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An underwater acoustic metasurface with sub-wavelength thickness is designed for acoustic wavefront manipulation.
In this paper, a pentamode lattice and a frequency-independent generalized acoustic Snell’s law are introduced to overcome
the limitations of narrow bandwidth and low transmittance. The bulk modulus and effective density of each unit cell can
be tuned simultaneously, which are modulated to guarantee the achievement of refractive index profile and high transmis-
sion. Here, we actualize anomalous refraction, generation of non-diffracting Bessel beam, sub-wavelength flat focusing,
and surface wave conversion by constructing inhomogeneous acoustic metasurface. This design approach has potential
applications in medical ultrasound imaging and underwater acoustic communications.
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1. Introduction

Acoustic metasurfaces are one of the active domains in
the study of acoustic metamaterial and has aroused many re-
searchers’ interest in the past few years.[1–10] The core idea
of a metasurface is to introduce the required phase arrange-
ment by placing the sub-wavelength structure at the interface
between two natural materials. The well-designed phase dis-
tribution provides a new method to regulate the propagation
of acoustic waves. Due to its planar, ultrathin physical struc-
ture and excellent capability of wavefront control, the acoustic
metasurfaces have a wide range of potential applications, in-
cluding anomalous scattering/refraction,[11,12] ultrathin focus-
ing lens,[13,14] acoustic bend,[15–17] conversion of propagating
waves into surface waves, and planar aberration-free lens.[18]

In addition, there is larger room for improvement be-
cause the time for studying the acoustic metasurface is rela-
tively short. The practical application of conventional acous-
tic metasurface is often limited by three key factors. The
first limitation is the low transmittance caused by the huge
impedance mismatch between the metasurface and the back-
ground medium. In previous studies, acoustic metasurfaces
are mostly constructed by simple labyrinth microstructural
elements.[19–22] Although the structure of the unit is simple
and easy to process, the relationship between the effective
acoustic parameters and the structural parameters is compli-
cated. In consequence the design of labyrinthine unit is mostly
simplified, which only guarantees the requirement of gradient

profile for abrupt phase but neglects the impedance matching.
Another limitation is inherent narrow working bandwidth. Ac-
cording to the generalized acoustic Snell’s law (GASL),[1] the
correction term of the refraction angle/reflection angle is not
only related to the transverse gradient variation of the meta-
surface but also to the incident wave frequency. An acoustic
metasurface with gradient phase distribution based on this the-
ory can only work at a selected single frequency and cannot
achieve broadband acoustic effects. Finally, the last limita-
tion is excessive metamaterial volume size. Since the wave-
length of the acoustic wave in the audible range is too long,
the requirement for miniaturization of the device has become
more urgent. To solve these problems, a broadband penta-
mode material is introduced as a basic unit cell of the meta-
surface to realize broadband manipulation.[23–26] The penta-
mode material composed of metal has a relatively stable shape
and its effective shear modulus is much smaller than its effec-
tive bulk modulus, which gives it similar acoustic properties
to those in fluids. Moreover, the effective parameters of the
pentamode material depend on the constitutive parameters and
geometric construction of the material, and can be adjusted
simultaneously.[26]

In this article, we use two-dimensional (2D) pentamode
material (PM) lattice to design an underwater acoustic meta-
surface based on a frequency-independent GASL. Compared
with a pentamode cell with additional weight unit at the ver-
tex of a cell, the weight added at the midpoint enhances the
bending resistance of the connecting rod and makes the ro-
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tation mode shift to high frequency.[27] Therefore, the PM in
this paper has better underwater acoustic control effect and
can be used in low frequency. The metasurface has a gradient
refractive index and its acoustic impedance matches the back-
ground medium. In this proposal, we employ the transversal
gradient index instead of gradient phase in the correction term,
which has a broadband characteristic due to the lack of a fre-
quency term. Moreover, a series of pentamode material ele-
ments with different refractive indices and impedance match-
ing in a certain frequency band has been designed to fabricate
the acoustic metasurface. In this work, the excellent wave-
front manipulations are demonstrated, such as broadband and
efficient anomalous refraction, generation of non-diffracting
Bessel beam, sub-wavelength flat focusing and cylindrical-to-
plane-wave conversion.

