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Nonlinear behavior of the population dynamics of three-level systems
in the presence of single photon absorption
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We numerically investigate the population dynamics in a single photon resonant three-level cascade and non-cascade
energy level molecules at 532-nm wavelength. The time-dependent population in the energy levels in the presence of 100 ps
(pico-second) and 100 ns (nano-second) laser pulses is described in the form of rate equations. We provide a brief idea of
how the optical energy transfer takes place in the light-matter interaction and we also discuss the absorption as a function
of pulse width and repetition rate. We also plot the z-scan transmittance curve as a function of number of excitation pulses
participating in the absorption.
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1. Introduction
In recent decades, nonlinear absorption spectroscopy has

widely been used to estimate spectroscopic parameters. The
advantage of nonlinear absorption spectroscopy over linear
absorption spectroscopy is that one can estimate the excited
states properties, where the linear absorption transitions are
forbidden by dipole transition selection rules. Depending
upon the material’s characteristics, such as absorption cross-
section and lifetime of excited states, their optical properties
have to be studied in different time scale laser illuminations
using cw,[1,2] nanosecond,[3,4] pico-second,[5–7] and femto-
second[6–8] lasers. The wide range of temporal modulations
in the laser beam’s power (range from cw to atto-second) en-
hanced their applications in a broad range of science.[9–11] To
make the best use of them in the point of spectroscopic ap-
plications, we should know the effect of laser beam temporal
profile on the absorption.

The nonlinear absorption is determined by the volume of
the material interacting with the probing laser beam, the inci-
dent laser pulse width, repetition rate, and energy. The cw and
long pulse width lasers limited the experiments on nonlinear
absorption and their applications[12–16] due to thermal effects
and low nonlinear absorption coefficients of materials. Using
a pulsed laser,[17,18] the absorption nonlinearity at low average
power can be studied without any thermal effects. The nonlin-
ear absorption analysis with short pulses is often accompanied
by laser pulses repetition rate. Consequently, the repetition
rate plays a key role in a nonlinear absorption study. While
repetition rate apprises the next pulse arrival to excite the sam-
ple, the life-time of the excited states determines the number
of absorption species (molecules/atoms) present in the excited
state at a given time. Thus, it is important to include pulse

width along with the pulse repetition rate when studying non-
linear absorption. This article focuses on the effect of the pulse
width and its repetition rate on optical energy absorption. The
reason behind the study of single laser pulse excitation of ma-
terial is to understand the transient decay of optical energy. In
recent years, much experimental work has been carried out on
the study of transient life time spectroscopy in a single pulse
excitation.[19–24] Our theoretical results can be directly used
in both short pulse and long pulse excitation cases. The nu-
merical simulation results of population dynamics in the time
domain are further used to discuss the z-scan[25] absorption
curves.

Materials can be classified into two main categories based
on their optical absorptive properties, namely non-cascade
systems and cascade systems.[26] The time-dependent popu-
lations in three level non-cascade and cascade systems under
pico-, and nano-second laser pulses excitation are discussed
in Sections 2 and 3, respectively. The intensity of Gaussian-
shaped temporal profile laser pulse can be written as

I = I0 exp(−r2/w2)exp
(
−2.77t2/τ

2
FWHM

)
, (1)

where, I0 is the peak intensity, w is beam spot size, and
τFWHM is the full width at half maximum (FWHM) of the
laser pulse. The time-dependent populations can be studied
with the rate equation technique[27–30] under the non-steady
state condition. The photon flux intensity used in this article is
1017 photons/s · cm2.

