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Quantum criticality is closely related to the existence of two phases with unrelated symmetry breaking. In this paper,
we study Néel and Kekulé valence bond state (VBS) quantum criticality in Dirac semimetals with four-fermion interactions.
Our results show that all possible dynamical masses yield the same critical coupling, which exhibits the phenomenon that
all possible phases meet at a multicritical point (e.g., a tricritical point for the Néel, Kekulé-VBS and semimetallic phases).
In terms of the well-established Wess–Zumino–Witten field theory, we investigate the typical criticality for the transition
between Néel and Kekulé-VBS phases, and the compatible Néel–Kekulé-VBS mass matrices imply the existence of a non-
Landau transition between the Néel and Kekulé-VBS phases. We show the existence of mutual duality in the defect-driven
Néel–Kekulé-VBS transition near the non-Landau critical point and find that this mutual duality results from the presence
of a mutual Chern–Simons term. We also study the mutual duality based on dual topological excitations.
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1. Introduction
The study of quantum phases of matter and phase tran-

sitions in strongly correlated systems is one of the cen-
tral issues of modern condensed matter physics.[1,2] Owing
to strong interaction effects, interacting electrons on a two-
dimensional lattice exhibit rich Mott physics and lead to
many novel phenomena involving quantum phases. Recently,
in the context of two- and three-dimensional semimetals, a
fermion–boson mixed system has been proposed to describe
a Landau-forbidden quantum phase transition that gives rise
to fermion-induced quantum critical points (FIQCPs)[3–6] and
a fluctuation-induced continuous phase transition with hidden
degrees of freedom.[7–9] An FIQCP is an example of a type
II Landau-forbidden transition, whereas an example of a type
I Landau-forbidden transition is provided by the deconfined
quantum critical point (QCP) in a quantum magnet.[10]

Graphene is a two-dimensional Dirac semimetal phase,
with its low-energy excitations exhibiting (2+1)-dimensional
massless Dirac fermions. Based on the graphene struc-
ture, various insulating phases can be induced at the level
of the fermionic spectrum, and these are relevant to a va-
riety of interesting phenomena, including the quantum spin
Hall effect,[11,12] the quantum anomalous Hall effect,[13,14]

topological node-line semimetallic behavior,[15,16] topological
superconductivity,[17] and metal–insulator transitions.[18–20]

Over the past decade, the Mott physics of interacting
electrons in two spatial dimensions has been investigated
extensively.[19–26] Recent theoretical and numerical studies

have shown that the semimetal–insulator transition with elec-
tron correlation and emergent fluctuations (i.e., gauge fields
or strong fermion fluctuations) exhibits an exotic contin-
uous phase transition and a non-Landau–Ginzburg–Wilson
transition[6,7,27–29] and that the transition of a gapless fermion
to an order parameter with emergent symmetry should become
a second-order transition.[3,7,29] The fluctuations of emergent
degrees of freedom give rise to rich quantum criticality behav-
ior, and the various QCPs associated with this behavior have
been shown to belong to the Gross–Neveu–Yukawa (GNY)
universality class.[30–32] Meanwhile, recent large-scale quan-
tum Monte Carlo simulations have confirmed that the quantum
criticality in interacting Dirac semimetals belongs to a spe-
cial Gross–Neveu universality class.[23,33,34] Thus, the (2+1)-
dimensional GNY theory is closely related to the dynamical
mass generation, and thus to the metal–insulator transition in
correlated fermion systems.[35]

In this paper, we introduce general GNY interactions, and
study typical Néel–Kekulé valence band state (VBS) quan-
tum criticality in Dirac semimetals in order to understand
the non-Landau continuous transition. This idea is motivated
by the classification of mass in two-dimensional electronic
systems.[36] We find that the general GNY interaction gives
rise to a critical four-fermion coupling, beyond which the bro-
ken microscopic symmetry yields a general mass term for
fermions. The induced mass term corresponds to modula-
tion of a special fermion bilinear and is related to the pres-
ence of an insulating phase. Theories with compatible or-
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ders have been suggested for describing continuous quantum
criticality,[36–39] for example, the compatible Néel VBS orders
of a deconfined quantum critical point.[10,40] Within a similar
formalism, we show that the Yukawa-type coupling between
the Néel–Kekulé-VBS order and the fermion fields will lead
to a pure bosonic action. The emergence of two symmetry-
unrelated orders in the vicinity of the critical transition (i.e.,
Néel and Kekulé-VBS) reveals the non-Landau quantum crit-
icality, and the low-energy theory for the fluctuating Néel–
Kekulé-VBS order is shown to be a nonlinear sigma model
augmented by a well-known Wess–Zumino–Witten (WZW)
topological term.[41–46] We find that the WZW term leads to
a mutual duality for the Néel–Kekulé-VBS transition and that
this mutual duality can be realized by a mutual Chern–Simons
(CS) theory. We also find that spin–charge separation arises
as a consequence of the mutual duality. According to a spe-
cific study by Senthil et al.[10] and a more general study by
Xu,[47] the Néel–Kekulé-VBS transition is associated with an
emergent spinon and a gauge field at the critical point, so the
transition is indeed a deconfined QCP.

In fact, the treatment of Néel–Kekulé-VBS duality in this
paper overlaps partly with some important work by Senthil,[10]

Hu,[43] Hosur,[37] and Xu.[47] However, we believe that we of-
fer some new results, especially the origin of the duality in
the presence of a mutual CS term and the appearance of dual
topological excitations at the boundary between two ordered
phases where a QCP may exist. Dual descriptions have also
been used in the context of doped Mott insulators for dealing
with disordered–ordered phase transitions.[48] A mutual CS
term also arises in the theory of spin-1/2 quantum magnets[47]

and doped antiferromagnets,[49–51] but with the slight differ-
ence that the mutual CS theory there originates from the spin
and charge sectors, whereas here the mutual CS term requires
only the presence of mutual topological excitations. We must
point out, however, that we have considered a continuous sym-
metry in this paper, and whether dual topological excitations
exist for discrete symmetries remains an open problem.

