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The discovery of the momentum space crystal based on the alkaline-earth atom 88Sr in narrow-line cooling has paved
the way to explore this novel physical phenomenon in other cold atom systems. In this paper, a momentum space crystal
based on the fermions 87Sr in narrow-line cooling of transition 1S0–3P1 is demonstrated. We theoretically analyze and
compare the formation principle of the narrow-line with that of broad-line cooling, and achieve the momentum space
crystal in experiment. Beyond that we present a series of numerical calculations of those important parameters which
influence the distribution and size of the momentum space crystal. Correspondingly, we vary the values of these parameters
in experiment to observe the momentum space crystal evolution and distribution. The experimental results are in conformity
with the results of the theoretically numerical calculations. These results and analyses provide a detailed supplementary
study on the formation and evolution of momentum space crystal. In addition, this work could also give a guideline on
atomic manipulation by narrow-line cooling.

Keywords: momentum space crystal, narrow-line cooling, strontium

PACS: 37.10.–x, 03.65.Sq, 81.16.Ta DOI: 10.1088/1674-1056/28/1/013701

1. Introduction
Alkaline-earth metal atoms with spin-forbidden tran-

sitions are more convenient for laser cooling to sub-
µK temperatures compared with alkaline atoms,[1,2] which
make these systems extremely useful for fundamental stud-
ies such as sub-Doppler cooling,[3,4] quantum degenerate
gas,[5–7] atom interferometer,[8] and precision optical fre-
quency metrology.[9–11] The spin-forbidden transition cool-
ing is also called narrow-line cooling according to the ratio
of the transition natural width Γ and the single-photon re-
coil frequency shift ωR, showing unique properties in ther-
mal and mechanical dynamics and fundamental atomic phys-
ical phenomena.[12,13] For example, the momentum space
crystal (MSC) based on alkaline-earth metal atoms was first
demonstrated for 88Sr narrow-line cooling.[12] After narrow-
line cooling in the magneto optical trapping (MOT), the detun-
ing frequency of the trapping laser was changed from negative
to positive. In this way, the laser would accelerate atoms re-
sulting in the arrangement of the atoms into some discrete sets
in the momentum space.

These regular momentum packets are the MSC. Later,
Stellmer et al. also observed similar phenomenon in their
experiment with 88Sr Bose–Einstein condensate (BEC).[14] In
the spinless boson 88Sr systems, since the cooling laser and the
accelerating laser used in the narrow-line cooling process have
the same wavelength,[15] the system is much simpler. When it

comes to the fermion 87Sr atom which has a non-zero nuclear

magnetic moment (I = 9/2), the formation of MSC in 87Sr

atom is affected by non-zero nuclear spin and is different from
88Sr. More importantly, this phenomenon occurs in the system

with incoherently excited non-degenerate thermal cloud, and

extends the study of the mechanical dynamics of light–atom

interactions, which is worth investigation.[14,16,17] In addition,

the complexity of the red MOT is much increased,[18,19] be-

sides the trapping laser at 689 nm, another stirring laser should

be employed to enlarge the number of atoms in the red MOT

and to obtain a high signal–noise ratio for the detection.[20]

Meanwhile, the stirring laser can be utilized as the accelerat-

ing laser.

In this paper, we report on the MSC based on the fermion
87Sr atoms. We considered the influence of 87Sr hyperfine

structures on MSC and analyzed its formation process. Then

we used numerical calculations to analyze MSC with different

parameters, including the detuning frequency, the saturation

factor of the laser, and the interaction time. The experimental

results of our system show good agreement with the theoretical

calculations. These results provide important information for

the study of MSC based on alkaline-earth metal atoms. And

the method to prepare the MSC could also be implemented in

the research for separating the cold atoms.
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2. Formation and analysis of strontium momen-
tum space crystal
In nature, three of the four strontium atom isotopes are

bosons which are 88Sr, 86Sr, and 84Sr, and 87Sr is the sole
fermion in the four isotopes.[21] The MSC was first discovered
with boson 88Sr atoms due to its simplicity.[12,14] In contrast,
87Sr atoms have a nuclear spin of I = 9/2, leading to the hy-
perfine structure of both the ground and the excited states. And
the excited state 3P1 of 87Sr is split into three hyperfine states
F = 7/2, 9/2, and 11/2. The transition from the ground state
(5s2)1S0(F = 9/2) to the excited state (5s5p)3P1(F = 11/2)
is employed to trap the atoms. However, the atoms could not
be trapped so steadily in the MOT[19] due to that the 12 mag-
netic sub-levels of the excited state (5s5p)3P1(F = 11/2) split
largely, and the atoms in some of the stretched states are ex-
pelled from the center of the trap. Therefore, a stirring light
(5s2)1S0(F = 9/2)–(5s5p)3P1(F = 9/2) is added to solve the
problem, which can stir the ground state mF distribution of the
atoms randomly and improve the cooling efficiency.[22] In this
way, we can not only increase the number of cooling atoms in
the red MOT, but also reduce the temperature of the atoms to
a few µK.