2. Theory of the acoustic metasurface
It is assumed that the sound wave of frequency f is inci-

dent from a medium with a sound velocity ci to another with
sound velocity ct. At the boundary between the two media
along the x axis, the ultrathin acoustic metasurface is artifi-
cially constructed to introduce an abrupt phase Φ(x), which
changes continuously along the x direction. At this time, the
generalized acoustic Snell’s law can be expressed as

kt sinθt− ki sinθi =
dΦ (x)

dx
, (1)

where θi and θt are the angle of incidence and refraction, while
ki and kt are the wavenumber of incident acoustic wave and re-
fractive acoustic wave respectively (ki = 2π f/ci,kt = 2π f/ct).
According to the GASL, the direction of the transmitted wave
can be manipulated when the metasurface guarantees a suit-
able abrupt phase gradient. The integral of Eq. (1) can be ob-
tained as

Φ (x) =
∫

[kt sinθt (x)− ki sinθi (x)]dx. (2)

Hence, the phase accumulation across the metasurface can be
obtained according to the desired refracted angle, incident an-
gle and wave number on either side of the metasurface. Here,
we consider the two simplified conditions, i.e., the same ho-
mogeneous medium of both sides (ki = kt = k0) and normal
incidence (θi = 0), then Eq. (2) can be simplified into

Φ (x) = k0

∫
sinθt (x) dx. (3)

To broaden the working frequency range, the working mech-
anism of the broadband acoustic metasurface is discussed
firstly. Figure 1(a) is a schematic diagram of the acoustic
metasurface. The background medium of the upper side and
the lower side of the metasurface are the same medium, the
corresponding refractive index and the density are n0 and ρ0,
respectively. The proposed metasurface with thickness tm is

distributed along the x axis, and the density ρ(x) and refrac-
tive index n(x) are in gradient distributions. The refractive
index is defined as n(x) = c0/c(x), where c(x) is the sound
velocity distribution of the metasurface along the x direction.
To match the acoustic impedance between the metasurface and
the background medium, the following equation is required:

ρ (x)c(x) = ρ0c0. (4)

Due to impedance matching, when a plane wave of frequency
f is normally incident on the surface along the +y direction
[θi(x) = 0], the abrupt phase introduced by the metasurface is
essentially a phase delay. The phase accumulation across the
metasurface can be expressed as

Φ (x) =
2π f tm
c(x)

=
tmk0c0

c(x)
= tmk0n(x) . (5)

Substituting Eq. (5) and θi(x) = 0 into Eq. (1), the refracted
angle of the acoustic metasurface can be obtained as

sinθt (x) = tm
dn(x)

dx
. (6)

Equation (6) implies that the refracted angle is related to the
refractive index gradient of the metasurface when the plane
wave is incident perpendicularly. Therefore, the transmission
direction of transmitted acoustic wave can be changed arbitrar-
ily by appropriately adjusting the refractive index gradient of
the metasurface. It is of note that equation (6) does not contain
a frequency term, so the metasurface has a broadband acoustic
wavefront manipulation function as long as the refractive in-
dex does not vary with frequency. According to Eqs. (6) and
(4), the refractive index and density distribution of the broad-
band acoustic metasurface can be obtained as

n(x) =
1
tm

∫
sinθt (x) dx, (7)

ρ (x) = ρ0n(x) . (8)

Equation (7) relates the refractive index distribution to the de-
sired acoustic wavefront manipulation, while equation (8) de-
scribes the relationship between the density and the refractive
index to meet the requirement for impedance matching. Equa-
tions (7) and (8) together depict a basis theory for designing a
broadband metasurface.
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Fig. 1. (a) Schematic diagram of impedance matching acoustic meta-
surface and (b) illustration of hexagonal pentamode structure.
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Table 1. Structural parameters and desired acoustic parameters for pentamode metamaterials.

