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One of the assumptions of previous research in evolutionary game dynamics is that individuals use only one rule to
update their strategy. In reality, an individual’s strategy update rules may change with the environment, and it is possible
for an individual to use two or more rules to update their strategy. We consider the case where an individual updates
strategies based on the Moran and imitation processes, and establish mixed stochastic evolutionary game dynamics by
combining both processes. Our aim is to study how individuals change strategies based on two update rules and how this
affects evolutionary game dynamics. We obtain an analytic expression and properties of the fixation probability and fixation
times (the unconditional fixation time or conditional average fixation time) associated with our proposed process. We find
unexpected results. The fixation probability within the proposed model is independent of the probabilities that the individual
adopts the imitation rule update strategy. This implies that the fixation probability within the proposed model is equal to
that from the Moran and imitation processes. The one-third rule holds in the proposed mixed model. However, under weak
selection, the fixation times are different from those of the Moran and imitation processes because it is connected with the
probability that individuals adopt an imitation update rule. Numerical examples are presented to illustrate the relationships
between fixation times and the probability that an individual adopts the imitation update rule, as well as between fixation
times and selection intensity. From the simulated analysis, we find that the fixation time for a mixed process is greater than
that of the Moran process, but is less than that of the imitation process. Moreover, the fixation times for a cooperator in the
proposed process increase as the probability of adopting an imitation update increases; however, the relationship becomes
more complex than a linear relationship.

Keywords: evolutionary game dynamics, Moran process, imitation process, fixation probability, fixation time

PACS: 02.50.Le, 02.50.Ga, 05.45.Pq

1. Introduction

Cooperation is a widespread phenomenon that was
studied extensively in social,!'! economic,?! and biological
sciences.!’! Evolutionary game theory!*3! is one of the most

successful frameworks used to discuss this issue. In re-

(] that can promote coop-

cent studies, some mechanisms
erative evolution were thoroughly developed, such as kin
selection,!”! indirect reciprocity, [®! direct reciprocity, ) multi-
level selection,!'”! and network reciprocity.l''=13! There are
many other factors, including population heterogeneity,!'*!3]

(161 and punishment,[!”! that influence the evolu-

compassion,
tion of cooperation. During the evolution of cooperation, one
of the most interesting open questions!'®! relates to how indi-
viduals update their strategies based on their knowledge and
conception of others and themselves. In the past few years,
various approaches were used to study evolutionary game dy-
namics in finite populations.!'®->?1 Especially, the standard

[28-301 are two of the most

Moran?>-2"] and imitation processes
popular update rules used to describe evolutionary dynamics
in a finite population. The standard Moran process was inves-

tigated by Taylor ez al. (2004)1?1 and Nowak et al. (2004).12%]
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[22.25.261 3 player is chosen in proportion

In the Moran process,
to their fitness, reproduces, and a randomly chosen player is
subsequently replaced by their offspring. The imitation pro-

B In the imitation

cess was introduced by Szab6 and Toke.
process, 283032331 players focus on comparing payoffs with
those of another player in order to evaluate whether or not
they should imitate the other player’s strategy. If their own
payoffs are smaller, they are more likely to imitate strategies
successfully. Liu et al.?>?’ combined both processes into a
mixed process in a grouped population. Zhang et al.’*! di-
vided populations into fast and slow groups, and studied pop-
ulation dynamics when interacting individuals differ in terms
of the time scale of their updating process. In spite of mean-
ingful progress, there are still some situations of great practi-
cal relevance that remain less explored. For instance, previous
studies on evolutionary dynamics mostly focus on single up-
date rules. The assumption that every player in a population
adopts a single update rule for changing their strategy is ide-
alized and unrealistic. In the real world, due to the influence
of environmental factors and individuals’ knowledge, individ-
uals are likely to adopt several different update rules with dif-
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ferent probabilities to change (or update) their strategies. In
this study, we establish mixed stochastic evolutionary dynam-
ics with two strategies, A (cooperation) and B (defection), by
combining the Moran and imitation processes in a finite, well-
mixed population. The proposed process can provide insights
under the following conditions. Individuals within a popula-
tion can gain information from other individuals through the
internet or by communicating with their neighbors. When in-
dividuals update their strategies through the Moran process,
they know the strategies and payoffs of each individual in the
population, which is equivalent to obtaining information from
the internet.’>”) When an individual imitates an update strat-
egy, he or she knows the strategy and reward of randomly se-
lected neighbors, which is equivalent to obtaining information
through communication with neighbors.?”! In today’s society,
it is impossible for an individual to rely solely on the internet
without communicating with his or her neighbors, or to com-
municate exclusively with his or her neighbors without going
online to obtain information. Motivated by this fact, we build a
mixed evolution game model in which each individual updates
their strategy based on the imitation process with the probabil-
ity ¥ (0 <y < 1) and on the Moran process with the probability
1 — . Figure 1 shows the specific mixed evolutionary model.
Our objective is to understand how an individual’s complex
update rules influence the strategy outcomes in evolutionary
games.