The remainder of this paper is organized as follows. In
Section 2, we define the general GNY term and solve the
uniform critical coupling for possible broken orders. In Sec-
tion 3, we study quantum criticality in the vicinity of the typ-
ical Néel–Kekulé-VBS transition. In this section, we also de-
rive the WZW action for a five-component Néel–Kekulé-VBS
order vector and discuss the Néel–Kekulé-VBS mutual duality.
In Section 4, we study the derived phenomena at the level of
dual topological excitations. Finally, in Section 5, we present
a discussion of our results and our conclusions.

2. General Yukawa interactions and mass gap
The graphene semimetal contains two sets of triangu-

lar sublattices, denoted by (A,B). Near the two inequivalent

Dirac points (K,K′) in momentum space, the Hamiltonian for
spinless graphene can be written as H = ∑k ψ

†
k h(k)ψk, with

a single-particle Hamiltonian h(k) of the form (setting the
fermion velocity vF = 1 and the reduced Planck constant h̄= 1)

h(k) = ∑
i=1,2

αiki, α1 =−τ3 ⊗σ2, α2 = τ3 ⊗σ1, (1)

where the 2 × 2 unit matrix τ0 and the Pauli matrices τi

(i = 1,2,3) act on the valley indices (K,K′), while the 2× 2
unit matrix σ0 and the Pauli matrices σi (i = 1,2,3) act on
the sublattice indices (A,B). In this representation, the four-
component spinor ψk around the Dirac nodes is given by
ψk = (cKA,cKB,cK′B,cK′A)

T.
Now, let us define the mass matrix in the Hamiltonian.

The general two-dimensional Dirac Hamiltonian is

H = α1k1 +α2k2 +∆ℳ, (2)

where ℳ is a matrix satisfying ℳ2 = I and the anticommu-
tation relations [α1,2,ℳ]+ = 0, and ∆ is a parameter with a
mass scale. These relations lead to a gapped fermionic spec-
trum of the form Ek = ±

√
𝑘2 +∆ 2. Therefore, we say that ∆

is the mass gap of the massive Dirac particle, and ℳ is the
mass matrix, which plays the role of a parameter for the insu-
lating phases. For example, ℳ= τ0⊗σ3 is the mass matrix of
the integer quantum Hall effect, which can be seen explicitly
by writing ψ

†
k τ0⊗σ3ψk in the Dirac Hamiltonian. To describe

the rich ground states of electrons within the uniform frame-
work of the Dirac equation, we can introduce the unit matrix
s0 and another set of Pauli matrices si (i = 1,2,3) which act
on the spin indices. Taking spin, valley and sublattice degrees
of freedom into account, the eight-component spinor is given
by Ψ = (ψk↑,ψk↓)

T, where ψk↑ (or ψk↓) is a four-component
spinor that acts on the combined space of valley and sublat-
tice degrees of freedom. Then, the eight-dimensional repre-
sentation of the αi (i = 1,2) matrices can be constructed as
α1 = s0 ⊗ (−τ3)⊗ σ2 and α2 = s0 ⊗ τ3 ⊗ σ1. In the eight-
dimensional representation, we define the general mass ma-
trix ℳµνλ = sµ ⊗ τν ⊗σλ , which must anticommute with αi

(i = 1,2).
Having defined the mass matrix, we now turn to the field-

theoretical description of mass generation in the semimetal–
insulator transition. It is convenient to start with an effective
action that includes a general four-fermion interaction and is
defined by

S(ψ̄,ψ) =
∫

d3x
[
ψ̄γ

µ i∂µ ψ +
g
2
(ψ̄ℳψ)2

]
, (3)

where g labels the coupling strength for four-fermion interac-
tions. In this action, the four-component spinors ψ̄ and ψ are
independent Grassmann variables and depend on the (2+ 1)-
dimensional spacetime (t,x,y). We have defined the gamma
matrices γ0 = β = s0 ⊗ τ0 ⊗σ3, γ1 = βα1 = s0 ⊗ τ3 ⊗ (iσ1),
γ2 = βα2 = s0 ⊗ τ3 ⊗ (iσ2), and ψ̄ ≡ ψ†γ0. To define the
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projection operator P = (1± γ5)/2, we need another gamma
matrix γ3 = βα3 = s0 ⊗ τ3 ⊗σ0 such that γ5 =−iγ0γ1γ2γ3 =

s0 ⊗ τ3 ⊗σ0 is diagonal. We have also defined the fermion bi-
linear in terms of the general mass matrix in the Lagrangian.
This model is similar to the Gross–Neveu model with discrete
chiral symmetry that is used to discuss the dynamical mass
of gauged vector mesons in particle physics. Mass generation
can be studied by rewriting the functional integral as

Z =
∫

𝒟[ψ̄,ψ,φ ]eiS(ψ̄,ψ,φ),

S(ψ̄,ψ,φ) =
∫

d3x
[

ψ̄(γµ i∂µ −φℳ)ψ − φ 2

2g

]
. (4)

The decoupling of the four-fermion interaction by the intro-
duction of an auxiliary boson field in the functional integral is
known as the Hubbard–Stratonovich transformation, and this
leads to the general GNY interactions. Equation (4) shows that
ℳ plays the role of a mass matrix and thus corresponds to an
order pattern. To study the ground-state behavior, we consider
the static boson field. Integrating over the fermion fields, we
obtain the effective potential for the boson field

Veff(φ) =
φ 2

2g
+

i
(2π)3 ln

[
det(γµ i∂µ −φℳ)

]
. (5)

We have found that the determinant det(γµ i∂µ −φℳ) depends
only on the dimension of the mass matrix and is independent
of its particular form, det(γµ i∂µ −φℳ)= (k2−φ 2)D/2. Then,
the effective potential is given by

Veff(φ) =
φ 2

2g
+

i
(2π)3

∫
d3k ln(k2 −φ

2)D/2

=
φ 2

2g
− D

4π2

∫
φ

c
dφ

2
(

Λ − φ 2

2
ln

Λ 2 +φ 2

φ 2

)
, (6)

where Λ is the ultraviolet cutoff in the regularization, D is the
dimension of the mass matrix, and we have introduced an ar-
bitrary constant c in the integral. We would like to find the
nonzero expectation value of the boson field due to sponta-
neous symmetry breaking. For our purposes, it is convenient
to derive the gap equation by minimizing the potential (i.e.,
putting ∂Veff/∂φ = 0)

1
g(Λ)