Structural parameters Desired acoustic parameters

a/mm t/mm h/mm w/mm n′ B′ ρ ′

U1 3 0.57 0.455 0.37 1.1 10ρ0c2
0/11 1.1ρ0

U2 3 0.45 1.715 1.36 1.7 10ρ0c2
0/17 1.7ρ0

U3 3 0.36 0.82 0.35 2.3 10ρ0c2
0/23 2.3ρ0

U4 3 0.33 1.51 0.6 2.9 10ρ0c2
0/29 2.9ρ0

U5 3 0.3 1.555 1.01 3.5 10ρ0c2
0/35 3.5ρ0

U6 3 0.55 1.495 0.28 4.1 10ρ0c2
0/41 4.1ρ0
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Fig. 2. Effective acoustic parameters of six pentamode units: (a) refractive index n′, (b) effective density ρ ′, (c) effective acoustic impedance
Zeff; and (d) acoustic energy transmittance.

In this paper, six types of pentamode unit cells are de-

signed to construct the proposed metasurface. The model of

2D PM is constructed as shown in Fig. 1(b). The unit cell

structure is composed of a regular hexagonal lattice and addi-

tional weight units attached to the midpoint of the honeycomb

wall. The side length and the width of the regular hexagon,

and the length and the width of the additional weight are a, t,

h, and w, respectively, as shown in Fig. 1(b). The interior of

metal framework is filled with air and the background medium

is water. Under the limitation of long wavelength, the effective

density of the pentamode metamaterial is approximately equal

to its volume average density, and its effective bulk modulus

is determined by the geometric parameters of the unit and the

acoustic parameters of the metal framework.[24,28] Therefore,

the pentamode material exhibits non-dispersive characteristics

in a certain low frequency range and the effective refractive

index does not vary with frequency. We design these six pen-

tamode units denoted as U1 to U6 to fabricate the impedance

matching broadband metasurface. The values of desired effec-

tive refractive index n′ = c0/c′ for these units are designed in a

range from 1.1 to 4.1 in steps of 0.6. To match the impedance

of background medium, the effective density ρ ′ and effective

sound velocity c′ should satisfy ρ ′c′ = ρ0c0, and then the ef-

fective bulk modulus and the density of each unit can be ac-

quired as

B′ = ρ0c2
0/n′, (9)

ρ
′ = ρ0n′. (10)
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As described by Eqs. (9) and (10), the desired effective bulk
modulus and effective density of pentamode units can be ob-
tained. The detailed structural parameters and effective acous-
tic parameters are listed in Table 1. Based on the finite element
method (FEM),[29] the transmission coefficient and reflection
coefficient of the pentamode unit can be calculated, and the
effective acoustic parameters of the six units can be obtained
by the retrieval method[30] as shown in Figs. 2(a)–2(d). Fig-
ures 2(a) and 2(b) show that the effective refractive index and
effective density of each unit meet their target values. Fig-
ure 2(c) illustrates that the equivalent relative impedance of
each unit is approximately equal to 1 in the working frequency
range, indicating that each cell and background medium are
impedance matched. Figure 2(d) is a diagram showing the
change of sound energy transmittance with acoustic frequency.
It is found that the transmittance of each unit is higher than
95% in the investigated frequency band, which proves that
these units are highly transparent to sound waves.

3. Simulation results
In this section, pentamode material units are used to con-

struct a broadband acoustic metasurface to manipulate the
sound waves for realizing efficient anomalous acoustic refrac-
tion, Bessel beam generation, and acoustic focusing.

