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In this paper, the one-dimensional (1D) particle-in-cell (PIC) simulation is used to study the modulation instability of
ion acoustic waves in electron—ion plasmas. The ion acoustic wave is described by using a nonlinear Schrédinger equation
(NLSE) derived from the reductive perturbation method. Form our numerical simulations, we are able to demonstrate that,
after the modulation, the amplitude increases steadily over time. Furthermore, by comparing the numerical results with
traditional analytical solutions, we acquire the application scope for the reductive perturbation method to obtain the NLSE.
We also find this method can also be extended to other fields such as fluid dynamics, nonlinear optics, solid state physics,
and the Bose—Einstein condensate to validate the application scope of the results from the traditional perturbation method.
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1. Introduction

As one of the most important subjects in the study of
plasma physics, nonlinear wave propagation in plasmas has
received a lot of attention. In recent research work, the prob-
lems of nonlinear waves propagating in plasmas is described
by using the nonlinear Schrodinger equation (NLSE). Unlike
the Korteweg—de Vries (KdV) equation, which describes the
evolution of long wavelength and small amplitude waves, the
NLSE governs the dynamics of a modulated wave packet.!!3]
For a medium with a positive coefficient of the nonlinearity
term in the NLSE, an instability that takes place in the longi-
tudinal direction is referred to as the modulational instability.
Even when a modulation of the wave mode takes place in a
direction diagonal to the direction of the carrier wave prop-
agation, this instability could still be called a modulational
instability. [+

In particular, there exists a modulation instability mech-
anism that can describe the evolution of a wave through the
nonlinear Schrodinger equation!”)
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where the modulational instability depends on the coefficient
product PQ, this may be investigated in terms of the charac-
teristic parameters involved in a physical system. For PQ > 0,
the amplitude is said to be unstable against external perturba-
tions. If PO < 0, it is modulationally stable. This modulation
instability mechanism is synonymous to the Benjamin—Feir in-
stability which is an energy localization mechanism typically

DOI: 10.1088/1674-1056/28/2/025201

used in the area of solid state physic, nonlinear optics, and hy-
drodynamics. Due to this, the modulational stability can be
investigated in terms of characteristic parameters, including
the wave number k. Presently, investigations into some elec-
trostatic (ES) modes have already been investigated. (8.1

To date, the modulational instability of different wave
modes in plasmas has received a great deal of interest,[!%-13]
for example, the modulational instability of the monochro-
matic ion—acoustic wave (IAW) has generally been described
using the NLSE from the resultant equations of the reduc-
tive perturbation theory.[!*'®1 Their corresponding experi-
mental observations were first reported by Watanabe.[!”-18] For
two-component plasmas that comprise singly charged posi-
tive ions and electrons, much of the theoretical efforts have
focused on investigating the modulational instability of ion—
acoustic wave (IAW). In earlier works, Hasegawa consid-
ered the modulational instability of an IAW when the mod-
ulation took place diagonal to the propagation direction of
a carrier wave.l'” Soon after, Chhabra and Sharm investi-
gated the modulational instability of ion—acoustic waves in a
plasma comprising two-ion species with singly ionized posi-
tive ions.?°) Mishra et al. studied the modulational instability
of obliquely modulated ion—acoustic waves in a collisionless
plasma containing two-ion species with different masses, con-
centrations, and charged states.!?!:?? Additionally, the modu-
lational instability has been researched by various simulation

23,24]

methods! in a variety of different plasma media, includ-

ing dusty plasmas.[?-2"]

When initial disturbances in the plasma take place for cer-
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tain periods of time, a solitary wave can be created. The am-
plitude of an excited solitary wave, however, depends on the
type and strength of the initial disturbances. In the present
paper, we attempt to investigate ion acoustic waves obtained
though the reductive perturbation method and discuss modula-
tional instability in the plasma using the one-dimensional elec-
trostatic particle-in-cell (PIC) method.?%3!1 This method is a
common numerical simulation method used to solve certain
classes of partial differential equations. At the beginning of
the simulation, super-particles (SPs) are uniformly distributed
throughout the region of interest,where each SPs is given a
weight factor S that specifies the number of real particles rep-
resented. When the properties of SPs are taken into account
and weighed on the x grid, the electronic field E has the ability
to move the SPs according to Newton’s equations of motion:

dxgp

—. — Y4spL, “ar = Usp, 2

where myg), vsp, gsp, and xp refer to the mass, velocity, charge,
and position of the SPs, respectively. The procedure repeats
the solution in Eq. (2) by a leap-frog algorithm and the numer-
ical results are obtained under certain boundary conditions.