In the proposed model, we solve the fixation probabil-
ities and fixation times for our stochastic evolutionary pro-

[22] are two im-

cess. Fixation probabilities and fixation times
portant concepts in the game dynamics of a finite population.
The fixation probability clarifies whether an individual for-
mulates a new strategy (i.e. cooperation) and how likely is it
that this cooperation takes over the entire population. Fixa-

33361 generally refer to the unconditional and condi-

tion times!
tional mean fixation times. The former describe the mean time
required for the cooperative process to reach either fixation or
extinction. The latter describes the mean time required for the
cooperative process to reach fixation. One can see from theo-
retical analysis that the fixation probability in the established
evolutionary game dynamics model is equal to that of two sin-
gle simple updating models, i.e. the Moran and imitation pro-
cesses. However, fixation times are different from those of the
Moran and imitation processes. The evolution of cooperative
strategies can be determined intuitively from simulated fixa-
tion times. From the fixation probability and fixation times,
we highlight the difference between our evolutionary dynam-
ics and the Moran and imitation processes. Thus, we can better
understand how a cooperative strategy evolves in this system,
where two different update rules are combined.

The remainder of this paper is organized as follows. In
Section 2, we introduce a combination of the Moran and im-

itation processes as a general evolutionary dynamics frame-
work in a finite and well-mixed population. We discuss the
analytic expression describing the fixation probability and fix-
ation times in Sections 3 and 4, respectively. Our conclusions
are offered in Section 5.

2. Model

We assume a single, well-mixed population of constant
size N. We consider two types of strategies, which we call A
(cooperation) and B (defection). The game itself is played by
two individuals. The payoffs from the game can be written in
the following simple matrix:

A B
Alab (D
Blcd|’

A well-mixed population allows interactions between all in-
dividuals, which leads to an average payoff, and in turn de-
termines team selection with a special choice of payoff and
fitness mapping.?”-3% Under random mating, excluding self-
interaction, the expected payoffs to A players and B players
are given by 3]

_ali=1)+b(N—i)

7 Y 2a)
ic+d(N—i—1)

= 2b

g N—1 ) ( )

where i is used to denote the current number of A players in
the population. Individuals with higher average payoffs pro-
duce offspring or are imitated with a higher probability. Thus,
reproductive success is based on payoffs from the game. We
assume that the degree to which the payoffs contribute to fit-
ness is specified by a parameter @ € [0, 1] and focus on an
exponential payoff-to-fitness mapping.[*?! Thus, the fitness of
A and B players in terms of exponential mapping is

fa=eom, (3a)
fy = e (3b)

For w = 0, selection is neutral and indicates an undirected ran-
dom walk. Weak selection occurs for 0 < @ < 1. In the con-
text of evolutionary game theory, the concept of weak selec-
tion was introduced by Nowak!?! and refers to the effects of
small payoff differences.*!! This describes how selective bias
and fluctuations influence each other.

[22,25.26] ap individual is selected at

In the Moran process,
random with a probability that is proportional to its fitness, and
the individual produces an identical offspring. The offspring
replaces an individual that is randomly selected for death. The
state of the system can change by one (at most) at each time
step, and thus the transition probabilities in the standard Moran
process are
N—i je®ma

N ie®™a+ (N—i)e®ms’

Pii+1 |Moran = (4a)
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i (N—i)eom
phl*l‘MOl‘an = Nie“mA T (N—i) o5’

(4b)

pi,i'Moran =1- PDiji+1 |M0ran — Pii—1 |M0ran- (4¢)

All other entries of the transition matrix are 0.

In the imitation process,*>*?! a randomly chosen indi-
vidual compares their payoff with that of a second randomly
chosen individual; the first individual is more likely to imitate
the second individual when the second individual’s payoff is
higher.[?-3% The state of the system can change by one (at
most) at each time step, and thus the transition probabilities
are defined as follows:

N—ii 1
Piji+1 |imitation = N N I o—0(Ta—75)’ (5a)
N—ii 1
pi,i—l'imitarion = N N 1+ ea)(”A—ﬂB) ) (Sb)
pi,i|imitati0n =1—piit1 |imitation — Piji—1 [imitation- ~ (5¢€)

All other entries of the transition matrix are 0.

. cooperator . defector

moran
process

imitation
process

Fig. 1. In our neoteric mixed model, individuals in a finite population play
the symmetric 2 x 2 game. Each individual adopts the Moran rule to change
their strategy with probability 1 — 7, and adopts the imitation rule to change
their strategy with probability y (0 <y <1).