First, we demonstrate the realization of broadband
anomalous acoustic refraction by using the designed metasur-
faces. As shown in Fig. 3(a), the plane wave is incident ver-
tically on the acoustic metasurface and deflects after passing
through the metasurface, which leads to the anomalous refrac-
tion. If the refraction angle is a constant θ1 with respect to
the x direction, then θt(x) = θ1 is taken in Eq. (7). The refrac-
tive index distribution n1(x) of the ideal acoustic metasurface
can be expressed as n1 (x) = xsinθ1/tm +C1, where C1 is an
arbitrary constant obtained by integration. The black dotted
line in Fig. 3(b) represents the distribution of the refractive in-
dex of the ideal metasurface along the x direction when setting
θ1 = 15.5◦ and C1 = 4/5. The red solid line in the figure refers
to the gradient profile of the metasurface horizontal direction
designed in this paper. According to Eq. (6), refraction angle
is proportional to the thickness tm and the gradient refractive
index of the metasurface. Consequently, a seven-layer pen-
tamode material unit (tm = 7t) is used to construct the meta-
surface and expand the control range of the refraction angle
due to the fact that the designed pentamode material provides
only six finite refractive index values. The gaps between ad-
jacent layers are filled with background medium. Even with
a seven-layer pentamode material unit, the thickness of the
metasurface is still sub-wavelength in the whole working fre-
quency range. In order to verify the generation of anomalous

refraction phenomenon, the acoustic pressure field distribu-
tion is calculated based on the FEM simulation. Figures 3(c)
and 3(d) illustrate the acoustic pressure field distribution of
the plane Gaussian acoustic beam incident on a pentamode
metasurface with frequency f = 3500 Hz and f = 5000 Hz,
respectively. Obvious anomalous acoustic refraction can be
found. The transmitted acoustic wave in the region above
the metasurface still maintains a planar Gaussian shape, but
the propagation direction is significantly deflected in compar-
ison with the incident direction, and the propagation direction
of the transmitted wave conforms to the theoretical predic-
tion direction (black arrow). Considering the working band
(3500 Hz< f < 5000 Hz), the relationship between refracted
angle and incident acoustic frequency is shown in Fig. 3(e).
It can be found that the simulated refracted angle (circle) is
basically consistent with the theoretical angle (dotted line)
throughout the studied frequency band.

Figure 4(a) shows a schematic diagram of a Bessel beam
generation based on broadband metasurface. Since the Bessel
beam can be superimposed by two plane waves with oppo-
site propagation angles, the superimposed region is the Bessel
beam generation region. Therefore, the transmitted wave
beam should be divided into two columns of refracting plane
waves with angles of refraction ±θ2 (θt = −θ2x/|x|). Ac-
cording to Eq. (3), the refractive index distribution n2 (x) of
the ideal acoustic metasurface for generating Bessel beam is
n2 (x) =−|x|sinθ2/tm +C2, where C2 is an arbitrary constant
obtained by integration. The black dotted line in Fig. 4(b) rep-
resents the refractive index distribution of the ideal metasur-
face along the x direction when θ2 = 15.5◦ and C2 = 22/5. It
can be found that the refractive index of the ideal metasurface
is symmetrically distributed with respect to x= 0 and increases
linearly with x. The discrete metasurface refractive index dis-
tribution is also plotted in Fig. 4(b) (solid red line). Based
on the FEM simulation, the acoustic energy distribution of the
pentamode metasurface is calculated to verify the effect of the
non-diffracting Bessel beams generated by the broadband pen-
tamode metasurface. When a plane acoustic beam with the
frequency f = 5000 Hz is perpendicularly incident on the pen-
tamode metasurface, the acoustic intensity field distribution is
shown in Fig. 4(c), and the transmitted acoustic waves in the
region above the metasurface are almost within the theoreti-
cally predicted Bessel beam generation region (shown in the
black wireframe). The generated acoustic waves travel along
a straight line, the energy is concentrated near the axial di-
rection, and the acoustic beam energy does not diverge within
a considerable distance. These characteristics are consistent
with the characteristics of the acoustic Bessel beam.
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Fig. 4. (a) Conceptual schematic of the conversion process to generate
a non-diffracting Bessel beam; (b) phase distribution for the ideal meta-
surface (black dotted line) and gradient metasurface (red solid line) at the
working frequency; (c) simulated acoustic intensity field distribution of non-
diffracting Bessel beam at f = 5000 Hz.