A comparison of the numerical results with the analyti-
cal results is then the final step in the process. Typically, ion
acoustic waves have the maximum dimensionless amplitude
and propagation speed when influenced by certain perturba-
tion periods. Furthermore, the reductive perturbation method
is only valid when small parameters € and wave numbers k
correspond to specific values.

This paper is organized as follows: In Section 1, the re-
ductive perturbation method is used to derive the NLSE gov-
erning the dynamics of obliquely modulated IAW, introduced
in Section 2. Section 3 presents a brief introduction of the
modulation and the PIC method. A comparison between the
numerical and analytical results is discussed in Section 4. Fi-
nally, we offer our conclusions in Section 5.

2. A derivation of the nonlinear Schrodinger
equation using the reductive perturbation
method

We consider a one-dimensional, collisionless plasma
composed of electrons and ions. For this situation, the non-

linear dynamics of the system is described by

on; 0 B

at + a (nlvl) _O) (3)
v; ‘avi _ 87(7)
§+V1§__Z8x’ “4)
92

a—xf = pe® —Zn; (5)

where n;, v, and ¢ represent the number density of ions, the
velocity of the ion fluid, and the self-consistent electrostatic

potential, respectively. Z is the charge number of an ion. u
equals neq /nijg, while neo and njo are the unperturbed ions and
electron number densities, respectively.

All physical quantities are normalized as follows: n; is
normalized using n;jp. The space coordinates x are normalized
[T, /47nige?]'/2, where T, is the
thermal energy of the electrons. Moreover, v; is normalized by

by the ion Debye length Ap; =

the ion—acoustic speed c¢gj[= (T/ mi)l/ 2, the mass of ions m;
by the proton mass n,, ¢ by T./e and ¢ by the ion plasma
period col[;1 (= 47mny 62)71/2].

To obtain the NLSE, new stretched coordinates are intro-
duced:

E=e(x—vt), T=¢€k, (©6)

where € is a small dimensionless parameter, and vy is the group
velocity of ion acoustic waves. The variables n;, v;, and ¢ can
then be expanded as

S
Il
—
+
ﬁMs
m\
B
(aok
-\;/\
E

I
|
8

'\</\
S5
S

=~

|
ok

m‘

- 3
01 o

‘e,-\
=

el 7

<
Il
M
m
3

S
)
T
|
8

where k is the wave number and ® is the wave frequency. In
the new coordinate system, we let

X—kxa)t—k§+<kvszw>f. ®)
€ €

By substituting these expansions into Egs. (3)—(5), we obtain
various powers of € giving the following equations in the low-

est order
m_km m_k o 9
nl = wvl s n71 (X)V717 ( )
m_ k.o ay_ k.
=7— = — 10
Vi a)(P] y YV w¢71 (10)
and
ZZ 2 3
:7](7 Vszﬁ—w—. an
M+ K2 o 7%k

For € in the higher order, we then obtain the nonlinear
Schrodinger equation

8(]) ‘P(l)
S TP e +0lof" 0" =0, (12)

where the dispersion coefficient P and nonlinear coefficient Q
found in Eq. (12) are given by

303 (w?—1)
P="—_ " Pk 13
TE (k), 13)
o’ 2Zk2 Zk?
= B B — (A A
Q=-—-2 —(Bo2+B2) + a)z( 02 +A2)
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For the NLSE of Eq. (12), a well-known solution is given
as follows:

9" = goe ol @1

where @ is the amplitude of the lowest order in the expan-
sion of ¢. By substituting Eq. (21) into Eq. (7) and taking the
lowest-order approximation into account, we obtain n;, v;, and

¢ by
o = emexn{i| L2+ (ol + e
= eqmenp{i| L2+ (Ol +"VS 2]}

2
nj = 1+€§)2¢oexp{ [ E+ (0ol +kv5 )T }} (22)

3. Stability analysis and the particle-in-cell
(PIC) method

Firstly, we study the stability of the wave solution of the
NLSE obtained above by adding modulation to the wave in the
propagation direction. To do this, we separate the amplitude
¢p into two parts

00 = doo + € Proe! K607, (23)

where k < k and @ < @ are the wave number and the fre-
quency of the modulation, respectively. € < 1 is another
small parameter. So é = lAcé — @7 is the modulation phase,
@oo is the quantity without modulation and €’¢yq is the small
amplitude of the modulation. Then equation (21) can then be

rewritten as
¢1(1) _ ¢OoeiQ|¢olzf + e’(ploei[/?éﬂQ\%\z*ff))T]_ (24)

