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Harvesting base vibration energy by a piezoelectric
inverted beam with pendulum∗
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We proposed a two-degrees-of-freedom inverted piezoelectric beam with pendulum to promote the performance of
vibration energy harvesting. This configuration is composed of an inverted elastic beam and a pendulum attached to its free
end. The electromechanical equations governing the nonlinear system were derived. The harmonic balance method (HBM)
is applied to solve the equation and the results prove that there exists a 1:3 super-harmonic resonance. The simulation
results show that owing to the particular nonlinearity, there appears a special bending effect in the amplitude-frequency
response, i.e., bending right for the first natural frequency and left for the second natural frequency, which is beneficial for
harvesting vibration energy. The HBM results are verified by the entity simulations. Furthermore, over a relatively wide
range of power spectral density, it could reach a dense jumping and give a dense high pulse voltage.
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1. Introduction
Vibration-based energy harvesting has been well studied

as a promising approach to convert ambient kinetic energy
into electrical energy in recent years.[1] These energy har-
vesting technologies provide an alternative way to powerful
small-scale, low-power-consumption electronic devices and
self-powered networks. Conventional energy harvesters are
mostly based on linear oscillation, which are highly efficient
when the excitation frequency is in the proximity of the res-
onance frequency. Namely, linear energy harvesters are only
suitable for stationary and narrow band excitations. Whereas
various kinds of nonlinear harvesters have been proved to be
beneficial for solving the bandwidth limitation problem of lin-
ear harvesters. In light of this, an approach based on the ex-
ploitation of nonlinear oscillation has been proposed to over-
come these drawbacks.[2–9]

In a nonlinear dynamical system, there exist some par-
ticular phenomena, e.g., super-harmonic resonance, sub-
harmonic resonance, or internal resonance. They take place
in the case that a natural frequency of the system approaches
an integer ratio to that of another natural frequency. In the
cases of resonance, it is possible to realize energy transfer
between different modes. This characteristic was utilized as
an invaluable method for the enhancement of energy har-
vesting. Chen et al. proposed an internal resonance energy
harvester with snap-through nonlinearity which can produce
more power.[10–12] Yang et al. proposed a harvester consist-
ing of two cantilevers with a permanent magnet on their tips.
This design shows an internal resonance mechanism that can
broaden the frequency bandwidth.[13] Xu et al. studied a multi-

directional energy harvester consisting of a piezoelectric can-
tilever with a pendulum attached to the tip. The modal en-
ergy interchange between beam vibration and pendulum mo-
tion can be induced due to internal resonance.[14,15] Xiong
et al. exploited an internal resonance-based energy harvest-
ing device which is composed of a primary oscillator with a
tuned auxiliary oscillator. Various analysis methods indicate
the enhancement of energy harvesting.[16,17] Wu et al. demon-
strated a two-degrees-of-freedom energy harvester based on
1:3 internal resonance to realize the frequency up-converting
effect.[18] These systems based on the 1:2 or 1:3 internal reso-
nance mechanism greatly improve energy harvesting.

Different from the nonlinear energy harvesting devices
using nonlinear resonance mechanism, the bi-stable[19,20] and
multi-stable harvesters have been developed, which are usu-
ally made of beams, moveable and fixed magnets.[21] The
inter-well motion of multi-stable system can lead to a large-
amplitude oscillation and enhance the energy harvesting effi-
ciency. Erturk et al. proposed a broadband bi-stable piezo-
magnetoelastic energy harvester and the numerical and exper-
imental results demonstrated that the output voltage and output
power of this bi-stable system were improved dramatically.[22]

Zhou et al. demonstrated a magnetically coupled nonlinear en-
ergy harvester with rotatable magnets which can broaden the
broadband of the harvester.[23] Li et al. investigated a tri-stable
energy harvesting system, and the response under random ex-
citation indicated that the tri-stable system can create high out-
put voltage at the low intensity of stochastic excitation.[24]

Zhou et al. studied a series of asymmetric tri-stable energy
harvesters, where the asymmetric characteristic of the system
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can be beneficial for the energy harvesting under various ex-
citation conditions.[25] Lan et al. proposed an improved BEH
by adding a magnet to reduce the barrier, and the system can
realize a high output voltage even at weak excitation.[26]

x

y
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Fig. 1. Schematic of the inverted piezoelectric beam with pendulum
(IPBP).