=
4

π2

∫
Λ

0

k2
E dkE

k2
E +φ 2 , (7)

where we have used the Euclidean variable kE. This equa-
tion yields the critical coupling strength gc = π2/4Λ for the
general GNY interactions; this is one of the main results of
this paper. It is worth noting that Sato et al.[29] have nu-
merically shown the existence of a tricritical point for Néel–
Kekulé-VBS, and semimetallic phases in a honeycomb lattice
with some emergent symmetries. When g(Λ) > gc, the sym-
metry breaking leads to an insulating phase, and the nonzero

φ is the mass gap. To confirm the fermion mass gap, setting
φ = φ(Λ ,g), we find the flow equation

∂g(Λ)

∂Λ
=−4g2(Λ)

π2

(
1− Λφ 2

Λ 2 +φ 2

)
. (8)

Moreover, the mass gap satisfies(
Λ

∂

∂Λ
+β (g)

∂

∂g

)
φ = 0, β (g) = Λ

∂g
∂Λ

. (9)

This means that the mass gap is irrelevant to the cutoff Λ and
the running coupling g, and thus the fermion mass term is a
renormalization-group invariant.

Finally, we point out that the general fermion bilinear can
be represented as ψ†ℳψ , modulation of which will lead to an
insulating phase. For example, Kekulé distortion and Kekulé-
VBS are modulations of nearest-neighbor hopping bonds with
different sublattices and Dirac nodes,

c†
kAck′B + c†

kBck′A + c†
k′BckA + c†

k′AckB, (10)

−ic†
kAck′B − ic†

kBck′A + ic†
k′BckA + ic†

k′AckB. (11)

The mass matrices corresponding to these modulations are
ℳ010 and ℳ020, which serve as the order parameters of real
VBS (ℜVBS) and imaginary VBS (ℑVBS), respectively. The
Néel orders (Nx,Ny,Nz) correspond to the modulation of the
fermion bilinear with staggered magnetization, and the mass
matrix can be represented as ℳ133, ℳ233, ℳ333. Besides,
the microscopic orders for the fermion bilinear with two lattice
fermions sitting on the same sublattice include charge density
waves (CDWs), the quantum Hall effect (QHE) and the spin–
orbit coupling-driven quantum spin Hall effect (QSHE). We
enumerate these common fermion bilinears in Table 1.

Table 1. Common mass matrices ℳ and corresponding order parame-
ters 𝒪. Here we list the typical Kekulé-VBS phase, Néel phase, quan-
tum Hall effect phase, quantum spin Hall effect phase and charge den-
sity wave phase. The subscript i = x,y,z denotes the spin-si projected
order parameter, and ℜ𝒪 and ℑ𝒪 are the real and imaginary order pa-
rameters, respectively.

𝒪 ℳ 𝒪 ℳ
ℜVBS s0 ⊗ τ1 ⊗σ0 QHE s0 ⊗ τ0 ⊗σ3

ℜVBSx s1 ⊗ τ1 ⊗σ0 QSHEx s1 ⊗ τ0 ⊗σ3

ℜVBSy s2 ⊗ τ1 ⊗σ0 QSHEy s2 ⊗ τ0 ⊗σ3

ℜVBSz s3 ⊗ τ1 ⊗σ0 QSHEz s3 ⊗ τ0 ⊗σ3

ℑVBS s0 ⊗ τ2 ⊗σ0 CDW s0 ⊗ τ3 ⊗σ3

ℑVBSx s1 ⊗ τ2 ⊗σ0 Néelx s1 ⊗ τ3 ⊗σ3

ℑVBSy s2 ⊗ τ2 ⊗σ0 Néely s2 ⊗ τ3 ⊗σ3

ℑVBSz s3 ⊗ τ2 ⊗σ0 Néelz s3 ⊗ τ3 ⊗σ3

3. Néel–Kekulé-VBS duality
We have seen in Section 2 that there exists a multicritical

point that separates the semimetallic phase and the insulating
phases. Among these insulating phases, the mass matrices that
anticommute pairwise are not competing, while the mass ma-
trices that commute pairwise are competing.[36] If there are
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two phases that do not compete with each other, it is possible
to adiabatically change one phase into another without clos-
ing the fermion gap. For example, the mass matrices for the
Néel and Kekulé-VBS phases are not competing, so the phase
transitions between them may be continuous.

In the vicinity of the Néel–Kekulé-VBS crossing line, the
two ordered phases break different symmetries. Suppressing
one phase will automatically lead to the emergence of the other
phase. As shown in Ref. [47], the concept of defect condensa-
tion is appropriate when discussing such phase transitions. It
is well known that the SO(5) superspin nonlinear sigma model
(NLSM) with the extra topological WZW term of a quan-
tum spin-1/2 magnet precisely reproduces the same power law
and long-distance correlations for both the Néel and VBS or-
der parameters.[43,46] The WZW term represents the mutual
property of the superspin (Néel-VBS) order parameters with
its hidden symmetry. The Néel and Kekulé-VBS mass matri-
ces anticommute with each other and so form a five-tuplet of
compatible mass matrices.[36] In Ref. [37], it was shown that
a topological “hedgehog” configuration (a point topological
defect) carries a single zero mode at its core, and in the back-
ground of the Néel–Kekulé-VBS five-tuplet, a defect-driven
continuous phase transition becomes possible.

In what follows, we derive the WZW term[41–46] for the
Néel–Kekulé-VBS order parameters. To our knowledge, al-
though a similar WZW term has been derived in a Fermi
system,[37] no study of the Néel–Kekulé-VBS transition in
Dirac semimetals within the WZW formalism has previously
been published. We will see that the WZW term yields a mu-
tual duality between two ordered phases, which may play an
important role in continuous quantum criticality. The Néel–
Kekulé-VBS five-tuplet is composed of the three-component
Néel vector and the doublet (real and imaginary) of VBS or-
der parameters

φ⃗ ≡ (N⃗,ℜVBS,ℑVBS). (12)

This five-tuplet supports a quasiparticle excitation with SU(2)
(spin rotation) and U(1) (rotation between real and imagi-
nary Kekulé-VBS order parameters) symmetry. In (2 + 1)-
dimensional spacetime, the SU(2)×U(1) vector (defined on
the surface S4) has no topologically nontrivial configurations,
since π3(S4) = 0; that is, there are no topological excita-
tions. However, it does support topological excitations pertur-
batively, owing to the nontrivial homotopy group π4(S4) = Z,
which yields the WZW term. We now consider the action