2. Three-level non-cascade system
The three-level non-cascade system is consists of one

triplet and two singlet states.[31] While singlet states decay
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with fluorescence lifetime, triplet states decay with the phos-
phorescence lifetime. The schematic energy level diagram of
three-level non-cascade system is shown in the inset of Fig. 1.
The transition from the ground state to the triplet state is for-
bidden by the dipole selection rule. In non-cascade energy
levels, the time taken to finish a complete absorption pro-
cess is longer than in cascade energy level systems due to
meta-stable nature of triplet states. Consequently, non-cascade
systems saturate at low intensities when compared with cas-
cade systems. The population transfer and their redistribution
among three energy levels can be understood by Eqs. (2a)–
(2d). In these equations: Ni is the number density of ab-
sorption species in the i-th state. The total number density
of molecules N = ∑Ni and the fractional number density of
each state is given by ni = Ni/N, which satisfies the condition
∑ni = 1. The absorption cross-section from the i-th level to
the j-th level is σi j and the decay time from the j-th level to
the i-th level is τ ji.

n0 +n1 +n2 = 1, (2a)
dn0

dt
=−σ02I

hν
(n0−n2)+

n1

τ10
+

n2

τ20
, (2b)

dn1

dt
=− n1

τ10
+

n2

τ21
, (2c)

dn2

dt
=−σ02I

hν
(n0−n2)−

n2

τ21
− n2

τ20
. (2d)

The rate equations (2b), (2c), and (2d) give the respective
rates of change of population in the 0-th, 1st, and 2nd states.
Throughout the population dynamics, the absorption species
in the light-matter interaction volume satisfies the condition
given in Eq. (2a). The time-dependent population in each en-
ergy level is obtained by numerically solving the coupled rate
Eqs. (2b)–(2c) constrained by a condition given in Eq. (2a).

Figure 1 depicts the time-dependent population in the
three-level non-cascade system in the presence of single-shot
100-ps laser pulse. The green curve represents the distribu-
tion of fluence (F) in the temporal realm. In time scale, the
medium excited with a laser pulse with its central peak at
t = 50× 10−10 s. The initial conditions of population in the
ground, first, and second excited states are n0(t = 0) = 1,
n1(t = 0) = 0, and n2(t = 0) = 0 respectively. We can see the
population dynamics as: after initiating the excitation, the pop-
ulation in the ground state (n0) drastically decreased within the
laser pulse domain and correspondingly one can see the pop-
ulation accumulated in the first excited state (n1) in the same
vicinity. Due to the large inter-system crossing rate between
the excited singlet (|2〉) and triplet state (|1〉), the pump pop-
ulation from ground state to the singlet state is transferred to
the triplet state with a fast decay time (τ21 = 10−11 s). Conse-
quently, population in the excited singlet state, n2 ≈ 0. After
laser pulse excitation, the population decay from the triplet

state depends purely on its lifetime (τ10 = 10−6 s). In the
present experimental parameters at t = 10−4 s, the population
in the triplet state completely decays to the ground state, i.e.,
n1(t = 10−4 s) = 0, and n0(t = 10−4 s) = 1.

10-10 10-8 10-6 10-4

Time/s



.

.

.

.

.

F
ra

c
ti
o
n
a
l 
p
o
p
u
la

ti
o
n

F
n


n


n


>

>

>

τ


τ
 τ


σ
n



n


n


Fig. 1. Population dynamics in the energy levels of the three-level non-
cascade system at 100-ps single laser pulse excitation for material parame-
ters: σ02 = 10−17 cm2, τ10 = 10−6 s, τ20 = 10−9 s, and τ21 = 10−11 s.

The population dynamics of three-level non-cascade sys-
tem under single 100-ns laser pulse excitation is illustrated in
Fig. 2. The central peak of the laser pulse is at t = 50×10−8 s.
Even though excited with equal fluences enveloped by 100-
ps and 100-ns laser pulses, due to the large peak power of
100-ps pulse with reference to 100-ns pulse, the depletion in
the ground state population in the case of ps pulse excitation
(Fig. 1) is larger than the ns pulse (Fig. 2). However, one can
still see the considerable absorption present in the nanosecond
laser pulse excitation. Thus, non-cascade systems can be used
as a good nonlinear optical material for long pulse lasers at
high average power.
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Fig. 2. Population dynamics in the energy levels of the three-level non-
cascade system at 100-ns single laser pulse excitation for material parame-
ters: σ02 = 10−17 cm2, τ10 = 10−6 s, τ20 = 10−9 s, and τ21 = 10−11 s.

