (¢ = 45°, unit GPa).

4. Conclusion

In this study, we investigated basic elastic parame-
ters (elastic constants c; ;) and engineering elastic parame-
ters (Young’s modulus E’, Poisson’s ratio v/, and the rigid-
ity modulus G) of orthorhombic CazMn,07 (applying to both
Cmc2; and A21am space groups with a point group of mm2)
along arbitrary orientations, and concluded the effects of elas-
tic properties may have on the value of magnetoelectric co-

efficients. The max ¢}, = ¢}; = 265.6 GPa, E' = 205 GPa,
and G’ = 88 GPa are obtained along orientation clusters at
¢ = 45°, the max cyz, = 87 GPa is obtained along orienta-
tion clusters at 8 = 90° or ¢ = 0°, the max c’12 = 127 GPa,
¢h, =265.6 GPa, and v = 0.657 are obtained along [001] axis,
the max c’13 = 127 GPa is obtained along [100] or [010] axes,
respectively. Both oz3; and g3z may have an increased value

along [nk0] for the increased elastic transport abilities, while
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both ag3; and o33 tend to be decreased value along [001]

for the compressed elastic transport abilities. The results re-

veal elastic parameters and magnetoelectric coefficients can

be increased along specific orientations in mm?2 point group
orthorhombic CazMn,07.
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