S[ψ, ψ̄, n⃗] =
∫

d3x ψ̄(iγµ
∂µ −∆ϒ

lnl)ψ, (13)

where n⃗ = φ⃗/|φ⃗ |, N⃗2 = n2
1 + n2

2 + n2
3, ∆ 2

VBS = n2
4 + n2

5, ϒl =

γ0ℳl , and ℳl is the Néel–Kekulé-VBS mass matrix. It is
obvious that this action reproduces the general Dirac Hamil-
tonian (2). The WZW terms can be restored perturbatively by

integrating over the Dirac fermions in the background of the
slowly varying Néel–Kekulé-VBS five-tuplet. Following the
spirit of Abanov and Wiegmann,[45] the effective action for
the Néel–Kekulé-VBS five-tuplet can be obtained as

eiS(⃗n) =
∫

𝒟[ψ, ψ̄]e−S(ψ̄,ψ ,⃗n),

S(⃗n) =−iTr ln(iγµ
∂µ −∆ϒ

lnl). (14)

The perturbative expansion gives the leading action (see
Ref. [37] or Appendix A) S(⃗n) = S0(nl)+SE

WZW(⃗n), with

S0(nl) =
1
g

∫
d3x(∂α nl)

2,
1
g
∼ ∆ , (15)

SE
WZW(⃗n) =

4πi
4!Area(S4)

εαβτρεabcde
∫

d2xdτ

∫ 1

0
dρ

×(∂α na)(∂β nb)(∂τ nc)(∂ρ nd)ne. (16)

The appearance of the WZW term SE
WZW(⃗n) gives rise to the

Néel–Kekulé-VBS duality, which implies that the topological
objects of one phase carry the quantum number of the other
phase (see below for details).

The Néel order breaks SU(2) spin rotation symmetry to
a U(1) symmetry, and the O(3) vector n⃗ = (n1,n2,n3) for
the Néel order should then be defined on a sphere. The
Kekulé-VBS breaks C6 lattice rotation or lattice translational
symmetry, and if we consider the complex Kekulé-VBS or-
der parameter, then the discrete symmetry can be enlarged
to an enhanced U(1) symmetry. As discussed in the con-
text of the superfluid phase transition or the XY model, for a
symmetry-unrelated phase transition, each ordered phase can
be driven by condensation of the topological defects of the or-
dered phase.[47] We adopt the CP1 parametrization na = z†σaz,
where z = (z1,z2)

T is a complex two-component spinor with
the constraint |z1|2 + |z2|2 = 1, and z1,2 are fractionalized
“spinon” fields. We observe the skyrmion charge in the Néel
order as a total gauge flux quantum

qs =
1

4π
ε

i j⃗n · (∂i⃗n×∂i⃗n) =
1

2π

∫
d2xεi j

∂ia j, (17)

where ai = − 1
2 i(z†∂iz− ∂iz†z). The skyrmion is mapped ex-

actly to a “magnetic” flux quantum. The internal gauged
U(1) symmetry appears as a j → a j + ∂ j f , so the skyrmion
number is conserved. Since the Kekulé-VBS order parame-
ter preserves U(1) symmetry, it supports a topological defect
in the form of a vortex. In the dual description of vortex de-
fects in the Kekulé-VBS order, the vorticity plays the role of
an“electric” charge

qv =
∫

c
dl ∂iei =

∫
c
dlεi j

∂i∂ ja0. (18)

In this case, the scalar field a0 is the phase field, and therefore
the Néel and Kekulé-VBS orders are dual to each other owing
to electromagnetic duality.
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Because the Néel order preserves a U(1) gauge degree of
freedom after SU(2) is broken, the spinon field zα will be cou-
pled to the dynamical U(1) gauge field aµ , and we obtain the
CP1 model Sz =

∫
d2xdτ Lz, which describes the deconfined

QCP between the Néel and Kekulé-VBS orders[10]

Lz = |(∂µ − iaµ)zα |2 + sz|zα |2 + rz|zα |4 +κ(εµνλ
∂ν aλ )

2, (19)

where sz and rz are parameters similar to those in φ 4 theory,
and κ is a constant. The study of the critical point can be aided
by introducing a matter field and a gauge field bµ for the vor-
tex defect in the Kekulé-VBS order. Once the matter fields
have condensed, the gauge field acquires a mass term b2

µ via
the Higgs mechanism. We can then derive (after integrating
over bµ ) the Maxwell term in Lz by incorporating the mutual
CS term[49]

Lmcs = i
√

2κ εµνλ bµ ∂ν aλ . (20)

The mutual CS term is the concentrated reflection of the mu-
tual duality between the Néel and Kekulé-VBS orders. Un-
der the gauge transformation bµ → bµ + ∂µ f b, the current is
given by ja

µ = i
√

2κ εµνλ ∂ν ∂λ f b, and the time component
represents the Kekulé-VBS vortex when f a sweeps across the
singularity of the vortex in the Kekulé-VBS order. Thus, the
charge–vortex duality is captured by the mutual CS term or the
WZW term in terms of the Néel–Kekulé-VBS order vector.

We should stress that a mutual CS term has also been de-
rived for a Z2 spin liquid and a doped Mott insulator via a
decomposition of the electron charge and spin degrees of free-
dom, as for a high-Tc superconductor.[40,49] In the present pa-
per, however, the presence of the mutual CS term depends on
the existence of dual topological excitations at the two sides of
a critical boundary. The skyrmion and vortex configurations
relate to a continuous symmetry, and extension to topological
configurations with a discrete symmetry remains an interesting
topic for future study.