The atoms in the red MOT are cooled close to the Doppler
limit. Meanwhile, these atoms can be easily accelerated by
the positive detuning frequency laser. Considering the atomic
resonance 1S0(F = 9/2)–3P1(F = 9/2) frequency ωA and the
laser frequency ωL, the scattering force can be written as

𝐹 (𝑣) =
h̄𝑘Γ

2

[
s

1+ s+4(∆ −𝑘 ·𝑣)2/Γ 2

− s

1+ s+4(∆ +𝑘 ·𝑣)2/Γ 2

]
, (1)

where ∆ is the detuning frequency with ∆ = 2πδ = ωL–
ωA, Γ is the natural linewidth of the atomic resonance with
Γ = 2π × 7.5 kHz, 𝑘 is the wave vector of the accelerating
laser, and s is the saturation factor of the accelerating laser.
According to Eq. (1), the atoms are accelerated when the de-
tuning frequency is positive since the accelerating laser pro-
vides a positive feedback.[16,23,24] Given sufficient interaction
time between atoms and lasers, the velocity of the atoms will
be accelerated to the final velocity v =

(
∆ +Γ

√
1+ s/2

)
k. As

seen, the final velocity is not determined by the initial value of
the atoms which are cooled and the mass of the strontium, but
positively correlated to the laser detuning frequency ∆ and sat-
uration factor s.

As far as the 87Sr system in this article is concerned, when
the magnetic field is not zero, the atoms at each magnetic
sublevel mF can absorb photons, leading to the acceleration
of the atoms by the recoil momentum. And the MSC at the
different magnetic sublevels will be blended.[14] In the same

magnetic field, the larger Landé g-factor of the hyperfine en-
ergy level corresponds to larger Zeeman splitting. Then, the
MSC formation is more complex. Because the Zeeman shift
of the 1S0(F = 9/2)–3P1(F = 9/2) stirring transition with
gF = 2/33 is 4.5 times smaller than that of the 1S0(F = 9/2)–
3P1(F = 11/2) trapping transition with gF = 3/11, the stirring
transition is not sensitive to the magnetic field and is suitable
to use for accelerating the atoms.[14]

We quantitatively analyze the one-dimensional MSC with
zero-magnetic field.[16] According to the semi-classical theory
and the definition of scattering force in Eq. (1), we can obtain
the equation of motion of the atom

∂v
∂ t

=
}kΓ

2m

[
s

1+ s+4(∆ − kv)2/Γ 2

− s
1+ s+4(∆ + kv)2/Γ 2

]
, (2)

where m is the mass of 87Sr atom. Integrating the two vari-
ables in Eq. (2), we can obtain the dependence of the inter-
action time t on the initial velocity vi and the final velocity v,
where vi is the velocity corresponding to the atomic cooling
and v is the velocity at which the MSC is formed,

t =
m

8k2sΓ 3∆ h̄

[
4k2(v2− v2

i )
(
k(v2 + v2

i )+(1+ s)Γ 2−4∆
2)

+
(
(1+ s)Γ 2 +4∆

2)2
(log(v)− log(vi))

]
. (3)

2.1. The evolution of the final velocity with interaction
time

Figure 1 characterizes the required time for the atom to
accelerate to the final velocity, which is plotted according to
Eq. (3) based on the narrow-line cooling (5s2)1S0–(5s5p)3P1

(689 nm). The blue dashed lines parallel to the X-axis in Fig. 1
indicate the interaction time t = 20 ms. The cross points of
the blue dashed line and all the other curves represent the value
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Fig. 1. Evolution of the final velocity with the interaction time based
on the narrow-line cooling (5s2)1S0–(5s5p)3P1 (689 nm) at detuning
frequency (a) 80 kHz, (b) 120 kHz, and (c) 160 kHz, respectively. The
blue dashed line in the figure is the interaction time t = 20 ms.
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of the final velocity after 20 ms interaction time. In addi-
tion, because the initial atomic velocity distribution in narrow-
line cooling is a normal distribution, we selected three values
from the atomic velocity distribution at an average tempera-
ture of 5 µK: 0.1 cm·s−1, 3 cm·s−1 (most probable speed),
and 10 cm·s−1.