Nonlinear resonance mechanism and multi-stable motion
are two primary ways for harvesters to enhance the ability of
energy harvesting. Conventional nonlinear harvesters usually
utilize one of them to realize high output. A few studies com-
bined the two mechanisms in the existing literature. In this
paper, we present a harvester consisting of an inverted beam
with a pendulum. This combination is intended to use the in-
teractive influence between them and the bi-stability to realize
high amplitude vibration and output voltage. Considering that
the inverted beam could turn to a bi-stable one in buckling
state, some researchers focus on its application in scavenging
vibration energy. The theoretical analysis and experimental
validation of the inverted beam with a tip mass have been re-
ported by several research groups.[27–29] The results indicate
that the characteristics of inverted beam can benefit the en-
ergy harvesting significantly. To further enhance the harvest-
ing ability, we propose an inverted beam with pendulum. The
combination of an inverted beam and a pendulum transfers the
original 1-DOF system into 2-DOF system. Hence, this pa-
per proposed an energy harvester based on the exploitation of
the properties of internal resonance and bi-stable characteris-
tic. The configuration of the device is shown in Fig. 1. The
energy harvester system is composed of an inverted beam with
a pendulum connected to the free end. A piezoelectric trans-
ducer is bonded near the root of cantilever beam. The rest of
the article is organized as follows. In Section 2, the govern-
ing equations are presented based on Lagrange’s equations.
In Section 3, frequency responses obtained in Simulink and
COMSOL are discussed. In Section 4, the harmonic balance
method is used to reveal the modal interaction. In Section 5

we investigate the motion under random excitation in unstable
situations. Section 6 ends with conclusions.

2. Governing electromechanical equation
In this section, the governing electromechanical equation

will be derived based on the Euler–Bernoulli beam theory and
Lagrange equation. First, some preliminary assumptions need
to be made. The thickness of the beam is smaller than its
length, so the effects of shear deformation and rotary inertia
of the beam are neglected. A shape function is utilized to ap-
proximate the inverted beam’s deflection. The string of the
pendulum is assumed to be massless and inextensible. The
longitudinal deformation of the inverted beam is neglected.
The system is excited by base motion in the X direction.

Since the proposed device comprises an inverted beam
and a pendulum, it can be simplified as a 2-DOF system. The
kinetic and potential energies of the system are

T =
1
2

ρbAb

∫ lb

0
[ẇ(y, t)+ żx]2 dy

+
1
2

ρpAp

∫ lp

0
[ẇ(y, t)+ żx]2 dy

+
1
2

m[ẇ(lb, t)+ ϕ̇l cosϕ + żx]2 +
1
2

m(ϕ̇l sinϕ)2, (1)

U =
1
2

∫ lb

0
EbIb(w′′(y, t))2 dy

+
1
2

∫ lp

0
EpIp(w′′(y, t))2 dy+mgl(1− cosϕ)

−
∫ lb

0
γcvw′′(y, t)dy+

1
2

Cpv2. (2)

The work done by the nonconservative forces can be given by

δW =−c1

∫ lb

0
ẇ(y, t)δw(y, t)dy− c2ϕ̇δϕ +Q(t)δv. (3)

The coordinate w(yt) represents the transverse displacement at
any point in the inverted beam, while the coordinate ϕ repre-
sents the angular displacement of the pendulum with respect
to the y-axis. m is the mass of the pendulum, g is the gravita-
tional acceleration, zx is the base motion, l is the length of the
string, c1 and c2 are the corresponding viscous damping coef-
ficients, respectively, Cp is the capacitance of the piezoelectric
transducer, γc is the electromechanical coupling term, v(t) rep-
resents the voltage across the piezoelectric layer, and Q(t) is
the electric charge of the piezoelectric layer. Let ρb, Ab, lb,
Eb, and Ib represent the mass density of the beam, the cross-
sectional area of the beam, the length of the inverted beam,
Young’s modulus of the beam, the moment of inertia of the
beam; and those of the piezoelectric transducer are denoted by
subscript p. The beam’s transverse displacement w(yt) can be
approximated by a shape function Ψ(y) and the tip displace-
ment q(t),

w(y, t) = ψ(y)q(t), (4)
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where the shape function ψ(y) is of the form

ψ(y) = 1− cos
(

πy
2lb

)
. (5)

The Lagrange equation is applied to obtain the equations of
motion of the system,

d
dt

(
∂L
∂ q̇

)
− ∂L

∂q
=

δW
∂q

,

d
dt

(
∂L
∂ ϕ̇

)
− ∂L

∂ϕ
=

δW
∂ϕ

,

d
dt

(
∂L
∂ v̇

)
− ∂L

∂v
=

δW
∂v

, (6)

where L = T −U ; then the governing equation of the IPBP
subjected to base excitation z̈x can be derived as

(M+m)q̈+ c1q̇+Kq+ml(ϕ̈− ϕ̇
2
ϕ)+χv

= −(M1 +m)z̈x,

ml2
ϕ̈ + c2ϕ̇ +mlq̈+mglϕ =−mlz̈x,

v
R
−χ q̇+Cpv̇ = 0, (7)

where M is the mass of the inverted piezoelectric beam, M1 is
the modal mass, K is the mechanical stiffness of the inverted
piezoelectric beam, R is the resistance load, χ is the electrome-
chanical coupling of the transducer,