Let us turn to describing the phase transition. As shown in
Eq. (17), the skyrmion is conserved, and it corresponds to the
configuration of aµ that creates a 2π flux. Once the quantum
flux has condensed, the extra term induced by the mutual CS
term is nonvanishing; i.e.,

∫
d2xdτ εµνλ ∂µ f b⟨∂ν aλ ⟩ ̸= 0. The

flux condensation destroys the skyrmion number; meanwhile,
it spontaneously breaks the U(1)b symmetry and leads to the
Kekulé-VBS order. Condensation of the vortex in the Kekulé-
VBS order gives ⟨bµ⟩ ≠ 0, but this condensation has no effect
on the gauge condition

∫
d2xdτ εµνλ ∂ν ∂λ f a⟨bµ⟩ = 0, and it

does not destroy the conservation law

∂µ jµ
a = 0. (21)

The spinon fields zα preserve the U(1)a symmetry, and their
condensation is defined on the surface of a two-dimensional

sphere, which is equivalent to the Néel order.[47] The spinons
emerge at the critical point, so the Néel–Kekulé-VBS transi-
tion is a deconfined QCP. Such QCPs may be generalized to
other multiple-component order vectors.

From the above discussion, it can be seen that the compat-
ible mass matrices generate a continuous quantum criticality
between the Néel and Kekulé-VBS transitions. It was shown
in Refs. [36] and [37] that as a result of quantum fluctuations
of the massless Dirac fermions, the semimetal–insulator tran-
sition with emergent symmetries (e.g., Z3 and Z2) is continu-
ous. We can therefore conclude that the semimetal–insulator
transition with some emergent symmetries may be continuous,
and may thus exhibit a new class of critical point. It is worth
noting that Jian and Yao[52] have studied the Gross–Neveu
criticality between a Dirac semimetal and a gapped insulator
which breaks Z2 symmetry.

4. Dual topological excitations
In this section, we study the mutual duality at the level

of static topological excitations. We will see that the phe-
nomenon of spin–charge separation results from the Néel–
Kekulé-VBS mutual duality. In addition, we obtain a formula
for the index theorem in terms of the mutual duality.

The WZW term exhibits the mutual duality between Néel
and Kekulé-VBS orders, and we now turn our attention to
the connections between duality and emergent phenomena,
such as fractionalized quasiparticles and spin–charge separa-
tion. The Kekulé-VBS order pattern corresponds to modu-
lation of the fermion bilinear operator with different sublat-
tices and Dirac points, and thus preserves chiral symmetry.
When the fermion spinor ψ occurs in the Kekulé-VBS mass
matrix, the mass matrix Vab = ψ†ℳabψ acquires a nonzero
value (without spin degrees of freedom being taken into ac-
count); for instance,

⟨V10⟩= ∆
〈
ψ

T
τ1 ⊗σ0ψ

〉
̸= 0, (22)

and such condensates gap-out the nodal quasiparticles. It is
known that a static background can support zero-mode quasi-
particles. To demonstrate the connection between the twisted
Kekulé-VBS order and mid-gap zero energy states at the level
of the fermionic spectrum, it is convenient to assume that the
order pattern is slowly varying on the scale of the lattice spac-
ing and that the nontrivial background topology will be real-
ized by a complex-valued mass matrix field. In the contin-
uum limit, we write the complex Kekulé-VBS mass matrix
as V = ℜV + iℑV , with ℜV = ∆

〈
ψTτ1 ⊗σ0ψ

〉
and ℑV =

−i∆
〈
ψTτ2 ⊗σ0ψ

〉
. In polar coordinates, the Lagrangian of

the fermion interacting with the twisted Kekulé-VBS order pa-
rameter reads

LVBS = ψ̄γ
µ(i∂µ + γ5a5µ)ψ − ψ̄∆βV ψ, (23)

V = β1 cosθ +β2 sinθ , (24)
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where β = τ0⊗σ3, β1 = τ1⊗σ0, and β2 = τ2⊗σ0 are the real
and imaginary Kekulé-VBS mass matrices, respectively. We
have also performed a polar decomposition of the mass matrix
in Eq. (24). There is a local gauge symmetry

ψ
′ = eiωγ5ψ , a′5µ = a5µ +∂µ ω, ∆

′ = ∆eiωγ5 , (25)

where ω is a real number and µ = t,x,y, and we have also cho-
sen a gauge potential with vanishing temporal component. The
phase twist in the Kekulé-VBS mass matrix leads to a domain
wall or vortex in two spatial dimensions; indeed, the back-
ground topology for the Lagrangian is equivalent to that of the
Jackiw–Rossi model that describes a charged fermion inter-
acting with the scalar fields of the two-dimensional Abelian
Higgs model.

There have been many studies of single-valued and nor-
malizable wavefunctions for zero-energy solutions in the pres-
ence of nontrivial twist fields. For an n-twisted order param-
eter, there are n independent normalizable zero-energy states,
and the properties and the specific forms of each zero-energy
solution may differ. The Hamiltonian subject to the Kekulé-
VBS order pattern is given by

H = αi(−i∂i − γ5a5i)+∆(r)(β1 cosθ +β2 sinθ), (26)

and the normalizable zero-energy solutions can be found in
Appendix B. When the degree of twisting of the Kekulé-VBS
order is equal to 2k (k ∈ N), there are 2k normalizable zero
modes, and each zero-energy mode is characterized by two
phases, ψka = f eil1θ +geil2θ (l1 ̸= l2, l1, l2 ∈ N); when the de-
gree of twisting is equal to 2k+1, there are 2k+1 zero modes,
among which only one is single-phase dependent (l1 = l2),
while the others are two-phase dependent. In polar coordi-
nates, the normalizable single-phase dependent wavefunction
for zero modes on sublattice A can easily be obtained as

ψkA = 𝒩A exp
{
−
∫ r

0

[
∆(r)+

2na5(r)− (n−1)
2r

]
dr
}

× exp
{

i
[
(n−1)θ

2
− π

4

]}
,

ψk′A = iψ̄kA, (27)

where 𝒩A is a normalization coefficient. Since ∆(r) and a5(r)
vanish at small r, for the wavefunction to be normalizable, it
is necessary that n ≤ −1. Similarly, the normalizable single-
phase dependent zero mode on sublattice B is

ψkB = 𝒩B exp
{
−
∫ r

0

[
∆(r)+

(n+1)−2na5(r)
2r

]
dr
}

× exp
{

i
[
(n+1)θ

2
+

π

4

]}
,

ψk′B = −iψ̄kB, (28)

where 𝒩B is a normalization coefficient. For the wavefunction
at small r to be normalizable, it is necessary that n ≥ 1; the

normalizability condition can also be found in Ref. [53]. Ow-
ing to the sublattice symmetry (or the chiral symmetry), the
zero-mode wavefunction on sublattice A also holds on sublat-
tice B, with the substitutions ψka → ψkb and n → −n. The
sublattice symmetry ensures that the energy eigenstates ±E
come in pairs, and thus the zero modes bound to the VBS vor-
tex are classified by Z2. Only for odd twisting is there at least
one topologically protected fermion zero mode. In Ref. [37],
it was shown that there exist zero-energy modes in the core
of the Néel “hedgehog” and that the five-component vector of
Néel–Kekulé-VBS order parameters forms a five-tuplet, and
so dual topological excitations can exist at the boundary of
two symmetry-unrelated phases.