Figure 1(a) shows that at s = 30 and δ = 80 kHz, three
initial atomic velocities vi evolve to the same final velocity
v of 15 cm·s−1. When the detuning frequency increases, the
distribution of the final velocity v changes. The final velocity
is not the same for the atoms with different vi. For example,
when s = 30 and δ = 160 kHz (Fig. 1(c)), the final velocity
will evolve to 0.6 cm·s−1 and 21 cm·s−1 for different initial
atomic velocities of 0.1 cm·s−1, 3 cm·s−1, and 10 cm·s−1, re-
spectively. In addition, at s= 300, v becomes to a unique value
v = 27 cm·s−1 at δ = 80 kHz, v = 33 cm·s−1 at δ = 120 kHz,
and v = 34 cm·s−1 at δ = 160 kHz. As shown in Fig. 1, it is
proved that the value of v increases and multiple v envelopes
are not easy to achieve with the increase of the saturation fac-
tor s. In a word, it can be concluded that when the atoms are
accelerated by a positive detuning frequency of the laser, the
atomic velocity will evolve from the original thermodynamic
distribution to a discrete momentum space envelope, and con-
sequently form the MSC.

2.2. Numerical calculations of the MSC based on narrow-
line cooling 1S0–3P1

2.2.1. Formation of the MSC in the horizontal direc-
tion

Figures 2(a)–2(c) show the final velocity v versus initial

velocity vi in momentum (velocity) space with different sat-
uration factors and detuning frequencies according to Eq. (3).
The initial velocity vi of the atom within 3 cm·s−1 corresponds
to different final velocities in Fig. 2(a). When the saturation
factor increases to 100 or even 300, v becomes a unique value
regardless of vi, as shown in Figs. 2(b) and 2(c), this is similar
to the phenomenon in Fig. 1. In addition, with the increase
of the detuning frequency, the final velocity increases, but the
distribution of final velocity changes slightly.

Figures 2(d)–2(f) show the spatial distribution of the
MSC in the horizontal direction of position space with differ-
ent saturation factors and detuning frequencies. As the satu-
ration factor increases, the number of the envelopes decreases
from three to two. The influence of the saturation factor not
only affects the number of envelopes, but also affects the size
of the MSC. With the increase of the saturation factor, the
scattering force increases, thus the interval of the envelope
increases, resulting in an increase of the MSC’s size. While
the influence of the detuning frequency to the size of MSC is
small.

In addition to the saturation factor and the detuning fre-
quency, the interaction time t is also an important factor affect-
ing the spatial distribution and size of the MSC. Figure 3(a)
shows the distribution of final velocity v for various interac-
tion time t with s = 100 and δ = 120 kHz, revealing that the
value of v remains almost the same. However, as shown in
Fig. 3(b), the longer the interaction time, the larger the size of
the MSC.
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Fig. 2. Numerical calculations of the MSC based on narrow-line cooling (5s2)1S0–(5s5p)3P1 (689 nm), showing the final velocity distribution
for various initial velocities and the horizontal spatial distribution of the MSC at an interaction time of 20 ms. The distribution of final velocity
versus initial velocity is shown for saturation factors of (a) s = 30, (b) s = 100, and (c) s = 300. Panels (d)–(f) show the corresponding spatial
distributions of the MSC with those saturation factors. The black solid, red dot, and blue dash lines show data for detuning frequencies of
120 kHz, 140 kHz, and 160 kHz, respectively, at an initial atomic temperature of 5 µK.
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and δ = 120 kHz. (b) Variation in the MSC spatial distribution with
interaction time of 15 ms, 20 ms, and 25 ms.

2.2.2. Formation of the MSC in the vertical direction

We analyzed the distribution of v in the momentum space
before. However, the spatial distribution is the main basis for
our analysis of the size and shape of the MSC, so in this pa-
per we focus on the calculation of the spatial distribution in
the vertical direction. In the vertical direction, to consider the
influence of the gravity on the MSC, we added gravitational
acceleration g to Eq. (2). By comparing with the calculated
results of the MSC at different parameters, we summarized
the evolution rules of the MSC in the vertical direction.