M = ρbAb

∫ lb

0
ψ

2 dy+ρpAp

∫ lp

0
ψ

2 dy,

M1 = ρbAb

∫ lb

0
ψ dy+ρpAp

∫ lp

0
ψ dy,

K =
∫ lb

0
EbIb(ψ

′′)2 dy+
∫ lp

0
EpIp(ψ

′′)2 dy,

χ =
∫ lp

0
γcψ

′′dy. (8)

The proposed piezoelectric structure is different from the gen-
eral kinetic model because of the inertia coupling, namely,
there are coupling terms in the quality matric. Then the two
natural frequencies of the 2DOF systems are

ω
2
1,2=

ω̂2
1 + ω̂2

2 ±
√
(ω̂2

2 − ω̂2
1 )

2 +4rmω̂2
1 ω̂2

2

2(1− rm)
,

ω̂
2
1 =

g
l

; ω̂
2
2 =

K
M+m

; rm =
m

M+m
, rm ∈ (0,1). (9)

It should be noted that there exists a nonlinear term ϕ̇2ϕ in the
equation, which may give rise to super-harmonic resonance
and energy transfer between modes. For validation, we ad-
just the mechanical parameters of the piezoelectric system so
that the necessary condition for 1:3 super-harmonic resonance
is met. Finally, by precisely adjusting parameters, the natural
frequencies of the 2-DOF system could be designed as

f1 = 2.2 Hz,

f2 = 6.6 Hz. (10)

This design is utilized in the following simulation to verify the
theoretical results of 1:3 super-harmonic resonance.

By introducing some parameters, the governing equation
(Eq. (7)) can be simplified into the following dimensionless
form:

ü+ rmϕ̈− rmϕ̇
2
ϕ + c′1u̇+ ω̂

2
1 u+χ

′V =−γ
z̈x

l
,

ϕ̈ + ü+ c′2ϕ̇ + ω̂
2
2 ϕ =− z̈x

l
,

V
R
−χ u̇+CpV̇ = 0, (11)

where u = q
l , V = v

l , c′1 = c1
(M+m)l , c′2 = c2

ml , χ ′ = χ

M+m , and

γ = M1+m
M+m . The governing equation can be simplified by the

parameters defined above.

3. Frequency responses

For validation, an entity model is established in the
COMSOL, and the corresponding simulation is carried out.
First, the entity model is excited by the harmonic motion
with sweeping frequency. Hence, the amplitude-frequency re-
sponses are acquired. Because the nonlinear system exhibits
different characteristics for different frequency sweeping di-
rections, both forward sweeping and backward sweeping were
performed in simulations. As for the harvesting circuit, the
open-circuit condition was adopted. Moreover, the parameters
utilized in the study are listed in Table 1.

As for the entity model, it is established by the multi-
physical field software COMSOL. The involved physical com-
ponents are multi-body dynamical, piezoelectric, and electric,
respectively. The finite element model of the IPBP includes an
inverted beam with a piezoelectric patch and a pendulum. The
inverted beam is an elastic one and the pendulum is a lumped
mass connected to beam’s top with a string. The inverted beam
is clamped to the base. The base is assumed to oscillate hori-
zontally (X axis direction).

Table 1. Parameter values used in the Simulink and Comsol.

Parameter Values
Inverted beam size/mm3 190×8× 0.6

PZT size/mm3 30×8× 0.3
Length of the pendulum, l/mm 27.5

Mass density of the beam, ρb/kg·m−3 7850
Mass density of the PZT, ρp/kg·m−3 7500

Young’s modulus of the beam, Eb/GPa 109
Young’s modulus of the PZT, Ep/GPa 106

Coupling coefficient, χ/N·V−1 0.00001
Resistance, R/kΩ 10000

Capacitance, Cp/nF 20
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Table 2. Element type and element number.

Element type Element number
Triangular elements 86

Quadrilateral elements 375
Edge elements 245

Vertex elements 10
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Fig. 2. Output voltage obtained in COMSOL: (a) first primary reso-
nance, (b) second primary resonance.

The simulation in COMSOL used four elements: the tri-
angular element, the quadrilateral element, the edge element,
and the vertex element. The number of each element is shown
in Table 2. The fixed constraint is applied to the bottom bound-
ary of the inverted beam, thus the displacements of nodes at
bottom boundary in the x and y direction are both 0. The
simulation for the entity model was carried out, and the re-
sults are shown in Figs. 2 and 3. The voltage amplitude–
frequency responses are illustrated in Fig. 2. For clarity, the
curve is separated into two figures, Figs. 2(a) and 2(b). Duff-
ing nonlinearity[30–33] can be found in the responses. From
Fig. 2(a), it can be seen that the amplitude–frequency response
near the first natural frequency shows obvious harden-spring
feature, i.e., bending right; in Fig. 2(b), the response near
the second natural frequency shows the soften-spring feature,
i.e., bending left. Different bending direction of amplitude–
frequency responses tends to form a region of multiple solu-
tions over the frequency range between the first and second
natural frequencies. This is beneficial for harvesting vibration
energy. Multiple solutions and jumping phenomenon induced