As shown above, the Kekulé-VBS order exhibits spec-
tral reflection symmetry, and the vortex defect hosts a single
fermionic mid-gap zero-energy mode in the core. To make the
Néel–Kekulé-VBS duality explicit, follow the same approach
as in Ref. [37], and use the five-component Néel–Kekulé-VBS
order parameter ansatz

n⃗ =

[√
1−φ 2(r)⃗s(τ,ρ),φ(r)⃗v

]
, (29)

where φ(0) = 0 and φ(∞) = 1, and v⃗ encodes the defect core.
Integrating over space leads to the effective action in the vicin-
ity of the core of the vortex defect

Sv =
i
4

∫
dτ dρ εαβεabcsa(∂α sb)(∂β sc), (30)

which is precisely the WZW term for a spin 1/2 in (0+1) di-
mension, i.e., a 1/2-spinon. Therefore, the vortex defect car-
ries the 1/2-spinon quantum number. Kramers conjugation
ensures that there are two zero-energy levels for time-reversal-
symmetric systems, each carrying an up 1/2-spinon quantum
number and a down 1/2-spinon quantum number, respectively.
The occupation pattern of these zero modes yields two charged
states and two spinon states: (∆Q= 1,Sz = 0), (∆Q=−1,Sz =

0), (∆Q = 0,Sz = 1/2), (∆Q = 0,Sz =−1/2), where ∆Q is the
total charge and Sz is the total spin. These states are precisely
the spin–charge separation holon, the chargeon, and the two
spinon states studied in the QSHE.[54,55] Therefore, we see
spin–charge separation as consequences of duality. Moreover,
the condensation of these bosons and spinons may be helpful
for understanding the rich variety of phase transitions such as
the spin-liquid–magnetic and superconductor–magnetic tran-
sitions.

The index theorem establishes a link between topological
stability and the number of zero modes from Eq. (26), by re-
lating the analytical index of a Dirac operator to the winding
number of the Kekulé-VBS background scalar field in two spa-
tial dimensions.[56,57] In addition to any symmetries, we now
show that the Néel–Kekulé-VBS duality provides an alterna-
tive way to derive the topological index. We consider a model
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with fermions interacting with the complex Kekulé-VBS or-
der. The dual target space can be obtained by considering the
extended Kekulé-VBS order parameter φ = (ℜ∆ ,ℑ∆ ,h), ac-
cording to the Lagrangian density

L = ψ̄iγµ(∂µ − iγ5a5µ)ψ − ψ̄

(
3

∑
k=1

Γkφk

)
ψ, (31)

where Γk = β (β1,β2,I) and we have introduced an auxiliary
parameter −∞ < h < ∞. The extended order parameter defines
a topological current (see Appendix C)

Jµ =− 1
8πφ 3 ε

µνλεabc
φa∂ν φb∂λ φc, (32)

and the index for the vortex can be derived by regularizing
h = 0. We assume that the Kekulé-VBS vortex (ℜ∆ ,ℑ∆) lies
on the plane h = 0. The half-degree can be separated into two
parts

Ω/2 =
∫

d2x [J0(a = 3)+ J0(a ̸= 3)]. (33)

It can easily be shown that the second term vanishes when h
is regularized to zero. The half-degree of the mapping then
becomes

Ω/2 =−
∫

d2xεi jεabh∂iφa∂ jφb/8πφ
3. (34)

In polar coordinates, φ = ∆(r)φ̂(θ), where φ̂ = φi/|φ | (i =
1,2,3), and the half-degree of the mapping is given by

Ω/2 = − 1
4π

∫
∞

0

hd(∆ 2)

(∆ 2 +h2)3/2

∫
dθ εab

φ̂a∂θ φ̂b

=
1

4π

∫
dθ εab

φ̂a∂θ φ̂b. (35)

We thus obtain the well-known result

Ω =
1

2π

∫
dθ εab

φ̂a∂θ φ̂b. (36)

Without the need for any symmetry considerations, this result
has been deduced from the Néel–Kekulé-VBS duality. We
know that this number also gives the difference between the
number of zero modes with opposite chirality. Thus, the du-
ality in the vicinity of the critical point implies an associated
mapping between the target spaces of the topological excita-
tions. Taking this into account, the Néel–Kekulé-VBS duality
implies that there exists an invariant related to the theories rep-
resented by the following two Lagrangians:

L1 = ψ̄iγ · (∂ − iγ5a)ψ +m(r)eiγ5θ
ψ̄ψ + · · · , (37)

L2 = ψ̄iγ · (∂ − ib)ψ + ψ̄ n⃗ · σ⃗ψ + · · · . (38)

5. Conclusion and discussions
In summary, we have found that a moderate four-fermion

interaction leads to a multicritical point for various insulat-
ing phases in Dirac semimetals and that this represents a non-
Landau transition. We have also studied the typical Néel–
Kekulé-VBS quantum criticality, for which the compatible
Néel–Kekulé-VBS five-tuplet leads to a WZW term, and this
in turn yields a mutual duality between Néel and Kekulé-VBS
orders near the non-Landau critical point. From a static point
of view, there is a mutual duality in the sense that a topological
defect in either phase carries the quantum number of the other
phase, a result that is already well understood.[47] Dynami-
cally, the mutual duality is accompanied by two fluctuating
gauged fields, as encoded in the mutual CS term. In this paper,
the presence of a mutual CS term is dependent on the existence
of dual topological excitations at the boundary of two phases,
whereas in the case of a doped Mott insulator, topological ex-
citations in the spin and charge sectors are required for the
duality. The compatible mass matrices generate a continuous
quantum criticality in the Néel–Kekulé-VBS transition, and
the quantum fluctuations render the semimetal–insulator tran-
sition with emergent symmetries continuous. Thus, the gen-
eral semimetal–insulator transition with emergent symmetries
may exhibit a new class of critical point. Furthermore, from
the perspective of dual topological excitations, spin–charge
separation arises as a consequence of mutual duality.