Due to the complexity of an individual’s environment and
their own knowledge, it is natural that individuals change their
strategies based on various update rules. Therefore, we no
longer assume that individuals update their strategies by rely-
ing on a single update rule. Instead, they use two update rules
(the Moran process and imitation process) to change policies.
Figure 1 shows the details of our model. From Fig. 1, individu-
als within the proposed model update their strategies based on
the Moran process with probability 1 — ¥ and based on the im-
itation rule with probability y. The number of A plays can in-
crease or decrease by exactly one at any time, i.e. fromitoi—1
or i + 1. Thus, the mixed evolutionary process is a discrete-
time Markov chain with state space {0,1,...,N}, where the
states 1,2,...,N — 1 are transient while O and N are absorbing.
A walk starting at site i is eventually absorbed into either site
0 or N within a finite amount of time and will stay there for-
ever. For convenience, we denote the evolutionary transition
probabilities of the mixed process as p; ;+1. The process stays
in state i with probability 1 — p; ;41 — p;i—1. Therefore, the
transition probabilities are
N—i ie®m

N ie®M 4 (N—i)e®ms

piit1 = (1-7)

N—ii 1

Y N N1+ e o@m-m)’ (62)
i (N—i)eom
= (1 =) —
piit = U=V g rcam (N =y eoms
N—ii 1
tr N N 14+ e@(ma—7p)’ (6b)
pii = L= piiv1 —Ppii-1- (6¢)

All other entries of the transition matrix are 0. When y = 0,
this process reduces to the standard Moran process with tran-
sition probabilities defined in Egs. (4a), (4b), and (4c). When
Y =1, this process is the imitation process with transition prob-
abilities defined in Egs. (5a), (5b), and (5c). We have two ab-
sorbing states for mixed evolutionary dynamics without muta-
tion: all individuals are classified as type A or type B.
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Fig. 2. Transition probabilities with N = 100 and w = 0.005, where a = 3,
b=1,c=35, and d =2 in the Prisoner’s dilemma; for coordination games,
a=3,b=2,c=5, and d = 1; for coexistence games, a =5,b=1,c =3,
and d = 2. Panel (a) shows how transition probabilities vary in three games
when y = 0.5. Panel (b) shows the Prisoner’s dilemma as an example. The
red and black lines show the transition probabilities p; ;11 in the Moran and
imitation processes, respectively. The blue and magenta lines represent the
transition probabilities p; ;41 in mixed evolutionary process with y = 0.5 and
Y= 0.8, respectively.

In Fig. 2(a), the transition probabilities in the mixed
model for three games are shown with ¥ = 0.5. According to
intuition, different transition probabilities will lead to a differ-
ence in the time required to reach fixation in different games.
This case will be analyzed in the fourth section. Figure 2(b)
shows the transition probabilities in the Prisoner’s dilemma

020203-3
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game. We know that the transition probabilities of the Moran
process (Y = 0) are always greater than that of the imitation
process and the mixed process. The transition probabilities
of the imitation process (Y = 1) are always smaller than oth-
ers. The transition probabilities in our process change with 7.
All the results from the Prisoner’s dilemma game in Fig. 2(b)
are also suitable for the coexistence and coordination games.
Therefore, changes in the transition probability for those two
games are no longer given.

3. Fixation probabilities

The following analytical results can be derived based on
results from previous studies.*>*3! Let ¢;(¢) be the probabil-
ity that the system is found in state i at time . The master
equation*¥ of g;(t +1) is

qi(t+1) = (1= piji—1 — piiv1)qi(t) + Pit1,iqi+1 ()
+pi-1,qi-1(1). (7N

In a similar fashion, we denote ¢; j(r + 1) as the probability
that capture events, in which the system reaches state j for the
first time, are exactly ¢ time steps after the state i. Then, the
backward master equation can be written as follows:
qi,j(t+1) = (1= pii-1 = piiv1)qi,j(t) + Pii+14i1,5(t)
+pii-19i-1,j(t)- 3)
After summing over all ¢, the probability that the system

reaches state j at any later time if the system starts in state
i is given by

0ij =Y qi (1) ©)
1=0
The resulting master equation is

0ij = (1= pii1 — piit1)9ij + Pit1,iir1,j + Pii—10i—1,j. (10)

For a single A individual in the population of B individuals, the
probability that individual A takes over the entire population is
denoted as the fixation probability:

12)
j=1 m=1 Pmm+1

3.1. Neutral evolution

Neutral evolution, i.e. @ = 0 or the special case of Ty =
np for any state i, is the natural benchmark case of a strat-
egy’s evolutionary success.*>*¢! This leads to the cooperator
doing exactly as well as the defector. In the established pro-
cess, the transition probabilities defined in Eqgs. (6a) and (6b)
under neutral selection are

.
prit = - 0 (1 - ;’) (13a)
N _i(N—i) Y

Pii-1 = == (1 2). (13b)

The probability (13a) is equal to Eq. (13b). Consequently, we
have the fraction p;;_1/p;;+1 = 1 for any state i, and from
Eq. (12), the fixation probability for a single A individual un-
der neutral selection is

1

o= .