by the nonlinear term could realize a broadband high output.
In contrast, if at the tip the beam has a mass rather than a pen-
dulum, the nonlinear effect will be weak. This design was
tried in COMSOL as well and the amplitude–frequency re-
sponse was obtained, as shown in Fig. 3. It is apparent that the
sweeping direction has a slight influence on the amplitude–
frequency response, which suggests that the proposed IPBP
could increase the frequency bandwidth considerably. The ex-
istence of harden- and soften-spring features in the first and
second natural frequencies introduces multiple solution areas
between the two primary resonance frequencies. In practice,
the proposed energy harvester could generate a high output
voltage.
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Fig. 3. Amplitude–frequency response of tip-mass design.

4. Time responses
4.1. HBM solutions and numerical simulation

In this subsection, the harmonic balance method
(HBM) is introduced to solve the electromechanical equation
(Eq. (11)). According to the HBM, the solution of nonlin-
ear/linear system should be in the form of truncated Fourier
series, i.e.,

x(t) =
N

∑
n=1

[An cos(nΩ t)+Bn cos(nΩ t)], (12)

where An and Bn are defined as the solution’s Fourier coeffi-
cients, and the subscript n is the order of harmonic compo-
nents.

Considering that the nonlinear term ϕ̇2ϕ may lead to 1:3
super-harmonic resonance, without loss of generality, the so-
lution is assumed to own the corresponding harmonic compo-
nents, i.e., Ω , 2Ω , and 3Ω , when the system is excited by an
external harmonic excitation of angular frequency. Thus, the
solutions take the following forms:

u = A11 cosΩ t +B11 sinΩ t +A12 cos2Ω t

+B12 sin2Ω t +A13 cos3Ω t +B13 sin3Ω t,

ϕ = A21 cosΩ t +B21 sinΩ t +A22 cos2Ω t

+B22 sin2Ω t +A23 cos3Ω t +B23 sin3Ω t,
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V = A31 cosΩ t +B31 sinΩ t +A32 cos2Ω t

+B32 sin2Ω t +A33 cos3Ω t +B33 sin3Ω t. (13)

Then their first derivatives with respect to time t are

u̇ = −A11Ω sinΩ t +B11Ω cosΩ t

−2A12Ω sin2Ω t +2B12Ω cos2Ω t

−3A13Ω sin3Ω t +3B13Ω cos3Ω t,

ϕ̇ = −A21Ω sinΩ t +B21Ω cosΩ t

−2A22Ω sin2Ω t +2B22Ω cos2Ω t

−3A23Ω sin3Ω t +3B23Ω cos3Ω t,

V̇ = −A31Ω sinΩ t +B31Ω cosΩ t

−2A32Ω sin2Ω t +2B32Ω cos2Ω t

−3A33Ω sin3Ω t +3B33Ω cos3Ω t. (14)

Furthermore, the second derivatives of u and ϕ are

ü = −A11Ω
2 cosΩ t−B11Ω

2 sinΩ t

−4A12Ω
2 cos2Ω t−4B12Ω

2 sin2Ω t

−9A13Ω
2 cos3Ω t−9B13Ω

2 sin3Ω t,

ϕ̈ = −A21Ω
2 cosΩ t−B21Ω

2 sinΩ t

−4A22Ω
2 cos2Ω t−4B22Ω

2 sin2Ω t

−9A23Ω
2 cos3Ω t−9B23Ω

2 sin3Ω t. (15)

On the other hand, the nonlinear term ϕ̇2ϕ in the governing
equation can be expanded into Fourier series, i.e.,

ϕ̇
2
ϕ =

3

∑
n=1

[
Āncos(nΩ t)+ B̄n sin(nΩ t)

]
, (16)

where the coefficients of each harmonic component can be
given by

Ān =
Ω

2π

∫ 2π/Ω

0
s2

2s1 cos(nΩ t) dt,

B̄n =
Ω

2π

∫ 2π/Ω

0
s2

2s1 sin(nΩ t) dt, (17)

s1 = A21 cosΩ t +B21 sinΩ t +A22 cos2Ω t

+B22 sin2Ω t +A23 cos3Ω t +B23 sin3Ω t,

s2 = −A21Ω sinΩ t +B21Ω cosΩ t−2A22Ω sin2Ω t

+2B22Ω cos2Ω t−3A23Ω sin3Ω t

+3B23Ω cos3Ω t. (18)

Substituting them into the dynamic equation yields

(−A11Ω
2 cosΩ t−B11Ω

2 sinΩ t

−4A12Ω
2 cos2Ω t−4B12Ω

2 sin2Ω ,

−9A13Ω
2 cos3Ω t−9B13Ω

2 sin3Ω t)