Figure 5(a) shows a conceptual schematic diagram of
the acoustic focusing based on the metasurface. To achieve
a focusing effect, it is necessary to enable all the transmit-
ted acoustic rays to pass through the focus point. The fo-
cus point can be distributed on the axis or any other loca-

tion. In this case, the focus position coordinate is assumed
to be (0, y0). To concentrate the acoustic energy to the focus
point, the refracted angle θt(x) of transmitted acoustic wave

can be calculated from sinθt (x) = −x/
√

x2 + y2
0. By sub-

stituting sinθt (x) into Eq. (7), the refractive index profile of
the ideal focused acoustic metasurface can be obtained from
n3 = −

√
x2 + y2

0/tm +C3, where C3 is an arbitrary constant.
The black dashed line in Fig. 5(b) represents the refractive in-
dex distribution of the ideal metasurface along the x direction
when y0 = 280a and C3 = 2413/100. It can be found that the
refractive index of the ideal metasurface is symmetrical and
decreases as x increases. The discrete metasurface refractive
index distribution is also shown in Fig. 5(b) (red solid line). In
order to verify the focusing effect of the designed pentamode
metasurface, the acoustic energy field distribution is calculated
based on the FEM simulation. The black solid line in Fig. 5(c)
is the intensity distribution in the horizontal direction of y = y0

in Fig. 5(d). The normalized results show that the intensity at
the focal point is about 1.7 times the incident intensity. Fig-
ure 5(d) illustrates the distribution of the acoustic energy field
when a plane acoustic beam of frequency f = 4000 Hz is in-
cident vertically on the pentamode metasurface. According to
the reciprocity principle, this metasurface can also realize the
conversion of cylindrical waves into plane waves. Figure 6(a)
is a conceptual schematic diagram of waveform conversion.
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When a cylindrical wave is incident on the pentamode meta-
surface, it emits the point source located at the focus position
with frequency f = 4000 Hz. The acoustic pressure distri-
bution field is shown in Fig. 6(b). It can be found that the

cylindrical incident wave is converted into a plane wave after
passing through the metasurface, realizing waveform conver-
sion. The pentamode metasurface can also be considered as a
broadband flat focusing lens with a sub-wavelength thickness.
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Fig. 5. (a) Conceptual schematic of conversion process of generating sub-wavelength flat focusing; (b) refractive index distribution for ideal metasurface
(black solid line) and gradient metasurface (red solid line) at working frequency; (c) ideal and actual normalized transverse cross-sectional pressure
intensity distribution along the y axis at the focal point; (d) simulated acoustic intensity field distribution of sub-wavelength flat focusing at f = 4000 Hz.
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Fig. 6. (a) Conceptual schematic of the cylindrical-to-plane-wave conversion; (b) simulated acoustic pressure field distribution of
cylindrical-to-plane-wave conversion beam at f = 4000 Hz.

4. Conclusions and perspectives
In this paper, the generalized acoustic Snell’s law is ex-

tended to broadband and an impedance matching acoustic
metasurface based on pentamode materials is proposed. The
metasurface has a refractive index with a gradient distribu-
tion and its acoustic impedance matches with the background
medium. According to the liquid-like elastic property of pen-
tamode metamaterial, we design a series of non-dispersive
pentamode material units with different refractive indices to
construct acoustic metasurface with high transmission effi-
ciency. Finally, broadband and high-efficiency acoustic wave

anomalous refraction, Bessel beam generation, and acoustic
focusing are all actualized based on the pentamode metasur-
face. The research work in this paper provides a new idea for
wide-band and efficient acoustic wave modulation, and has po-
tential application values in acoustic imaging, acoustic focus-
ing, acoustic detection, and other fields.
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