5 (14)

Thus, the fixation probability under neutral selection in the
proposed mixed process is equivalent to that of the Moran and
imitation processes.

3.2. Weak selection

The difference between the average payoffs 74 and 7p is
defined as follows:

(b—d)N—(a—d)—i(c—d—a+b)

A —Tg =

In a finite population, the common concern is the probabil- N-1
ity of adopting an absorbing strategy A, i.e. the probability of = ui+v, (15)
ending in state N after beginning in state i. Here, we use ¢; to
denote this probability. Because this system has two absorbing ~ Where
states, the probability to end in state O after starting from i is a—b—c+d
1 — ¢;. In previous studies,?>32%] this was defined as “ETNCT (162)
S (b—d)N+d—a
il L Pmm—1 V= (16b)
! +j§] mI;[] Pmm+1 M-l
9= 0N = NV Dt an Under weak selection (i.e. as @ — 0), Taylor expansions of the
1+ j)::1 ml;[l Pmm+1 ratio of transition probabilities up to the first order in @ yields
|
e L e e
;- A — B 'A—B
e 1 R
' (1=7)

N icom 4 (N—ijeom |

N N1+ e 0m—7s)
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From a prior publication,?”) we can derive

Pii—1
Pii+1

o Pii—1 |Moran
Pii+1 |Moran

_ Piji—1 |imitation ) (18)
Pii+1 |imitati0n
Although these transition probabilities describing our
mixed process are different from those in the Moran and imi-
o(ui+v)
under weak selection (@ < 1). Thus, the fixation probability

tation processes, they also yield p;;—1/piiv1 ~1—

in the mixed process with exponential fitness mapping is not

affected by the parameter 7. In light of previous research, the

fixation probabilities in the mixed process!??! for small @ are

given by

w(N— 1) (N+1)u+3v
N 6 ’

For the general state i, the absorption probabilities under

weak selection are also found in prior publications. 222339471

i(NN— i) ( (N+ ié“ + 3V> , (20)

1

i
¢imﬁ+(ﬂ

Under both neutral and weak selection, the fixation prob-
abilities in this paper are the same as those of the Moran pro-
cess. Therefore, natural selection favors A replacing B if the
fixation probability of a single cooperator under weak selec-
tion is higher than 1/N, i.e. ¢; > 1/N.

When the average fitness values for both types of individ-
uals are equal, i.e. T4 = 7p, we can obtain the unstable internal
equilibrium for large populations x* = (d —b)/(a—c+d —b).
For a > ¢,b > d, A is the best reply to itself while B is also
the best reply to itself. In a large population, selection favors
A replacing B if

d—>b 1

< GThad=b) 3 @

Thus, if the frequency of A individuals is less than one-third at
the unstable internal equilibrium point, the fixation probabil-
ity of a single A individual will be larger than that of a neutral
A individual in a large population under weak selection. The
one-third rule holds in our mixed model.

As we all know, the evolutionary stable strategy
(ESS) 4849 is motivated by selection dynamics in infinite pop-
ulations. However, in a finite population of size N, strategy B
is the ESSI* if selection opposes A invading B and selection
opposes A replacing B. w4 < 7 if selection opposes A invad-
ing B, and ¢4 < 1/N if selection opposes A replacing B. Sub-
sequently, strategy B is the ESS if b(N — 1) < ¢+ (N —2)d and
a(N—2)+b(2N —1) < c¢(N+1)+ (2N —4)d in the proposed
mixed process with a finite population of size N.

4. Fixation times

Another quantity of interest in evolutionary dynamics of

finite populations is the average fixation time.?>324159 Two

different fixation times should be considered seriously during
the evolutionary process: the unconditional average time and
the conditional fixation time.

The unconditional average time to fixation #; is the ex-
pected time required to reach the absorbing states (either one
of the two absorbing states) starting from the initial state i = 1.

This time ¢; is defined as
ti=1+piitti-1 + pijiriticr + (1 — Piiv1)ti. (22)

The conditional fixation time - specifies the mean time

Piji—1—

required to reach the absorbing state N when starting from
state i, provided that A is ultimately reached. In order to obtain
the value 7°, it is expedient to start from!?>33!

GitS = Gi1piio1 (1S + 1)+ ¢i(1—pii1 — pii1)(tE+1)
+ Qi1 Pii (65 +1). (23)

The solutions to Egs. (22) and (23) were presented in previ-
ous publications, and the specific expressions for the uncondi-
tional and conditional fixation times were obtained and given
by Eqgs. (24) and (25), respectively.