+rm(−A21Ω
2 cosΩ t−B21Ω

2 sinΩ t−4A22Ω
2 cos2Ω t,

−4B22Ω
2 sin2Ω t−9A23Ω

2 cos3Ω t−9B23Ω
2 sin3Ω t)

−rm

3

∑
n=1

[
Āncos(nΩ t)+ B̄n sin(nΩ t)

]
,

+c′1(−A11Ω sinΩ t +B11Ω cosΩ t−2A12Ω sin2Ω t

+2B12Ω cos2Ω t−3A13Ω sin3Ω t +3B13Ω cos3Ω t),

+ω̂
2
1 (A11 cosΩ t +B11 sinΩ t +A12 cos2Ω t

+B12 sin2Ω t +A13 cos3Ω t +B13 sin3Ω t),

+χ
′(A31 cosΩ t +B31 sinΩ t +A32 cos2Ω t

+B32 sin2Ω t +A33 cos3Ω t +B33 sin3Ω t)

= −azγ cosΩ t/l, (19)

(−A11Ω
2 cosΩ t−B11Ω

2 sinΩ t−4A12Ω
2 cos2Ω t

−4B12Ω
2 sin2Ω t−9A13Ω

2 cos3Ω t−9B13Ω
2 sin3Ω t),

+(−A21Ω
2 cosΩ t−B21Ω

2 sinΩ t−4A22Ω
2 cos2Ω t

−4B22Ω
2 sin2Ω t−9A23Ω

2 cos3Ω t−9B23Ω
2 sin3Ω t),

+c′2(−A21Ω sinΩ t +B21Ω cosΩ t−2A22Ω sin2Ω t

+2B22Ω cos2Ω t−3A23Ω sin3Ω t +3B23Ω cos3Ω t),

+ω̂
2
2 (A21 cosΩ t +B21 sinΩ t +A22 cos2Ω t +B22 sin2Ω t

+A23 cos3Ω t +B23 sin3Ω t) =−az cosΩ t/l, (20)

1/R(A31 cosΩ t +B31 sinΩ t +A32 cos2Ω t

+B32 sin2Ω t +A33 cos3Ω t +B33 sin3Ω t),

−χ(−A11Ω sinΩ t +B11Ω cosΩ t

−2A12Ω sin2Ω t +2B12Ω cos2Ω t,

−3A13Ω sin3Ω t +3B13Ω cos3Ω t)

+Cp(−A31Ω sinΩ t +B31Ω cosΩ t−2A32Ω sin2Ω t,

+2B32Ω cos2Ω t−3A33Ω sin3Ω t

+3B33Ω cos3Ω t) = 0. (21)

Equating the coefficients associated with each order of har-
monics, i.e., cos(nΩ t) or sin(nΩ t), will yield eighteen alge-
braic equations with eighteen unknown coefficients. Consider-
ing that the eighteen algebraic equations are difficult to solve,
the Newton–Raphson method is introduced to obtain the cor-
responding solutions.
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Fig. 4. Harmonic coefficients versus excitation frequency (correspond-
ing to the output voltage V ).

For an excitation with angular frequency Ω , the coeffi-
cients for the harmonic components can be solved from the
eighteen algebraic equations in Appendix A. For each Ω ,
the corresponding coefficients of harmonics were solved and
stored. Consequently, all stored results can be plotted as a
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three-dimensional figure (Fig. 4). The excitation frequency
ranges from 0.1 Hz to 5.1 Hz. As a result, from Fig. 4, it can
be seen that the harmonic coefficient for Ω reaches the maxi-
mum value at the natural frequency of f = 2.2 Hz, while the
3Ω component appears and exhibits a peak; in contrast, the
coefficient for 2Ω component is zero now. This result proves
that for this configuration the nonlinear term of ϕ̇2ϕ could in-
duce a 1:3 super-harmonic resonance.

For clarity, the numerical simulations at some specific
frequencies are carried out in Simulink. The sub-models in
Simulink are assembled together to establish the whole dy-
namical model of IPBP. To show the spectrum feature of re-
sponse, fast Fourier transform (FFT) is employed to estimate
the spectrum components. The time-domain responses and
frequency spectra under the excitations of 11 Hz and 2.2 Hz
are illustrated in Figs. 5 and 6, respectively. It is evident that
there exists an super-harmonic frequency component when the
excitation frequency is at the first primary resonance (Fig. 6),
whereas only the exciting frequency component exists when
the system is excited non-resonantly (Fig. 5). It is worth not-
ing that the response becomes modulated at resonance when
the excitation level increases to az = 0.02 g (see Fig. 7).
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Fig. 5. (a) Non-resonant time history and (b) frequency spectrum of
output voltage ( f = 11 Hz, az = 0.01 g).

