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To overcome the difficulty of realizing large-scale quantum Fourier transform (QFT) within existing technology, this
paper implements a resource-saving method (named ¢-bit semiclassical QFT over Z:), which could realize large-scale
QFT using an arbitrary-scale quantum register. By developing a feasible method to realize the control quantum gate Ry, we
experimentally realize the 2-bit semiclassical QFT over Z,; on IBM’s quantum cloud computer, which shows the feasibility
of the method. Then, we compare the actual performance of 2-bit semiclassical QFT with standard QFT in the experiments.
The squared statistical overlap experimental data shows that the fidelity of 2-bit semiclassical QFT is higher than that of
standard QFT, which is mainly due to fewer two-qubit gates in the semiclassical QFT. Furthermore, based on the proposed
method, N = 15 is successfully factorized by implementing Shor’s algorithm.

Keywords: quantum cloud computation, quantum Fourier transform, semiclassical quantum Fourier trans-

form, Shor’s algorithm
PACS: 03.67.Lx, 03.67.—a

1. Introduction

The quantum algorithm!!-?! greatly threatens the current
cryptography, especially public-key cryptography, whose se-
curity is based on the factorization and discrete logarithm, 3]
which can be easily broken by Shor’s algorithm. Consider-
able attention has since been paid to research on quantum

(5-12]' Usually, the quantum algorithm is com-

computation.
posed of different quantum transforms, where the quantum
Fourier transform (QFT) is one of the most important trans-
forms. It can be used not only to prepare the equal super-
position state but also to increase the success probability of
the quantum algorithms, such as Shor’s algorithm. In 1994,

[13] presented the circuit for the QFT over Zn,

Coppersmith
which needs n qubits, n single-qubit gates, and n(n+2)/2
two-qubit gates. Thus, realizing the QFT over Z,» for larger
n using this scheme is very resource-consuming.

In 1996, Griffiths and Niul'"* presented the single-bit
semiclassical QFT over Z», which requires only one qubit
and 2 single-qubit gates. Thus, in their scheme, not only
the quantum computational resources but also the implemen-
tation difficulty has been reduced (two-qubit controlled gate
is more difficult to realize than single-qubit gate in experi-
ments). In addition, Chiaverini et al.!'>! experimentally im-
plemented this kind of single-bit semiclassical QFT over Z,3
on the ion-trap system in 2005, which demonstrated the feasi-

bility of the semiclassical QFT. In 2000, based on the single-

DOI: 10.1088/1674-1056/28/2/020302

bit semiclassical QFT, Parker et al. [16] presented a circuit with
n—+ 1 qubits for factorization problem. While, based on the
QFT, 3n+ O (logN) qubits is needed!!”! (N is an integer and
n = [log, N]). Thus, the single-bit semiclassical QFT is a
candidate solution to implement the large-scale QFT, with
which Shor’s algorithm may be applied to break the public-key
cryptology (e.g., Rivest—-Shamir—Adleman (RSA) and elliptic-
curve cryptography (ECC)) under the condition of limited
computation resources.

Although the single-bit semiclassical QFT over Z;» needs
less quantum computation resources than the QFT over Zn,
the implementation speed is slower. To overcome this draw-
back, z-bit semiclassical QFT over Z» is presented,[lg] which
can balance the tradeoff between quantum resource and speed
in the implementation of QFT. Thus, how to realize this
method on a quantum computer is worth studying.

In this paper, we realize the #-bit semiclassical QFT over
Zon. To explore the actual performance of QFT, we realize
the 2-bit semiclassical QFT over Z,3 on IBM’s quantum cloud
quantum computer. This method may provide a feasible route
to realize the QFT over Zyn.