R 1 Pmm—1

k
n=6Y Y | 24)

k=1 i=1 PLI+1 p,Zj11 Pmm+1

N—1

k
1C: Z Z H pmmfl (25)

1 PLI+1 =11 Pm, m+1

Although the transition probabilities in the proposed
mixed process are different from those of the Moran and imi-
o(ui+v)
under weak selection (i.e. @ < 1). Thus, the weak selection

tation processes, they also yield p;;—1/piiy1 =~ 1—

approximations for the fixation probabilities ¢; in our proposed
mixed process and the other two single processes are iden-
tical. However, the difference between the transition proba-
bilities under weak selection leads to different unconditional
and conditional average times. We give a concrete analysis of
the unconditional and conditional average fixation times in the
proposed evolutionary process in the following section.

4.1. Neutral selection

Here, we briefly recall the unconditional and conditional
mean fixation times in the Moran and imitation processes in
finite, well-mixed populations. The unconditional mean fixa-
tion time 1 |y1o;an @nd conditional mean fixation time ¢ Moran
for a single strategy A individual in the Moran process under

neutral selection are given by

1 N—-1 k 2N2
11| More = NHy_1, (262)
oran Nk:ll:le(N_l)
N—1 k k 2
l 2N
C
- = =N(N—1), (26b)
1 )
hwown = 2 2w 11 75
N—11

where the harmonic number is Hy_1 = 7
=1
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Under neutral selection, the unconditional mean fixation

time 71 |{iaion @aNd the conditional mean time 7 fora

‘Imnatlon
single strategy A individual in the imitation process are given

by

= 2NHN717
—ON(N—1).

(27a)
(27b)

| |Imitati0n
1 | Imitation

For neutral selection, substituting Eqgs. (14), (15), and
(17) into Egs. (24) and (25) yields the unconditional and con-
ditional fixation times in our proposed process:

k k
1 , 2N
) Pl _ Hy_1, (28)
SV P 2 Pmtl 2

k k _
€= Z (o) PLi-1 _ 2N(N 7/1). 29)

1 Pii+1 =j51 PLI+1 2—

The unconditional and conditional mean fixation times in the
proposed mixed process are not the same as those in the stan-
dard Moran or imitation processes. Those times in a single
process are only connected with the population size N. How-
ever, in the mixed process, the fixation times also depend on
Y.

Although the approximate fixation probabilities ¢; in our
process are identical to those of the Moran and imitation pro-
cesses, different transition probabilities for different mixed
processes lead to different mean fixation times. In the follow-
ing section, we will discuss times associated with this mixed
evolutionary process under weak selection.

4.2. Weak selection

Calculating the fixation time is quite complicated under
weak selection. Therefore, Taylor’s first-order expansion ap-
proximation is used to approximate the fixation times!!°! as

follows:
=~ t|p=0+ @ J t (30)
1~ 1 ]=0 8(91@:0’
c. .C C
tr R om0+ @ =1 (31)
o 0=0

In Ref. [32], the authors presented specific results for the fix-
ation times under weak selection. The unconditional and con-
ditional average fixation times in the imitation process are

EZNHN,1+VN(N717HN,1)(L) (32a)
N*+N—6
18

For the Moran process, the unconditional and conditional av-

11 mitation

~2N(N—1)+uN(N —1) ®. (32b)

1]
1 |Imitation

erage fixation times are

N

1 voran = NHy—1 + v (N +1 = 2Hy) @ (33a)
N?(N? -3N +2)

tf‘Moran:N(N_l)_u 36 . (33b)

Calculating the fixation time is quite complicated in the
case of weak selection, even for a single simple model, and
the same holds for the fixation time in our mixed model. Thus,
we also use Taylor’s method to approximate the fixation time.
The weak selection approximation of the unconditional mean

fixation time in our mixed model can be written as follows:

o~ %HN,I [N((ZN—y)l) (N+13)u+3v} o
_ [‘(‘él_—y)y])z [N(NZ— DU, v 1)} .
—ﬁ[(N—I)HHN_Mw
,Ng:;) |:(N+13)u+3VHN1 (quv)} o G

A detailed calculation can be found in Appendix A. ¥y =0 re-
duces to the Moran process, and the unconditional mean fixa-
tion time in Eq. (34) simplifies to Eq. (33a). On the contrary,
Y = 1 reduces to the imitation process, and the unconditional
mean fixation time in Eq. (34) simplifies to Eq. (32a).
Compared with the unconditional mean fixation time, the
only difference is the fixation probability ¢; instead of ¢;. The
linear term in the weak selection expansion of ¢ is given in
Eq. (35). This is similar to the unconditional mean time, and
corresponding details for this calculation can be found in Ap-

pendix B.
_2N(N-1) N(N-1)
i~ y e )[(4N+1)u+9v]a)
~(v-2); ( 1;[(5N+3)u+9v]w
1 NN+1D)(N—1u N(N—1)
‘(z—yﬂ[““‘”( g )
+yN(N(NZ_1)u+(Nl)v>]a), (35)

Y = 0 reduces to the Moran process, and the conditional mean
fixation time in Eq. (35) simplifies to Eq. (33b). On the con-
trary, Y = 1 reduces to the imitation process, and equation (35)
simplifies to Eq. (32b).