It should be noted that this system is composed of an in-
verted beam and a pendulum. It is interesting that at the two
natural frequencies the beam and pendulum oscillate with dif-
ferent characteristics. When excited at the first natural fre-
quency, the first primary resonance occurs and the first mode

appears. As shown in Fig. 8, the beam and the pendulum os-
cillate synchronously, i.e., they have the same phase; when
excited at the second natural frequency, the beam and the
pendulum oscillate with opposite phases, i.e., they are anti-
synchronous (see Fig. 9).
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Fig. 6. (a) Resonant time history and (b) frequency spectrum of output
voltage ( f = 2.2 Hz, az = 0.01 g).
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Fig. 7. (a) Resonant time history and (b) frequency spectrum of output
voltage ( f = 2.2 Hz, az = 0.02 g).
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4.2. Model and simulation in COMSOL

For validation, in the COMSOL the entity model was de-
signed to be excited by the harmonic motions same as those in
Section 4.1. The corresponding results are shown in Figs. 10–
15. Figure 10 shows the response spectrum at f = 11 Hz.
It is obvious that the exciting frequency is dominant. Then
at f = 2.2 Hz, the response spectrum shows the appearance
of a super-harmonic resonance; at az = 0.02 g, the response
waveform suggests that there is a modulated phenomenon (see
Fig. 11). This is in good agreement with the simulation by

Simulink (see Fig. 7).
To show the modal characteristics, the entity model was

excited by base motion at the two natural frequencies. When
the excitation frequency is at the first natural frequency, the
beam and pendulum will oscillate synchronously, i.e., their
phases are the same, as shown in Fig. 12. This means that they
will oscillate to the same direction at an instant. In contrast,
when the excitation frequency is at the second natural fre-
quency, the beam and pendulum will oscillate asynchronously,
i.e., their phases are reverse, as shown in Fig. 13.
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Fig. 10. (a) Non-resonant time history and (b) frequency spectrum of output voltage ( f = 11 Hz, az = 0.02 g).
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Fig. 14. Response patterns of the second mode at different times: (a) t = 49.1 s; (b) t = 49.13 s; (c) t = 49.17 s; (d) t = 49.2 s.

This means that they oscillate in the reverse direction at an instant. Then the response patterns at different instants of time are
plotted in Figs. 14–16. The arrowhead indicates the motion of the tip and the pendulum, respectively. Figure 14 and 16(a) show
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that the beam and pendulum oscillate toward the same direction when the excitation frequency is at the first natural frequency.
In contrast, they oscillate in the reverse directions when the excitation frequency is at the second natural frequency, as shown in
Figs. 15 and 16(b).
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Fig. 15. Response patterns of the second mode at different times: (a) t = 49.1 s; (b) t = 49.13 s; (c) t = 49.17 s; (d) t = 49.2 s.
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5. Entity model responses under stochastic exci-
tation

To examine the performance of this configuration in har-
vesting energy, a band-limited white noise is introduced as the
base excitation, which has a frequency range of 5–500 Hz and
a varied excitation intensity (power spectrum density, PSD).
The absence of the low-frequency component (< 5 Hz) in
stochastic excitation aims to prove the effect of energy transfer
between modes. In the following simulation, it can be found
that the first mode oscillation could be excited by the band-

limited noise without the first natural frequency (see Fig. 17).

It should be noted that with the variation of pendulum mass the

beam could be buckling or unbuckling, i.e., the beam could be

the monostable or bi-stable one. The strain–time diagrams are

obtained from the location near the root of the inverted beam,

in which the piezoelectric patch is bonded. We studied both

the two cases. In the unbuckling case, the weight of mass of

the pendulum is 5 g, and the mass ratio is rm = 0.64; while in

the buckling case, the weight of mass of the pendulum is 30 g,

and the mass ratio is rm = 0.91.
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5.1. Unbuckling case

Suppose that the mass is small (m = 5 g) and the beam
is unbuckling. The stochastic base excitation is applied to
the monostable system in the COMSOL, and the simula-
tion is carried out for several intensities, which are varied at
PSD = 0.15 m2/s3, 0.20 m2/s3, 0.25 m2/s3, and 0.30 m2/s3.
The corresponding results were obtained, which are shown in
Figs. 18–21. It is evident that in the unbuckling case the sys-
tem generally oscillates around the trivial stable equilibrium
point x = 0, thus the strain is relatively small, and the output
voltage is fairly low.
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Fig. 18. Waveforms of strain and output voltage under the excitation of PSD = 0.15 m2/s3 (monostable system): (a) strain; (b) output voltage.
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Fig. 19. Waveforms of strain and output voltage under the excitation of PSD = 0.2 m2/s3 (monostable system): (a) strain; (c) output voltage.
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Fig. 20. Waveforms of strain and output voltage under the excitation of PSD = 0.25 m2/s3 (monostable system): (a) strain; (b) output voltage.
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Fig. 21. Waveforms of strain and output voltage under the excitation of PSD = 0.3 m2/s3 (monostable system): (a) strain; (b) output voltage.
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5.2. Buckling case