In this instance, equation (22) is accordingly adapted to the
following form in the laboratory coordinates

0 = eooeilr(@alel—a)]

Jr€€/¢]Oei[(f<e+k)x+(Q\¢0\2 2_w—he —kevg)]7

i[kx+(Ql90|* €2~ w)1]

k
Vi = €*¢ooe

2.2 _
tee 7(])1 [(ke+k)x+(Q|go] o—de>—kevy)r ],
Pe2

+ee 7¢ el k<~:+k)x+(Q|</‘)o|2 2_w—de?—kev)i] .(25)

Substituting Eq. (23) into Eq. (12) and separating the real
and imaginary parts, we obtain the nonlinear dispersion rela-

P2k2 (

When PQ > 0 (k > 1.403, see in Fig. 1), then @ will have
an imaginary quantity (i.e., @ = a + ib, where a(k) and b(k)

tion:

214 ) 26)

are real-valued functions). For a small value of k the amplitude

el?l’. Tn other words, the

will increase according to oo + €' ¢10
wave is modulationally unstable to long wavelength perturba-

tions for the modulation wave number k.

0TI TE 20 2z so*
—0.1
—0.2
T o3
—0.4
—0.5

Fig. 1. Dependence of The product of the dispersion coefficient P and
the nonlinear coefficients Q on the wave number k.

Next we use the 1D PIC simulation method to accomplish
the numerical calculation results. We then set the simulation
Ax/100, the number
of grid cells is equal to N = 1.8 x 10*, and the quantity of su-

parameters as follows: Ax = 7/10, Ar =

per particles contained within a cell is 100. The parameters €,
ve, k, k, @, and @ were evaluated in the following situations.
Moreover, we took the periodic boundary conditions along the
X axis to avoid any wave reflections.

4. Results and discussion

This section displays all PIC simulations. Figure 2 shows
the time evolution of the ion acoustic waves in the form given
by Eq. (23). In this figure, the corresponding solution is shown
to evolve steadily over time, where the higher order modula-
tion (belonging to the original ion acoustic wave) can be seen.
It is noted analytically from Eq. (24) that modulational insta-
bility exists if the wave number k satisfies k > 1.403, that is,
the amplitude increases slightly in a short amount of time as
a result of modulation, as shown in Fig. 2. To validate this,
figure 3 presents the variation in wave amplitude over time for

025201-3
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two cases having different parameters k. In this case, the pa-
rameters € = 0.02, ¢pp = 0.1, ¢190 = 0.01, and k=0.1 were
used. As shown in Fig. 3, when k = 1.4, the wave is stable as
the amplitude shows near independence on the time . How-
ever, when k = 1.5, the wave amplitude is shown to increase

over time 7.
0.002 t=1265.08
N 0 lm\Hm\‘HWM‘\‘\\M’”\‘J‘IW\H‘\‘\\\I\WH‘I‘|‘I‘H\‘\‘\’u'\”Hl‘l‘I‘I‘\m\‘\'\\‘\”\H‘H‘I‘\W\H\‘\'\!JH‘HHH‘\H\” JHWm
—0.002 I T T T T T T T 1
100 200 300 400 500
0.002 t=1755.30
o 0 H‘l“‘i‘ﬁ H‘ \‘\ m \H‘H‘i‘H H‘H"‘V‘! HJ‘H‘M H‘\”"” \HWM H‘\M'” H‘J‘H‘M H‘\ - H‘le‘m H‘\ o \\J‘le‘n H‘\“‘ o Il
—0.002
100 200 300 400 500
t =3021.23
0.002
- 0 l‘H\‘\‘\H’\mu‘i ‘\‘l‘\mwl ‘r‘um‘i ‘wH\‘H‘V‘H“I‘HHH\‘H‘H\“I‘H‘HH\‘H‘H\‘\""H‘m \‘\H\H‘I‘I‘I‘ \“m \‘\M‘\” Ul \‘\‘l
—0.002
100 200 300 400 500

Fig. 2. The PIC simulation results for the evolution of wave amplitude
at different time points using € = 0.02 and k = 1.5.
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Fig. 3. The variation in amplitude @nax With respect to time. k = 1.4
is in panel (a) and k = 1.5 is in panel (b). The parameters used are
€ =0.02, ¢oo = 0.1, ¢10 = 0.01, and k = 0.1. The red line indicates
the analytical results obtained. The dotted line indicates the numerical
results.