2. The QFT over Zp

Definition 1 The quantum Fourier transform (QFT)[I7

on an orthonormal basis |0),|1),...,|N —1) is defined to be a

*Project supported by the National Basic Research Program of China (Grant No. 2013CB338002) and the National Natural Science Foundation of China (Grant

No. 61502526).
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linear operator Ur with the following action on the basis states:

N—1

fk i [K). (1)

Ur:|j)

So, the action on an arbitrary state can be written as

lNlNl

~ ) Z X, )

kO

Ur: ZXJ‘J

where i = v/—1, wy = ¢**/N and the symbol “— * stands
for that the transform is invertible.
When N = 2", the QFT Ur on the state |a) is given as

Urla) =5, [p(97). 0

n—1 .
where Ur is also called the QFT over Zp», a = Y a;2/ in
j=0
the binary representation (aj is 0 or 1), |p(¢)) = (|0) +

e?™|1))/v/2, and ¢; =

The QFT is a usual transform in quantum algorithms,

zakzﬁk"'forj_o,L -1

which can be applied to prepare the superposition state. The
circuit for the QFT over Z;» needs n qubits, n single-qubit
gates, and n(n+2)/2 two-qubit gates, which is designed by
Coppersmith, 13 and the circuit is called standard QFT.

Based on the standard QFT, the QFT over Zp» cannot be
realized within existing technology for larger n. In 1996, Grif-
fiths and Niu!'¥ presented a method that only required one
qubit and 2 single-qubit gates to implement the QFT, which
was called single-bit semiclassical QFT over Zyn.

Single-bit semiclassical QFT over Z» transforms each
|apn—1,---, |cn—1,---,co) with

a measuring probability equal to that of QFT.I'*] Thus, the

basis state |a) = ap) into |¢) =
single-bit semiclassical QFT over Zy» can realize QFT and
|a)’s input is from left to right by bit flipping. That is to
say, single-bit semiclassical QFT over Zy» can carry out the
parallel computing of 2" inputs within n steps. Compared to
standard QFT, single-bit semiclassical QFT over Z,» requires
less quantum computation resources through measurement af-
ter transforming each bit. The 1 qubit can be applied cyclically
to prepare |a, 1),...,|ao),["® and the quantum gate can also
be cyclically used, which requires the preparation of superpo-
sition (|0) +|1))/+/2 n times. The measurement result of each
qubit needs feedback to the next qubit, which is applied to con-
trol the quantum gate. However, the measurement result of the
full QFT does not require feedback and the quantum gates on
each qubit can run simultaneously. Thus, the full QFT has a
higher implementation speed than the single-bit semiclassical
QFT.

3. The t-bit semiclassical QFT over Zy»
3.1. The ¢-bit semiclassical QFT over Zp»

The standard QFT has a higher implementation speed
but needs more quantum computation resources, whereas the
single-bit semiclassical QFT needs less resources but has
lower speed. To overcome the disadvantages of both meth-
ods, ¢-bit semiclassical QFT over Z,» is presented in Ref. [18],
and its circuit is shown in Fig. 1.

Co

C1

Cn—lt—1

Cn—lt

Cn—lt+1

Cn—(l—-1)t—1

Cn—t

Cn—t+1

Cn—1

Fig. 1. The circuit for ¢-bit semiclassical QFT over Zpn.

The explanation of Fig. 1 is shown as follows:

(1) Each virtual box with a bold line denotes VB1 while
the one with fine line which contains E; denotes VB2, and the
one with fine line which contains E, denotes VB3, where E}
is the QFT over Z,,- and E; is the QFT over Z,:. The circuit
for E; and E» can refer to Ref. [13];

(i1) VB2 outputs ¢, _jr—1,Cn_ir—2,---,C0,

Cn—It—1
22 .

/s / / /
,ag, 1toutputs ¢, _;,¢;_5,...,Cp,

(@)
(p_zn 1¢+1+ BT

If VB3 inputs at_l,at_27 ..

LA S S TP E
¢ = ot ot 22 0 PkT | (g e2mig/2!

fork=1,2,...
the initial value of ¢ is 0;

,t, where @' is the input of the next VB1, and

n—1 .
(iii) The final measurement c is ), 2/c;;
Jj=0
(iv) The single line represents quantum signal and double

line represents classical signal.