It is worth pointing out that in this paper, Néel–Kekulé-
VBS duality refers to self-duality near the critical point, rather
than duality between two seemingly different theories. Var-
ious recent studies have concentrated on the duality between
field theories in high-energy physics and quantum criticality in
condensed matter physics, which is a duality in the sense that
both theories are described by the same low-energy effective
field theory and are characterized by the same critical behav-
ior at criticality. Examples include the duality between non-
compact quantum electrodynamics with two flavors (Nf = 2)
in 2+1 dimensions (QED3) and the easy-plane U(1) noncom-
pact CP1 model[58,59] (describing the Néel–VBS transition in
magnets with XY spin symmetry), and the duality between the
QED3–Gross–Neveu model and the SU(2) noncompact CP1

model.[60]

Generally, we can conclude that there is a hidden duality
connecting interacting driven topological quantum phase tran-
sitions with quantum criticality, which will contribute to our
understanding of fundamental physics.

Appendix A: the nonlinear sigma model with
WZW term

The WZW action (16) is the main reason for the existence
of the Néel–Kekulé-VBS quantum criticality duality. The ef-
fective action can be obtained using a gradient expansion. In
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this appendix, we derive the effective theory for the Néel–
Kekulé-VBS SO(5) order parameters; a similar derivation can
be found in Ref. [37]. In the presence of a slowly varying
background, we start from the action

S[ψ, ψ̄, n⃗] =
∫

d3x ψ̄(iγµ
∂µ −∆ϒ

lnl)ψ, (A1)

where n⃗ = φ⃗/|φ⃗ |, ϒl = γ0ℳl , and ℳl is the Néel–Kekulé-
VBS five-component mass matrix. ϒ1 = s1 ⊗ τ3 ⊗ I, ϒ2 =

s2⊗τ3⊗I, ϒ3 = s3⊗τ3⊗I, ϒ4 = I⊗τ1⊗σ3, ϒ5 = I⊗τ2⊗σ3,
and I denotes the 2×2 identity matrix. Following the spirit of
Abanov and Wiegmann,[45] the effective action for the Néel–
Kekulé-VBS order parameter is obtained by integrating over
the gapped fermions

eiSe [⃗n] =
∫

𝒟[ψ, ψ̄]e−S[ψ̄,ψ ,⃗n],

Se [⃗n] =−iTr ln(iγµ
∂µ −∆ϒ

lnl), (A2)

where Tr here represents the trace over matrix and spatial co-
ordinates. The variation δSe [⃗n] with respect to nl yields

δS(n)e [⃗n] =−i tr(iγα
∂α −∆ϒ

ana)
−1(−∆ϒ

l
δnl)

=−i∑
n
(−1)n tr{[(∂ 2 +∆

2)−1(−i∆ϒ
c
γ

α
∂α nc)]

n

× (∂ 2 +∆
2)−1(−iγβ

∂β −∆ϒ
sns)(−∆ϒ

l
δnl)},

(A3)

where tr here represents the trace over matrix and both spatial
and momentum coordinates. It is easily seen that δS(1)e [⃗n] is
nonvanishing:

δS(1)e [⃗n] = i∆ 2tr[I8]trk[(∆
2 − k2)−2

∂α nl∂α δnl ]

=
∆

2π

∫
d3x∂α nlδ (∂α nl), (A4)

where k2 = k2
0 −𝑘2. δS(1)e [⃗n] yields the SO(5) nonlinear sigma

model for the vector n̂, which combines the Néel–Kekulé-VBS
order parameters

S(1)e [⃗n] =
1
g

∫
d3x(∂α nl)

2,
1
g
∼ ∆ . (A5)

The leading-order correction to the low-energy effective action
is δS(3)e [⃗n], which can be computed as

δS(3)e [⃗n] =𝒩 tr(ϒa
γ

α
ϒ

b
γ

β
ϒ

c
γ

γ
ϒ

d
ϒ

e)

×
∫

d3x(∂α na)(∂β nb)(∂σ nc)nd(δne), (A6)

where the integrand

𝒩 =
∫ d3k

(2π)3
∆ 5

(∆ 2 − k2)4 =
2πi

4!Area(S4)
. (A7)

The trace on the right-hand side of Eq. (A6) is indeed a product
of two antisymmetric tensors:

tr(ϒa
γ

α
ϒ

b
γ

β
ϒ

c
γ

τ
ϒ

d
ϒ

e) = 8iεαβτεabcde. (A8)

Let n⃗(x,ρ) distort continuously such that n⃗(x,0) = (n1 =

1,⃗0) and n⃗(x,ρ = 1) = n⃗(x). Thus, n⃗(x) is defined on the
four-dimensional spacetime disk D4 with boundary ∂D4 = S3.
Therefore, the field n⃗(x) defines a map from S3 to S4. We can
introduce an auxiliary variable ρ ∈ [0,1], and δS(3)e [φ⃗ ] is then
rewritten as

δS(3)e [⃗n] = 8i𝒩εαβσεabcde
∫

d3x
∫ 1

0
dρ

×∂ρ [(∂α na)(∂β nb)(∂τ nc)nd(δne)], (A9)

which is indeed the functional derivative of the WZW term.
The field variables are defined only on the boundary, and it
should be noted that the term

εαβσεabcde
∫

d3x
∫ 1

0
dρ ∂α na∂β nb∂τ nc∂ρ ndδne (A10)

must vanish, since, for small changes n⃗ → n⃗+δ n⃗, δne is per-
pendicular to ne. Combining all these results leads to the Eu-
clidean WZW action SE

WZW [⃗n] = 2πi𝒮, with

𝒮 =
2

4!Area(S4)
εαβτρεabcde

∫
d2xdτ

∫ 1

0
dρ

× (∂α na)(∂β nb)(∂τ nc)(∂ρ nd)ne. (A11)

Appendix B: the zero mode under twist order
We now present some results on the zero-energy modes

in the Dirac Hamiltonian with static twisted backgrounds. We
start with the Hamiltonian (26),