In order to gain further insight into the effects of param-
eter k on the wave character, variations to both wave ampli-
tude and propagation speed with respect to k are shown in
Fig. 4, where the values of the parameters are similar to those
in Fig. 3. Note from Fig. 4 that the amplitude increases as
k increases, while it attends to a limitation value if k further
increases. On the other hand, the wave speed decreases as k
increases.

225 T T T T

2.20

2.15¢

’L/Jm ax

0.18
0.16 ¢
0.14 ¢
0.12
0.10
0.08 ¢
0.06

0.04 q

1.5 2.0 2.5 3.0

Vs

Fig. 4. The dependence of wave amplitude and propagation sgeed on
the wave number k, where € = 0.02, ¢gp = 0.1, ¢10 =0.01, and k =0.1.
The blue points represent the PIC numerical results and the red line
represent the analytical results.

We also want to know if k affects the wave character. Fig-
ure 5 shows the dependence of the maximum amplitude ¢max
on different wave number k of the modulational wave, where
k=2.0 and € = 0.02. It is noted from Fig. 5 that for the same
ion acoustic wave, its incremental quantity increases as the
wave number k increases. Moreover, figure 6 shows that the
maximum amplitude of the solitary waves will also increase as
the parameter € increases.

0.015 0.015
£ 0.010 5 0.010
0.005 0.005
0 0
0 200 400 600
k=0.2
0.015 0.015
£ 0.010 £ 0.010
= <=
0.005 0.005
t
Ok s s s s s " 0k s s s s s "
0 200 400 600 0 200 400 600
k=0.3 k=05

Fig. 5. The dependence of the envelope solitary wave amplitude @max
on time t. Here k = 2.0, ¢gp = 0.1, ¢19 = 0.05, and k = 2.0. The blue
points represent the PIC numerical results and the red line represent the
analytical results.

The comparisons between PIC numerical results and the
analytical ones are also given in Figs. 3—6. Especially in Fig. 4
we note that when k < 2.5, the differences between analytical
results and the numerical ones are small. However, the dif-
ferences between two become larger if k > 3. Figure 6 shows
that the differences between analytical results and the numer-
ical ones is negligibly small when € < 0.01 and then it will
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increase as € increases. These results infer that the application
scope of the analytical solution using the reductive perturba-
tion method mainly depends on both the plasma parameter k
and the value of the small parameter €. In order to get more in-
sight into how the small parameter € and €’ affect the relative
difference between numerical results and the analytical ones,
the relative differences are shown in Fig. 7. It can be noted that
the relative difference between numerical results and the ana-
lytical solution increase substantially as € and €’ increase. It
will be found that the perturbation method should be applied in
the region where both parameters of € and ¢’ are much smaller
than unity, especially if the small parameters satisfied € < 0.02
and €’ < 0.15, the relative difference can be kept within 0.1.

0.06

0.05}

0.04f

0.03¢

,l/)max

0.02}

0.01f

OF . . . . e
0 0.01 0.02 0.03 0.04 0.05

Fig. 6. The dependence of the envelope solitary wave amplitude @max
on the € parameter, where k = 2.0, ¢gp = 0.1, ¢;9 = 0.01, and k=0.1.
The blue points represent the PIC numerical results and the red line
represent the analytical results.

50
40
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€'/103

20

10
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€/103

Fig. 7. The relative difference between numerical and analytical results
in regards to theA small parameter € and €', when k = 1.8, ¢go = 0.1,
¢10 =0.01, and k = 0.05.

5. Conclusion

By using the 1D PIC method we study the modulational
instability of the ion acoustic waves in plasmas composed of
cold ions and hot electrons. It is found that the evolution of
a wave depends on the dispersion coefficient P and dispersion
coefficient Q, both of which are functions of the wave num-
ber k. If k > 1.403PQ > 0, then the carrier wave is unstable

to external perturbations, which is verified by our numerical
simulation in the present paper.

After comparing the PIC numerical results with the ana-
Iytical ones of the reductive perturbation method, the applica-
tion scope of the reductive perturbation method is clarified. It
is found that the application range of the perturbation method
in this plasma depends on the value of the small parameters
used in the perturbation study.

Since the reductive perturbation method has been widely
used in solving nonlinear differential equations in lots of phys-
ical problems such as fluid dynamics, plasma physics, nonlin-
ear optics, and Bose—Einstein condensates (BEC) system, the
application scope of the reductive perturbation method by us-
ing the numerical simulation can also be used in these system.
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