3.2. Realization of 7-bit semiclassical QFT over Zp»

In 2016, IBM opened the first 5-qubit quantum cloud
computer.!"”) We will study how to implement the QFT on
IBM’s quantum cloud computer, which provides limited quan-
tum gates, as follows:

wn=[y ] vae=2l L 20
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cos(8/2 —esin(6/2
U3(972'7(p): : ( /) 2 . ( /) 5
e?isin(6/2) e**9icos(6/2)
1 0 00
01 00 1 1 1
®=100 01 ’H:%{l —1]’
0 010
1 0 1 0
s=[o § ] me =[5 e ]

The controlled-S; gate is one of the most important gates
used in Fig. 1(a). However, & is the only two-qubit gate
on IBM’s quantum cloud computer. Thus, we design a cir-
cuit for controlled-S; gate according to the circuit for arbitrary
controlled-U gate by single-qubit gate and & gate in Ref. [17],

which is shown in Fig. 2.

Fig. 2. The circuit for controlled-U gate.

Note that in Fig. 2, &, A, B, and C satisfy U = e '*AXBXC
and ABC = I, where A, B, and C are all single-qubit gate,
X= (03] and 1= [}0].

Take controlled-S4 gate as an example, which can be re-
alized by U;(7/32), Ui(—n/16), U;(n/32), and a = /16
(based on Matlab software). The circuit is shown in Fig. 3.

When the input state is |00), the running result of Fig. 3

we use the squared statistical overlap!?’! of experimental data

with the ideal values, which is defined as y = <ZS:0 W) 2,
where m,, and e, are the measured and expected output-state
probabilities of the state |y), respectively. From the data in
Fig. 4, we find y = 0.956, which indicates a near-perfect ex-
perimental accuracy. Thus, the circuit in Fig. 3 can realize the
controlled-S4 gate.

~ 1 0
—— 0 emi/16
g = _1 U U |my u |
4 (m/32) (=m/16)[VY | (#/32)

Fig. 3. The circuit for the controlled-S, gate on IBM’s quantum cloud com-
puter.

0.956

II 0.01 0.019
0 1 2

= theory

CLEoooooom
ORMWR IO

0.016

3
= experiment

Fig. 4. The running result of the controlled-S4 gate. The horizontal axis
represents the measurement result, and the vertical axis represents the
measuring probability.
Based on the circuit in Fig. 3, we design the method to
realize it on IBM’s quantum cloud computer, which verifies
the feasibility (taking 2-bit semiclassical QFT over Z,3 as an

is shown in Fig. 4. To quantitatively evaluate the performance, = example).
i | jes)
. Ul U 1 U Ul
132) (wes/2) il G e T 2] W) le2)
. [ U | 1o
173) (mes/4) 0 emi/4 H le1)
Fig. 5. The circuit for 2-bit semiclassical QFT over Z,3 on IBM’s quantum cloud computer.
When the input state is | jj j»j3) = |000), the running re-
8'12 0.159 sult of the above circuit is shown in Fig. 6. The squared sta-
0:1 4—p158 0.132 0118 0.128 0.13 tistical overlap of experimental data with the ideal values is
0.12 0.109 : 096 Y = 0.9952, indicating a near-perfect experimental accuracy.
0.10 i Thus, the circuit in Fig. 5 can realize 2-bit semiclassical QFT
0.08 over Zy, i.e., t-bit semiclassical QFT over Zp» can be applied
0.06 . . . .
0.04 to realize the QFT over Zp». And 2-bit semiclassical QFT over
0.02 Zy3 requires two qubits and two @ gates.
0 And ¢-bit semiclassical QFT over Zp» is theoretically su-
0 1 2 3 4 5 6 7 . .
. perior to the QFT over Z». For the sake of comparison, we
= theory = experiment

Fig. 6. The running result of 2-bit semiclassical QFT over Z,3. The horizon-
tal axis represents the result ¢ = 22:1 23~k ¢, and the vertical axis represents
the measuring probability.

realize the standard QFT over Z,». The circuit for the stan-
dard QFT over Zy; can be designed as Fig. 7, which can be
implemented on IBM’s quantum cloud computer.

020302-3
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Fig. 7. The circuit for the standard QFT over Z,3 on IBM’s quantum cloud computer.

When the input state is |j; j2j3) = |000), the running re-
sult of the above circuit is shown in Fig. 8. The squared sta-
tistical overlap of experimental data with the ideal values is
Y’ = 0.9355, indicating a near-perfect experimental accuracy.
The standard QFT over Z,3 requires 3 qubits and 6 @ gates.