H = αi(−i∂i − γ5a5i)+∆(β1 cosθ +β2 sinθ). (B1)

The zero-energy eigenvalue equation is Hψ0 = 0, with ψ0 =

(ψ1,σ2ψ*
1 )

T. We assume that the system is isotropic, and we
set ψ1 = [ f (r,θ),g(r,θ)]T. The zero-energy solutions are then
determined by

[∂++(a52 − ia51)] f − i∆ f * = 0,

[∂−− (a52 + ia51)]g+ i∆g* = 0, (B2)

where ∂± = e±iθ (∂r ± i∂θ/2). For n-twisting of the scalar
field, it is convenient to make the polar decomposition ∆ =

∆(r)einθ , where ∆(r) vanishes at the origin and tends to a
constant at infinity. The static axial gauge field a5i (i = x,y)
integrated over a closed loop that encircles the origin yields
the degree of twisting, which we can parametrize as a5i =

−nεi jr ja(r)/r2, a(r → ∞) = 1/2. The gauge field plays a role
only in changing the profile of the background, but does not af-
fect the zero-energy eigenvalue. Using polar coordinates, the
eigenequations for zero energy take the form

eiθ
[

∂r +
i∂θ

r
+

na(r)
r

]
f − i∆ f * = 0,

e−iθ
[

∂r −
i∂θ

r
− na(r)

r

]
g+ i∆g* = 0. (B3)
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The general ansatz for the zero-energy eigenvectors may be
chosen as f (r,θ) = e−iπ/4[ f1(r)eil1θ + f2(r)eil2θ ], g(r,θ) =
eiπ/4[g1(r)eim1θ + g2(r)eim2θ ], where both fi(r) and gi(r) are
real. The radial equations for fi(r) are[

∂r −
l1
r
+

na(r)
r

]
f1 +∆(r) f2 = 0,[

∂r −
l2
r
+

na(r)
r

]
f2 +∆(r) f1 = 0, (B4)

and the corresponding compatibility condition is l1 + l2 =

n−1. The radial equations for gi(r) are[
∂r +

m1

r
− na(r)

r

]
g1 +∆(r)g2 = 0,[

∂r +
m2

r
− na(r)

r

]
g2 +∆(r)g1 = 0, (B5)

and the corresponding compatibility condition is m1 +m2 =

n+1.
According to the compatibility conditions, if the total

twisting of the Kekulé-VBS order is even, then all the nor-
malized zero modes are characterized by two phases (l1 ̸= l2
or m1 ̸= m2); if the total twisting is odd, then one of these nor-
malized zero modes is characterized by a single phase (l1 = l2),
while the other n−1 normalized modes are two-phase depen-
dent. Setting ψ0 = (ψKA,ψKB,ψK′B,ψK′A)

T, the single-phase
dependent wavefunction for the zero mode on sublattice A is
obtained as

ψkA =𝒩A exp
{
−
∫ r

0

[
∆(r)+

2na(r)− (n−1)
2r

]
dr
}

× exp
{

i
[
(n−1)θ

2
− π

4

]}
,

ψk′A = iψ̄kA, (B6)

where 𝒩A is a normalization coefficient. Since ∆(r) and a(r)
vanish at small r, for the wavefunction to be normalizable, it
is necessary that n ≤ −1. Similarly, the normalizable single-
phase dependent zero mode on sublattice B is obtained as

ψkB =𝒩B exp
{
−
∫ r

0

[
∆(r)+

(n+1)−2na(r)
2r

]
dr
}

× exp
{

i
[
(n+1)θ

2
+

π

4

]}
,

ψk′B =−iψ̄kB. (B7)

where 𝒩B is a normalization coefficient. For the wavefunc-
tion at small r to be normalizable, it is necessary that n ≥ 1.
With the substitutions ψkA → ψkB and n →−n, the zero-mode
wavefunction on sublattice A also holds on sublattice B.

Appendix C: topological current
The Kekulé-VBS order supports vortex topological exci-

tations. We consider the following Lagrangian with an ex-

tended order parameter φ⃗ = (ℜ∆ ,ℑ∆ ,h):

L = ψ̄iγµ(∂µ − iγ5a5µ)ψ − ψ̄

(
3

∑
k=1

Γkφk

)
ψ, (C1)

where Γ1 = ββ1 = τ1 ⊗σ3, Γ2 = ββ2 = τ2 ⊗σ3, Γ3 = β I =
τ0 ⊗σ3, we assume the auxiliary parameter −∞ < h < ∞, and
the topological charge for the vortex is obtained by regulariz-
ing h = 0 at the end of the calculations. It should be noted
that the extended order parameter breaks the chiral symmetry.
Integrating over the fermion fields, we have∫

𝒟ψ̄ 𝒟ψ exp
[
−
∫

d3xL(ψ̄,ψ, n⃗)
]
= e−SE

eff [⃗n,a5µ ], (C2)

and the current is defined in terms of Jµ = δSE
eff/δa5µ |a5µ=0.

Again, using the gradient expansion,[45] we have

Jµ =
δSE

eff
δa5µ

=−Tr{γ5γ
µ𝒢−1

0 [𝒢−1
0 (𝒢−1

0 )†]−1}, (C3)

where 𝒢−1
0 = iγµ ∂µ −Γkφk. The gradient expansion yields

Jµ =−
∞

∑
l=0

Tr

γ5γ
µ iγν ∂ν −Γkφk

−∂ 2 +φ 2

(
−iΓkγλ ∂λ φk

−∂ 2 +φ 2

)l
 . (C4)

It is easily checked that both the l = 0 and l = 1 terms vanish
and the dominant term is

Jµ = Tr

γ5γ
µ Γkφk

−∂ 2 +φ 2

(
−iγλ Γk∂λ φk

−∂ 2 +φ 2

)2


=
∫ d3k

(k2 +φ 2)3 Tr(γµ
γ

ν
γ

λ
Γ5ΓaΓbΓc)φ

a
∂ν φ

b
∂λ φ

c

=− 1
8πφ 3 ε

µνλεabc
φ

a
∂ν φ

b
∂λ φ

c, (C5)

where k2 = k2
0 −𝑘2, and the topological charge is defined as

q =
∫

d2xJ0.
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