For the inverted beam, in the buckling state, considering
its vertical displacement, the potential energy and restoring
force can be given by

U =
1
2

EIN2q2 +
1
2

EIN3q4− 1
2

N4ρbAbgq2− 1
2

N1mgq2,

= −1
2

EIN2

(
N1mg+N4ρbAbg

EIN6
−1
)

q2 +
1
2

EIN3q4, (22)

F = −EIN2

(
N1mg+N4ρbAbg

EIN2
−1
)

q+2EIN3q3, (23)

where

κ1 = −EIN2(
N1mg+N4ρbAbg

EIN2
−1); κ2 = 2EIN3,

N1 =
∫ lb

0
(ψ ′)

2 dy; N2 =
∫ lb

0
(ψ ′′)

2 dy;

N3 =
∫ lb

0
(ψ ′ψ ′′)

2 dy;N4 =
∫ lb

0

[∫ y

0
(ψ ′)

2 dξ

]
dy. (24)

The restoring force F indicates that the stiffness κ1 varies with
the mass of pendulum m. When (N1mg+ρbAbg)/EIN2 ≤ 1,
the stiffness κ1 is positive, the potential energy curve ex-
hibits a single well and owns one equilibrium position, the
system is monostable. With increasing pendulum mass m,
(N1mg+ρbAbg)/EIN2 > 1, the stiffness κ1 becomes negative,
and the corresponding potential energy owns double wells and
two equilibrium positions. Thus, the original monostable sys-
tem becomes a bi-stable one. This evolution is illustrated by
the potential energy and restoring force curves as shown in
Fig. 22.

For an inverted beam, the gravity of the pendulum mass
will make it lose stability and begin buckling.[34–36] Increas-
ing the weight of mass of the pendulum, the beam will begin
to buckle at m = 3 g, which turns the system to a bi-stable
one. To compare the system’s performance in the bi-stable
state, the excitation was designated as the same band-limited
white noise as in the unbuckling case. The simulation results
for the entity model in the COMSOL are shown in Figs. 23–
28. First, at PSD = 0.15 m2/s3, the system oscillates around
one of the two equilibrium positions, and the output voltage
is very small (see Fig. 23); then the excitation increases to
PSD = 0.2 m2/s3, the system begins to jump between the
two equilibrium positions, and the corresponding output volt-
age increases accordingly (see Fig. 24); further increasing the
excitation intensity to PSD = 0.25 m2/s3, the jumping times
increase slightly, bringing about several spikes of voltage at
those instants (see Fig. 25); increasing the excitation intensity
to PSD = 0.3 m2/s3, it can be seen that there occurs a fre-
quent jumping between the two equilibrium positions, lead-
ing to a large increase in output voltage (see Fig. 26); then

at PSD = 0.35m2/s3 and PSD = 0.4 m2/s3, the jumping be-

tween two equilibrium positions becomes dense and there ap-

pear many spikes in the output voltage, with the maximum

voltage nearly reaching 6 V (see Figs. 27 and 28). Thus, the

results suggest that the bi-stable IPBP could achieve the larger

output. We then give the curve of the tip displacement versus

the stochastic excitation PSD, as plotted in Fig. 29(a). It is

evident that the tip displacement will increase with increasing

excitation intensity D.
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Fig. 22. Restoring force and potential energy.

To show the advantage of the proposed energy harvester,

the average powers under stochastic excitation for the pro-

posed bi-stable nonlinear system and the linear system are cal-

culated. The linear system is composed of an inverted beam

with a tip mass. The average power is defined as

Pave =
1

t2− t1

∫ t1

t2

V (t)2

R
dt. (25)

Figure 29(b) shows that the bi-stable nonlinear system could
generate a much higher output compared to the linear one. Es-
pecially at D = 0.4 m2/s3, the average power of bi-stable sys-
tem reaches 22.70 µW, while that of the linear system is only
0.65 µW.
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Fig. 23. Waveforms of strain and output voltage under the excitation of PSD = 0.15 m2/s3 (bi-stable system): (a) strain; (b) output voltage.
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Fig. 24. Waveforms of strain and output voltage under the excitation of PSD = 0.2 m2/s3 (bi-stable system): (a) strain; (b) output voltage.
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Fig. 25. Waveforms of strain and output voltage under the excitation of D = 0.25 m2/s3 (bi-stable system): (a) strain; (b) output voltage.
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Fig. 26. Waveforms of strain and output voltage under the excitation of PSD = 0.3 m2/s3 (bi-stable system): (a) strain; (b) output voltage.
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Fig. 27. Waveforms of strain and output voltage under the excitation of D = 0.35 m2/s3 (bi-stable system): (a) strain; (b) output voltage.
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Fig. 28. Waveforms of strain and output voltage under the excitation of D = 0.4 m2/s3 (bi-stable system): (a) strain; (b) output voltage.
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6. Conclusions
In this study, a 2-DOF inverted piezoelectric beam with