The unconditional mean fixation times (Egs. (32a) and
(33a)) in both simple models are only related to the constant v,
which describes the average payoff difference between strate-
gies A and B. Meanwhile, the conditional mean fixation times
(Egs. (32b) and (33b)) in both simple models are only related
to the slope u of the average payoff difference between strate-
gies A and B. Equations (34) and (35) show that the two fixa-
tion times in our proposed model are much more complicated
than any one of those in the simple models because they are

related to v and u.
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4.3. Numerical analysis

To observe changes in fixation times more directly, we
performed theoretical simulations based on Eqgs. (24) and (25).
Now we consider the Prisoner’s dilemma game,[5 11'in which
strategy B (defection) always has a higher payoff (¢ > a,d > b)
and is always dominant, regardless of the fraction of strat-

egy A (cooperation). The Prisoner’s dilemma is a coexistence
game!**! in which both strategies A and B produce the highest
payoffs when interacting with the other strategy (a < c¢,b > d).
In coordination games, both strategies A and B produce the
highest payoffs when interacting with their own types (a >
c,b < d). A cannot invade B during a coordination game with
a well-mixed population, and vice versa.
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Fig. 3. Theoretical unconditional mean fixation times for a strategy A individual (a single cooperator) with N = 100. (a) Unconditional mean
fixation time in the Prisoner’s dilemma with a =3, b =1, ¢ = 5, and d = 2. (b) Unconditional mean fixation time in coexistence games with a = 3,
b=2,c=5,and d = 1. (c) Unconditional mean fixation time in coordination games with a =5, b =1, ¢ = 3, and d = 2. The red and black
lines show the Moran and imitation processes, respectively. The blue and magenta lines show our proposed process with ¥y = 0.5 and y = 0.8,

respectively.
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Fig. 4. Theoretical conditional mean fixation times for a strategy A individual with N = 100. (a) Prisoner’s dilemma results witha =3, b =1, ¢ =5, and
d = 2. (b) Coexistence game results witha =3, b =2, ¢ =15, and d = 1. (c) Coordination game results witha =5, b =1, ¢ =3, and d = 2. The red and
black lines show changes in the unconditional mean fixation times in the standard Moran process and imitation process, respectively. The blue and magenta
lines show changes in the unconditional mean fixation times in our proposed process with ¥ = 0.5 and y = 0.8, respectively.

The three panels in Fig. 3 show results for the Pris-
oner’s dilemma, coexistence, and coordination games. Differ-
ent combinations of update rules result in different updating

rates in the three games. In the Moran process (y = 0), a coop-

erator takes the least time to reach the homologous state (all A
individuals or all B individuals), and thus their update rate is
the fastest. Contrary to the Moran update process, the imita-

tion process (Y = 1) takes the longest time to reach the homol-
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ogous state, thus the update rate is the slowest. This is because
the transition probability in the Moran process is greater than
that in the imitation process, as shown in Fig. 2. The time
required for the mixed update process to reach the homolo-
gous state is between that of the two simple update processes.
The unconditional mean time becomes longer as Y increases
because less information is known. However, this growth is
not linearly related to y. This is consistent with our intuition.
Moreover, this analysis indicates that the behavior of the un-
conditional fixation times in the mixed process is not just the
average value of the values from the two pure processes. Even
if ¥ = 0.5, the time required for the mixed update process to
reach the homologous state is closer to the time required un-
der the Moran process. This conclusion is also suitable for the
conditional fixation time, as shown in Fig. 5.

1100 T " :

S -o— Prisoners dilemma, (a)
n -4 coexistence game
g 10001 _,_ coordination game P
g
S 900¢
2
g
= 8001
=
I
(]
g 700+
=
=
S 600f
X
<
b=t
S 500¢
=1
)

400 ‘ ‘ ‘ ‘

0.2 0.4 0.6 0.8 1.0
Y
2.4 T T T T
-e- Prisoners dilemma (b) \
9.9l -4 coexistence game (

—— coordination game

Conditional mean fixation times ¢§/10*

0.8

0 02 04 06 08 10
v

Fig. 5. (a) Unconditional mean fixation times and (b) conditional mean
fixation times for a strategy A individual with N = 100 and @ = 0.005.
The red, magenta, and blue lines show fixation times from the Prisoner’s
dilemma, coordination, and coexistence games, respectively. For the Pris-
oner’s dilemma, a =3, b =1, ¢ =5, and d = 2; for coordination games,
a=3,b=2,c=5,and d = 1; for coexistence games, a =5,b=1,c =3,
andd = 2.