Figure 4(a) shows the spatial distribution of MSC in
the vertical direction at different detuning frequencies. The
zero point is the position of the initial cooling atom cloud,
and the opposite direction of gravity is the positive direction.
There are similar phenomena in Fig. 4(a) and Fig. 2: the size
of the MSC changes slightly as the detuning frequency in-
creases. However, there is some difference between Fig. 4(a)
and Fig. 2: the distribution of the atomic envelope is asym-
metric. Because of the gravity, the atoms at the bottom of the
zero point have a larger probability of distribution than those
at the top. Another feature of Fig. 4(a) is that as the detuning
frequency increases, the distribution probability of the atoms
at the top decreases. This behavior occurs because of the in-
crease in the detuning frequency, which reduces the scattering
force, and the accelerating laser is not sufficient to push up the
atoms overcoming gravity.
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Fig. 4. Side view of the model and the MSC numerical calculations in the vertical direction. The MSC spatial distribution is shown for an initial
atomic temperature of 5 µK. The spatial distributions are shown (a) at detuning frequencies of 120 kHz (black solid), 140 kHz (red dot), and
160 kHz (blue dash), for t = 20 ms and s = 100; (b) at saturation factors of s = 30 (black solid), s = 100 (red dot), and s = 300 (blue dash), for
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Figure 4(b) displays the influence of the saturation factor
s on the spatial distribution of MSC. Compared with the re-
sults in the horizontal direction, the MSC in the vertical direc-
tion shows the same trend. As the saturation factor increases,
the size of the MSC also increases. However, as the saturation
factor increases, the distribution probability of the top atoms
increases in Fig. 4(b). According to Eq. (1), as the saturation
factor increases, the scattering force increases and more atoms
are accelerated up. For example, at s= 300, the top and bottom
atoms are about equal in distribution probability. Figure 4(c)
shows the spatial distribution of MSC in the vertical direction
at various interaction time. The evolution is similar to that in
Fig. 3(b): the longer the interaction time, the larger the size of
the MSC.

Based on these numerical calculations and analysis, we
extend the above results to three-dimensional space. Under
general experimental conditions, the atoms have only one final
velocity in one-dimensional position space, and there are two
discrete envelopes in our calculations. In three-dimensional
space, we infer the presence of eight discrete spatial envelopes
located at the eight vertices of the cube, so the image we ob-
served should be the one shown in Fig. 4(d).

2.3. Numerical calculations of the MSC based on broad-
line cooling 1S0–1P1

The above numerical calculations are based on the
narrow-line cooling (5s2)1S0–(5s5p)3P1 (689 nm), which has
Γ /ωR = 1.6. Theoretically, there is an MSC in broad-line
cooling (5s2)1S0–(5s5p)1P1 (461 nm), which has Γ /ωR ∼
3×104� 1. In other words, the MSC is a universal Doppler
cooling phenomenon. However, the MSC is found in narrow-
line cooling instead of broad-line cooling in experiment for the
first time,[16] so it is necessary to distinguish the difference be-
tween them. In order to compare with narrow-line cooling, we
give the following calculations about the MSC in broad-line
cooling. The results show that it is more difficult to achieve
MSC in broad-line cooling than in narrow-line cooling, since
the sizes of the atomic cloud and the formed MSC are compa-
rable.

Figure 5(a) shows v as a function of vi based on the broad-
line cooling at t = 0.5 ms, which has similar phenomena to
the narrow-line cooling in Fig. 2. The spatial distribution in
Fig. 5(b) is also similar to that in Fig. 2. However, the cal-
culated results in Fig. 5 are larger. For example, at detuning
frequency 50 MHz or 60 MHz, the final velocity is as high as
6000 cm·s−1, about 200 times the final velocity in Fig. 2. The
size of MSC in Fig. 5(b) based on broad-line cooling, which is
between 10 mm and 20 mm, is double the size of the MSC in
Fig. 2 based on narrow-line cooling.