To investigate the effect of one pulse on its next pulse
transmittance, the population dynamics in two-pulse excita-
tion are graphically illustrated in Fig. 3. Two 100-ps laser
pulses are used to excite the medium at t1 = 50× 10−10 s
with the first pulse and at t2 = 1.25× 10−8 s with the second
pulse. Repetition time of pulses is tr = t2− t1 = 1.25×10−8 s
(80 MHz). The first pulse-generated population in the excited
state is already shown in Fig. 1. The second pulse arrival is
within the decay time of triplet state lifetime (τ10) and the sec-
ond pulse excited the un-depleted population of the ground
state. Consequently, the population in the triplet increased af-
ter second pulse excitation. To show the entire transmittance
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curve, we used logarithmic time scale and due to this second
laser pulse being at t2 = 1.25×10−8 s, we were not able to re-
solve its shape. The clear shape of second pulse in the resolved
time scale can be seen in the inset of Fig. 3.
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Fig. 3. Population dynamics in the energy levels in the presence of two-
100-ps-laser-pulses excitation for material parameters: σ02 = 10−17 cm2,
τ10 = 10−6 s, τ20 = 10−9 s, and τ21 = 10−11 s.

As shown in Fig. 3, in the presence of a finite population
in the excited state, the depletion in the ground state reduced
the absorption of light energy from the second pulse. Thus, the
nonlinear transmittance curves behavior varies with the repe-
tition rate. This leads to the uncertainty in the spectroscopic
parameters extraction from the theoretical fit of transmittance
curves. Therefore, it is necessary to consider the effect of rep-
etition rate in the theoretical transmittance curve. As shown in
Fig. 4, the z-scan transmittance curve (open aperture z-scan)
is analyzed as a function of number pulses interacted with
the medium for laser pulse and material specifications used
in Fig. 3. The sample thickness and Rayleigh length used in
the simulation are 100 µm and 1 mm, respectively. In the sin-
gle pulse excitation, all absorption species are present in the
ground state. Hence, the ratio of the number of transmitted
photons to the number of incident photons completely depends
on the excited states lifetime (blue line). In the presence of two
pulse excitation, while the first pulse transmittance follows as
the blue line, the second pulse sees the depleted ground state
population. Consequently, the ratio of the number of trans-
mitted photons to the number of incident photons is relatively
much larger in the second pulse when compared with the first
pulse. Consequently, the average two pulse transmittance is
substantially large as compared with the single pulse excita-
tion. A further increase in the number of pulses in the excita-
tion process decreases the rate of increase in the transmittance
due to saturation. In the present study, the z-scan transmittance
curve saturates at four pulses excitation and has not seen any
further increase in the z-scan transmittance with increasing the
number of excitation pulses. In the presence of 1-kHz repeti-
tion rate laser pulse excitation, irrespective of the number of
laser pulses excitations, the z-scan transmittance curve stays
constant (it is equal to blue line in Fig. 4) because the popu-
lation from the excited state decays to ground state due to the

first pulse before next pulse interacting with the medium. In
this case, single pulse contribution in the absorption is enough
to use in the z-scan transmittance curve to accurately extract
the spectroscopic parameters. In a similar manner, one can see
the same kind of changes in the z-scan transmittance curve for
reverse saturable absorption/optical limiting.
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Fig. 4. The z-scan curve for different numbers of femto-second pulses exci-
tations: σ02 = 10−17 cm2, τ10 = 10−6 s, τ20 = 10−9 s, and τ21 = 10−11 s.

3. Three-level cascade system
Three-level cascade systems[32–35] contain three energy

levels, and the absorption and the emission takes place in a
cascade. The energy level diagram of the three-level cascade
system is given in the inset of Fig. 5. The differential equation
forms of population distribution among each energy level are
given in Eqs. (3a)–(3d).

n0 +n1 +n2 = 1, (3a)
dn0

dt
=−σ01I

hν
(n0−n1)+

n1

τ10
, (3b)

dn1

dt
=

σ01I
hν

(n0−n1)−
σ12I
hν

(n1−n2)−
n1

τ10
+

n2

τ21
, (3c)

dn2

dt
=

σ12I
hν

(n1−n2)−
n2

τ21
. (3d)