Figure 4 shows the conditional mean fixation time for a
single cooperator with respect to the selection intensity @.
Figures 4(a), 4(b), and 4(c) show results from the Prisoner’s

dilemma, coexistence, and coordination games, respectively.
One can see from Fig. 3 and Fig. 4 that the conditional mean
fixation time is always greater than the unconditional mean
fixation time under the same conditions. In the Prisoner’s
dilemma and coordination games, the conditional fixation time
decreases with selection intensity w, while in the coexistence
game, this time increases with selection intensity.

Figure 5 shows that the conditional and the unconditional
mean fixation times change as Y increases under weak selec-
tion for any type of game. When the individual only adopts the
Moran process update strategy, the time required for a single
cooperator to reach fixation in a finite population is the short-
est. As 7y increases, both types of fixation times increase at a
faster rate. Coexistence games reach an internal equilibrium,
which leads to the coexistence of two strategies. Therefore,
two strategies are not apt to encroach on each other throughout
the population, and thus the time required to reach the homol-
ogous state is the longest compared to the other two games. A
single cooperator requires more time to reach fixation in the
coexistence game than in the Prisoner’s dilemma and coordi-
nation games, regardless of y. The coordination game consists
of two boundary equilibrium points, and thus populations are
more likely to reach the homologous state. Furthermore, co-
operation can accelerate as long as the probability of using the
Moran rule increases, i.e. full cooperation is reached sooner
when the probability that the individual adopts the Moran rule
is greater. This applies in any type of game.

5. Conclusion

In this study, we apply mixed evolutionary dynamics to
a finite population while considering the Moran and imitation
processes, which are two of the most popular update rules used
to describe evolutionary dynamics in a finite population. Our
theoretical model is largely different from those published pre-
viously as it introduces two different update rules for each in-
dividual. Under the same conditions, the transition probability
in the mixed process is always between those of the two sin-
gle processes, and the transition probability in the Moran pro-
cess is greater than that of the imitation process. Based on the
transition probability, we studied the fixation probability and
fixation times. The fixation probability result agrees with that
of a single process, but the fixation time is not equal to that of
a single process. The proposed model can be characterized in
terms of the fixation times, which are nonlinearly connected
with the probability of adopting the imitation rule. Accord-
ingly, the Moran and imitation processes are two special cases
of our proposed dynamic model. The simulated mean fixa-
tion times provide some insight into how cooperative strate-
gies evolve. The simulated mean fixation times provide some
insight into how cooperative strategies evolve. Cooperation
increases as the probability that an individual uses the Moran
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rule increases. In a real society, human beings are complex and
are influenced by a variety of environmental factors. It is pos-
sible to update strategies according to several different rules.
Therefore, we can also study the evolutionary dynamics of a
population based on a mixture of other update strategies, such
as the aspiration update rule, pair comparison update rule, and
SO on.

Appendix A. Unconditional mean fixation time

We calculated linear corrections for the unconditional
mean fixation time #; in our proposed process in detail. The
specific calculations here are equivalent to those in a previous
publication.3?! The first-order expansion of the unconditional
mean fixation time can be written as follows:

‘PIZZ

—11=1 PLI+1 =jy1 Pmm+1

Pmm—1

(AL)

Rt |p—0+ at
~1w=0 '%1

w=0

The first term can be seen in Eq. (28). Our goal here is to

Jw

compute the linear term [tl}

k=1 =1 LPLI+1 1) Jw PlLi+1 0
NoL kT g k

-Y Y Y (um+v) , (A2)
k=1i=1 | PLI+1 =1 00

where we apply

ﬁ Pmm—1 -
m:]+1pm,m+1 ©=0

and

k k
la 11 pmml] =— Y (um+v).
=0

Jo m=i+1 Pmm+1 m=I+1

For the fixation probabilities in Eq. (20) under weak se-
lection, we obtain

90y N—1(N+1Du+3v

90 N 6 (A3)
1
O1|ow=0 = N (A4)

By referring to the transition probability in Egs. (6a), (6b), and
(6¢), we obtain

=0
/ N—-I1 N—-I1l1 N-I1
N=1 k k —(1— L Lo L
[al‘1:| _ Z Z 01 H Pmm—1 Pl,l+l|w=0 (l }’) N N—H/ N N2 N N(2 }/)a
)0 0=0 k=1i=1 PLi+1 j,=j+1 Pmm+1 =0 (AS5)
|
{8 1 9 1
20 piiiill, dw, N—I ! N-I1 1
’ N v —pe o VTN Nige et |,
_ _NBA-y)(N-D)+yN|(ul+V)
- @-PPOv-D (A0
\
Th , N—-1 N k
us Z [_12}/) Z (um+v) (A9)
I 961 N(N—=D[(N+1)u+3v] e G m
s 00 3I(N=-D(2-7) =
Jd 1 4(l—y)(N—=0)+yN](ul+v) We can now calculate the terms K, K>, and K3 in Eq. (A9):
1" 5= =- :
0 1
@ Pii+1 oo 4(1 = ZVPV D)1 = f[ 1) <N+1)u+3v]
(A8) =& lIN-1)(2-y) 3
. . N=I & 1 N(N 1) (N4 1Du+3v
Equation (A3) can now be written as follows: = Z Z
== ) 1(2—7) 3
N=1 k
itl _y Z{ N(N-1) (N+1)u+3v} _ [ (N— )(N+1)u+31 Hy 1, (A10)
do ' A EIN-1)2-7) 3 2= 3
N-1 k
K K=Y Y [[ (1 [)(N l>+7N}(ul+V)]