0.30
0.263

0.25 0.223
0.20

0.15

0.106
0.10  Ho.084880.076 0-99380.083 8 o7,
0.05
0 0 1 2 3 4 5 6 7

= theory experiment

Fig. 8. The running result of the standard QFT over Z,;. The hori-
zontal axis represents the result ¢ = ):,%:1 23-k¢, , and the vertical axis
represents the measuring probability.

3.3. Advantage of t-bit semiclassical QFT over Z»
According to Subsection 3.2, we can obtain Table 1.

Table 1. The comparison of 2-bit semiclassical QFT over Z,3 and stan-
dard QFT over Zy;.

2-bit semiclassi- Standard QFT
cal QFT over Zy; over Zy3
Qubit 2 3
@ gate 2 6
Squared statistical overlap 0.9952 0.9355

of experimental data with
the ideal values

Compared with the standard QFT over Z,3;, 2-bit semi-
classical QFT over Zy; requires less qubits and & gates. The
fidelity and squared statistical overlap of 2-bit semiclassical
QFT is also higher (the fewer the two-qubit gate is needed,
the higher the fidelity is). Thus, 2-bit semiclassical QFT is
superior to the standard QFT, and it may be more suitable for
realizing the QFT.

Furthermore, from Figs. 1 and 5, we can see that it takes
only two qubits to realize the QFT over Z>» based on 2-bit
semiclassical QFT. That is, #-bit semiclassical QFT over Z,» is
a candidate solution of implementing a large-scale QFT. The
QFT over Z,» can be realized on IBM’s quantum cloud com-
puter by z-bit semiclassical QFT over Z», where ¢ < 5. Thus,
the method shows a good scalability.

How to reduce the required quantum resource, especially
the qubit, is a popular research question. The semi-quantum
model can also reduce the quantity of qubit.[?"?>! The most
important reason is that the quantum algorithm can be realized
by a set of individual genuine quantum computers with a small
amount of qubits. There are two differences between the semi-
quantum computing model and the semiclassical method.

(1) In the semi-quantum computing model, the quantum
algorithm is divided into multiple tasks that can be processed
in parallel. Each task is not intended to solve a whole algo-
rithmic problem but is just a part, a subroutine, consistent with
their supported number of qubits and coherence time. In the
semiclassical method, the quantum transform is divided into
multiple steps that can be processed serially. The number of
steps is polynomial, i.e., it will not increase the computation
complexity of the quantum algorithm.

(i) In the semi-quantum computing model, the final mea-
surement result of each task does not require feedback to con-
trol any quantum gate. In the semiclassical method, the final
measurement result should be feedback to control the quantum
gate of the next step.

Thus, the semi-quantum computing model is intrinsically
different from the semiclassical method. In this manuscript,
the semiclassical method is applied to realize the QFT. How-
ever, the QFT is also one important transform in the semi-

1.123] The semiclassical QFT may

quantum computing mode
be applied in the semi-quantum computing model, and the re-
quired qubits for realizing quantum algorithm will be further

reduced.

4. Realization of Shor’s quantum algorithm

In this section, based on z-bit semiclassical QFT, we real-
ize Shor’s algorithm, which can further demonstrate the feasi-
bility of the method. The application process of Shor’s algo-
rithm may be accelerated under the condition of limited com-
putation resources.

Shor’s algorithm was presented in 1994, which can break
the RSA public-key crypto. The strategy for quantum factor-
ing a composite number N = pq, with both p and ¢ being odd
primes, is as follows. 1

First, we choose x, which is coprime to N.

020302-4
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Next, two registers of qubits are used: the first register
with n = 2[log, N| qubits and the second with / = [log, N|
qubits, which are initialized in the quantum state [0)*" [0)*.