pendulum was proposed to harvest stochastic base excitation
energy. It is proved that this configuration owns 1:3 super-
harmonic resonance. The responses for sweeping frequency
show that the system’s nonlinearity bends the amplitude-
frequency curves at the first and second natural frequency to
different directions. With the variation of the pendulum mass,
this configuration could be monostable or bi-stable. The re-
sults show that the bi-stable state outperforms the monostable
state in harvesting stochastic energy when the excitation in-
tensity is sufficient to induce the inter-well motion. In bi-
stable state, the system can be excited to jump between the
two equilibrium positions and give a large output. Especially
under a relatively high excitation, the system can reach a dense

jump between equilibrium positions and generate a consider-

ably large output voltage. The combination of harmonic reso-

nance and bi-stability could benefit a lot to the energy harvest-

ing efficiency. In the future, more detailed studies including

experiments will be performed for the IPBP.

Appendix A

By equating the coefficients associated with each har-

monic term in Eqs. (19)–(21), we can get eighteen algebraic

equations. Solving the algebraic equations, the unknown co-

efficients Ai j and Bi j (i, j = 1,2,3) in Eqs. (13)–(15) can be

acquired. After balancing the first three harmonic terms, the

eighteen algebraic coefficient equations can be obtained as fol-

lows:

−A11Ω
2− rmA21Ω

2− rm

[
1
4

Ω
2(A3

21 +5A2
21A23 +A23

(
8A2

22−5B2
21−8B2

22
)
+16A22B22B23

+A21(8A2
22 +18A2

23 +B2
21 +8B2

22 +10B21B23 +18B2
23))

]
+ c′1B11Ω + ω̂

2
1 A11 +χ

′A31 +
az

l
= 0,

−B11Ω
2− rmB21Ω

2− rm

[
1
4

Ω
2(−10A21A23B21 +18A2

23B21 +B3
21 +16A22A23B22 +8B21B2

22 +8A2
22 (B21−B23)

−5B2
21B23 +8B2

22B23 +18B21B2
23 +A2

21 (B21 +5B23))

]
− c′1A11Ω + ω̂

2
1 B11 +χ

′B31 = 0,

−4A12Ω
2−4rmA22Ω

2− rm

[
1
2

Ω
2(A2

21A22 +2A3
22 +5A23B21B22 +5A21 (A22A23 +B22B23)
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+A22
(
9A2

23 +B2
21 +2B2

22−5B21B23 +9B2
23
)
)

]
+2c′1B12Ω + ω̂

2
1 A12 +χ

′A32 = 0,

−4B12Ω
2−4rmB22Ω

2− rm

[
1
2

Ω
2(2A2

22B22 +5A22 (A23B21 +A21B23)

+B22(A2
21−5A21A23 +9A2

23 +B2
21 +2B2

22 +5B21B23 +9B2
23))

]
−2c′1A12Ω + ω̂

2
1 B12 +χ

′B32 = 0,

−9A13Ω
2−9rmA23Ω

2− rm

[
− 1

4
Ω

2(A3
21−2A2

21A23−3A21B2
21

−A23(8A2
22 +9A2

23 +2B2
21 +8B2

22 +9B2
23))

]
+3c′1B13Ω + ω̂

2
1 A13 +χ

′A33 = 0,

−9B13Ω
2−9rmB23Ω

2− rm

[
1
4

Ω
2(B3

21 +
(
8A2

22 +9A2
23 +2B2

21 +8B2
22
)

B23

+9B3
23 +A2

21 (−3B21 +2B23))

]
−3c′1A13Ω + ω̂

2
1 B13 +χ

′B33 = 0,

−A21Ω
2−A11Ω

2 + c′2B21Ω + ω̂
2
2 A21 +

az

l
= 0, −B21Ω

2−B11Ω
2− c′2A21Ω + ω̂

2
2 B21 = 0,

−4A12Ω
2−4A22Ω

2 +2c′2B22Ω + ω̂
2
2 A22 = 0, −4B12Ω

2−4B22Ω
2−2c′2A22Ω + ω̂

2
2 B22 = 0,

−9A23Ω
2−9A13Ω

2 +3c′2B23Ω + ω̂
2
2 A23 = 0, −9B23Ω

2−9B13Ω
2−3c′2A23Ω + ω̂

2
2 B23 = 0,

A31

R
−χB11Ω +CpB31Ω = 0,

B31

R
+χA11Ω −CpA31Ω = 0,

A32

R
−2χB12Ω +2CpB32Ω = 0,

B32

R
+2χA12Ω −2CpA32Ω = 0,

A33

R
−3χB13Ω +3CpB33Ω = 0,

B33

R
+3χA13Ω −3CpA33Ω = 0.
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