{[4(1 ~NWN-=1) +?’N](H1+V)}
(2=7)P(N=1)

K

Q=nPWN=-DI

I
T7
=
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-

l)+yN](ul+v)}
(2-7)

N
Il

Pﬁ
l—|
A

[ W 5 — Du +Nv(HN11)}

[(N=1)u+Hy_1v], (Al1)

k 2N k
3 lzw—z)(z—y) & fme)

= Zk: {”sz\gzy)(fk—fl)]

_ N(N-1) [(N—i— Du+3v
2-7) 3
where we use the function
k

Z (um+v)

m=I[+1

zmr+u+wy (A12)

= fi— fis fn = m(m+ 1)g+mv (A13)

and
N—1 N—1 u
Y fi= Zk{(k+1)§+
k=1 k=1

uNfl 5
V]:EI(Z:lk +(*
N

:T_I(N2+Nl+lz—1)u

N—-1

V)Zk

k=l

+NT_Z(N+I—1)V. (Al4)

Equations (A13) and (A14) can be used to calculate the terms
01, 02, 03, and Q4:

1Ni N(N—=1)(N+Du+3N(N—1)v

(A15)

uN=1
cxr
6 /=

= l

N-I

= [(1IN* =N —6)u+9(3N —2)v], (A16)
N—1 k N—1 k

zzzi Y Y [ens ]
k=11=1 k=11=1

:le[w+®mﬁ% (A17)
N—1 k fl N—1

= Z =Y i
el k=1
N6 1N[(N+ it 3], (A18)

Inserting Egs. (A10), (All), and (A12) into Eq. (A2),

we obtain an approximation of the linear term f

% 0=0
Combining this with Eq. (31) leads to the unconditional mean
fixation time under weak selection (Eq. (35)).

Appendix B. Conditional mean fixation time

Here, we are interested in finding the approximate condi-
tional mean fixation time tlc in our proposed process. Deriving
the conditional mean fixation time follows a similar process as
the unconditional mean fixation time. The first-order expan-
sion of the conditional mean fixation time can be written as
follows:

2]
1€~ 1Clpo+ @- {awﬂ (B1)

=0
The first term can be found in Eq. (29). Our goal here is to

. d
compute the linear term [IC ,
0=0

dw'!
ac} Nl[la@ 31}
—t = i —
[awl =0 k=11=zi PLi+1 00 ¢1360P1,1+1 =0
N-1 k o
- 2: (um+v)|. (B2)
k=11=1 | PLI+1 =11
For the fixation probabilities in Eq. (20) under weak selection,
we obtain
1 IIN=1) (u(N+1)+3v
b~ o= ( c SNGE)
%I (1)) -
Jw N 6
1 2N?
= o B5
P O T N7 B
So
1 % _IUIN-I) (u(N+l)—|—3v> ' 2N?
PlLiv1 00|, N 6 IIN=0)(2—-7)
N u(N+l)+3v>
= . (B6)
(2—7)( 3
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Jd 1 B d 1
8a)p1’,+1 ©=0 aw(l_y)N—l l ,)/N—li 1 00
N [+ (N—1)e oWty N N1+ e oW+y)
_ NB( =N =D+ V)l + ) &7
2-y?*(N=-D) ’
|
[ 2N N-—-1
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il NIN=DC=1) ~ =027 sa-y (NI B
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] > -7
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-1k [ k N-1 k
2N 1 N—1
—_ (um—+v) [ fl} = ——N[(N+1Du+3v], (BI7)
“LX|wiea LI
H N—1 k N-—1 —
on L[] T
We can now calculate the terms Hy, H,, and H3 in Eq. (B11): N—1
= ——((1IN* =N —6)u+9(3N —2)v). (B18)
N-1 k N+l) +3v N 36
o ; ; (2 —7) Inserting Egs. (B12), (B13), and (B14) into Eq. (B11)
N Nolk yields an approximation for the linear term |—-—1
u(N+1) +3v] L o 90 || 40
32-7) & 121 Combining this approximation with Eq. (32) leads finally to
N N(N-1) ¥+ 3) N(N—1)(N+1) the unconditional mean fixation time (Eq. (35)) under weak
= u-sv lection.
32-7) 2 5
N?(N -1
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