1 2°-1
The first register becomes 072 Y |j)|0) after applying QFT
j=0

over Zon.
Next,

tion x/ mod N in the second register, it will become
1 21 ,
A\ |y
T jgo |j) |x/mod N).
Then, applying QFT over Z,» on the first register, we can

by computing modular exponential func-

obtain
1 2L12§1 e2717/2" ¢} |x/ mod N)
2" j=0 ¢=0 .
Finally, we observe the machine. We will then obtain ¢ solely
in the first register.
Shor proved that period r can be obtained by using a con-
tinued fraction expansion of ¢/2"; when

1
_Wa

c d

2"y

period r is the smallest positive satisfying x" mod N = 1 and
d = [rc/2"]. Based on this period r, at least one nontrivial fac-
tor of N can be given by the greatest common divisor (GCD)
of (x"/>4+1) mod N with probability greater than 1/2.117]

|j1> H \08)

ler)

[72)

135 T o)
|
|74} I_(So_llj/lz)l les)

. Mo
[ o

|6} |_(‘Pi2]13) | les)

1) —{ 1] o

F
[ )| L
L/ o

135 H]

|0) Y [m1)
|0) |ma)
|0) D |ms)
‘1> \m4>

Fig. 9. The circuit for Shor’s quantum algorithm based on the z-bit semiclas-
sical QFT.

It is apparent that Shor’s factorization algorithm needs
3 [log, N'| qubits, where the QFT needs 2 [log, N| qubits. For
N =15, the QFT over Z,s in Shor’s algorithm cannot be real-
ized on IBM’s 5-qubit quantum cloud computer. Luckily, the
QFT can be realized by the #-bit semiclassical QFT, and then
Shor’s factorization algorithm can be realized. The circuit is
designed as Fig. 9, where x =11 and t = 2.

The explanation of Fig. 9 is shown as follows:
D) o = (cs/4+c7/2)7, @3 = (cg/16+¢7/8+co/4+
C5/2)717, and @3 = (63/64+C7/32+C6/]6+C5/8+C4/4—|—

C3/2)7t.

ii) The circuit of 11 mod 15 is quoted from Refs. [24]
and [25], which only requires two qubits.

U, U ] U
7 1 1 ’
131) HIH (x/8) [9(— /4y & (n/8) |€5)
. 1 0
’ ’

4 . (&
139 [6 o] HE= e
Fig. 10. The circuit for F.
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(xiii)
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m theory  mexperiment
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(xv)
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= theory mexperiment
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(viii)

0
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m theory mexperiment
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(xvi)

0
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Fig. 11. The running result of Shor’s quantum algorithm based on the 7-bit
semiclassical QFT. The horizontal axis represents the result ¢ = Zgzl 28 key,
and the vertical axis represents the measuring probability.

iii) Like the single-bit semiclassical QFT, two qubits can
be applied cyclically to prepare |j;j2),.-.,|j7js). That is to
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say, the circuit can be implemented in 4 steps. The first three
steps respectively need two qubits, and the last step needs four
qubits.

iv) The circuit for F is shown in Fig. 10.

The experimental result is shown in Fig. 11.

According to Fig. 11, the experiments yield 128 with
probability 0.346411, with r = 2 being determined by the con-
tinued fraction expansion of 128/256, and the GCD(11%/2 +
1,15) = 3,5, giving a successful factorization. While, the ex-
periments also yield O with probability 0.324128 and other
values with probabilities very close to 0, corresponding to a
failure.

Furthermore, the squared statistical overlap of experimen-
tal data with the ideal values is " = 0.6704, which is lower
than 1. The reason is that the probability distribution of the
output results is not uniform. Only the theoretical measure-
ment probabilities of 0 and 128 are non-zero. The number of
the output results is 256. However, based on Figs. 9, 15 can be
factorized with probability 0.346411, whose theory probabil-
ity is 0.5. Thus, the experimental data is also accuracy.

In 2017, IBM announced that they have built the opera-

r,[26] which has a more pow-

tional prototype 50-qubit processo
erful ability of implementing Shor’s algorithm. Then, based
on the 7-bit semiclassical QFT, Nwith the maximum digit of
49 can be factorized for r = 1, however, the maximum digit
of N is only 17 based on the standard QFT. Thus, the ¢-bit
semiclassical QFT has significant advantage over the standard
QFT, which may accelerate the application process of Shor’s

algorithm.

5. Conclusions

In this paper, we realize the 2-bit semiclassical QFT over
Zy on IBM’s quantum cloud computer. The method can, in
principle, be scaled to realize larger-scale QFT. Thus, this
scheme may provide a candidate solution for implementing a

large-scale QFT under the condition of limited computational

resources. Based on this method, Shor’s algorithm may be
successfully implemented on IBM’s quantum cloud computer.
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