Figure 5 shows the time-dependent population in the
three-level cascade system in the presence of single-shot 100-
ps laser pulse, such as in a non-cascade system (Fig. 1). In
identical laser pulse excitation, the population decay in the
three-level cascade system (Fig. 5) is faster when compared
with three-level non-cascade system (Fig. 1) due to fast flu-
orescence decay time. The population in the second excited
state (n2) is less than the population in the ground state (n1)
because of σ01 = 10−16 cm2 > σ12 = 10−17 cm2. In this case,
the system acts as a saturable absorber and the z-scan curve
has the form as shown in Fig. 4. In another case (σ01 < σ12), it
is reverse saturable absorption and the z-scan curve will have
the dip instead of a peak in the transmittance curve. Due to the
negligible contribution from the second excited state in the ab-
sorption process, the transmittance curve is insensitive to the
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excited state absorption cross-section (σ12) and lifetime (τ21).
It is inferred that to accurately measure the second excited
state spectroscopic parameters, we have to use low repetition
rate and high peak power ultra-short laser pulses while avoid-
ing thermal damage; i.e., single shot laser pulse excitation.[30]

Fast decay allows cascade systems to use efficient optical lim-
iters and saturable absorbers in ultra-short time scale laser
pulses.
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Fig. 5. Population dynamics in the energy levels at 100-ps single laser pulse
excitation for material parameters: σ01 = 10−16 cm2, σ12 = 10−17 cm2,
τ10 = 10−9 s, and τ21 = 10−10 s.

Figure 6 illustrates the population distribution as a func-
tion of time under 100-ns single laser pulse excitation. The
population depletion in the ground state is very low and these
systems show considerably less absorption nonlinear optical
properties in the ns and cw laser excitation when compared
with non-cascade energy level materials. However, a pure op-
tical nonlinear study (without thermal nonlinear contribution)
in the cascade systems is not possible in the ns and cw laser
illumination.
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Fig. 6. Population dynamics in the energy levels at 100-ns single laser pulse
excitation for material parameters: σ01 = 10−16 cm2, σ12 = 10−17 cm2,
τ10 = 10−9 s, and τ21 = 10−10 s.

4. Conclusion
We have demonstrated the effect of repetition rate on the

nonlinear transmittance curve in the z-scan technique. Laser
pulses with a width of 100 ns and 100 ps are chosen to study
the population dynamics to show the population dynamics in
long pulse and short pulse cases. In addition, we show how

the peak intensity variation with pulse width plays a key role
in population dynamics. The light-matter interaction is com-
pletely different in the long pulse excitation and short pulse
excitation. For example, organic dye molecules[2] in the pres-
ence of their singlet and triplet states, while they act as non-
cascade energy level systems in the presence of long pulse ex-
citation (Section 2),[4] in the presence of short pulse excitation
become cascade systems (Section 3).[30] While non-cascade
systems are good nonlinear optical materials in the cw and ns
due to their large triplet lifetimes, cascade systems can be used
as efficient optical nonlinear media in ultra-fast time scale ab-
sorptions. Depending upon the material’s spectroscopic pa-
rameters with respect to laser beam parameters, one has to
choose a proper medium as saturable absorber/optical lim-
iter for a given laser. These discussions can intrigue non-
specialists in the time domain nonlinear spectroscopy in the
sense of understanding the temporal effects of laser pulses.
Even though our numerical results of population dynamics in
the presence of single pulse excitation cannot be seen directly
in the experiment, we can be use them in the transient spec-
troscopy, pump-probe spectroscopy and z-scan.[36–43] In ad-
dition, using our single and multiple pulses excitation, one
can understand the population dynamics in the presence of
life times and absorption cross-sections. In the present article,
time-dynamics are completely devoted to saturable absorption
to understand the population dynamics of saturable absorbers
and can be used to understand the basic phenomena in the q-
switching pulse generation using saturable absorbers.[44–46] In
a similar manner, one can study the population dynamics in
reverse saturable absorption.
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