Based on the above calculated results, we can easily ob-
serve the MSC in narrow-line cooling (689 nm) instead of

broad-line cooling (461 nm). Firstly, in the experiment, we
are limited by the field of view of the imaging system (the
electron-multiplying charge-coupled device (EMCCD) has an
effective imaging area of approximately 8 mm×8 mm). It
is not practical to observe MSC in broad-line cooling. Be-
sides, the size of the atomic cloud by the narrow-line cooling
(689 nm) is a few millimeters, and the size of the MSC formed
is about 10 mm, which is distinguishable. In contrast, the size
of the atomic cloud in broad-line cooling (461 nm) is about
10 mm, which is equivalent to the size of the MSC formed. So
it is not easy to distinguish each envelope of the MSC.
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Fig. 5. Numerical calculations of the MSC based on broad-line cooling
(5s2)1S0–(5s5p)1P1 (461 nm). The calculations are in the horizontal
direction at an initial atomic temperature of 3 mK and an interaction
time t of 0.5 ms. (a) Final velocity versus initial velocity at detuning
frequencies of 50 MHz (black solid), 60 MHz (red dot), and 70 MHz
(blue dash). (b) The corresponding spatial distribution.

3. Experimental setup
Figure 6(a) shows a three-dimensional illustration of the

incident laser around the MOT cavity. We used two-stage
laser cooling, the primary cooling was done using the 1S0–
1P1 transition at 461 nm, and further cooling was done using
the trapping light 1S0(F = 9/2)–3P1(F = 11/2) and the stir-
ring light 1S0(F = 9/2)–3P1(F = 9/2) at 689 nm. The ex-
perimental optical path and device were described in detail in
Ref. [9]. The counter-propagating lasers are incident along
the X , Y , and Z directions. The EMCCD camera in Fig. 6
(a) is a 512×512-pixel EMCCD sensor with 16 µm× 16 µm
wide pixels, through the lens imaging 1:1 provided an effec-
tive imaging area of approximately 8 mm×8 mm. The EM-
CCD observes in the X–Y plane at 30◦ to the X direction and

013701-5



Chin. Phys. B Vol. 28, No. 1 (2019) 013701

at 60◦ to the Y direction as shown in Fig. 6(a). The upper
and lower coils are the anti-Helmholtz coils that provide the
magnetic field for the MOT. The primary and secondary cool-
ing laser beams are injected into the MOT cavity as shown in
Fig. 6(a). After two-stage cooling, we measured the tempera-
ture (5 µK) of the atoms by the time-of-flight method, changed
the detuning frequency of the stirring laser to be positive as the
accelerating laser to form the MSC.

461 nm & 689 nm
cooling laser

accelerating
laser

anti Helmholtz
coils

EMCCD

X

Y

Z

30Ο

60Ο

(a)

(b)
50

03

10dB(G/cm)

461 nm  
laser

689 nm laser 

modulation

EMCCD

689 nm laser

∆>0 stirring

689 nm laser 
trapping
&stirring

broadband
single

frequency

1st MOT 2nd MOT interaction 

time time

600 ms 100 ms 50 ms 20 ms

probe

1 ms

Fig. 6. Schematic of the experimental setup and timing sequence. (a) The
counter-propagating incident laser from three directions. The incident opti-
cal powers of the 461 nm trapping laser, 689 nm trapping laser, and 689 nm
stirring laser are 13 mW, 2 mW, and 1 mW, respectively. (b) The experimen-
tal timing sequence.

Figure 6(b) shows the timing sequence of the experiment.
The secondary cooling, including broadband cooling within
100 ms and single-frequency cooling within 50 ms, follows
the primary cooling. After preparing cold atoms at a micro-
Kelvin temperature, we turned off the MOT magnetic field,

and turned on the positive detuning stirring laser to interact
with the atoms for 20 ms to form the MSC. Finally, the 461 nm
laser was used as the probe laser for 1 ms, and the atomic sam-
ple was excited to emit fluorescence. The spatial distribution
of the MSC atoms was photographed by EMCCD.

4. Experimental results and discussion
4.1. Influence of saturation factor and detuning frequency

on the MSC

Figure 7 shows the well-defined MSCs taken by EMCCD.
In this figure, the brightness is proportional to the number of
atoms and the distance between the center of the atomic cloud
and EMCCD. The number of atoms in each atomic envelope
is proportional to the distribution probability. Figure 7 shows
a consistent distribution to that in Fig. 4(d), there are eight dis-
crete atomic envelopes. There are two atomic envelopes in the
middle of the MSC that are much brighter than the other six
because these envelopes are closer to the EMCCD. This result
is also consistent with the result in Fig. 4(d).

(b)

(g)

(c) (f) (i)

(e)

30

100

300

δ=120 kHz δ=140 kHz δ=160 kHz

(h)

(d)(a)

Fig. 7. MSC image at various saturation factors and detuning frequencies of
the laser at t = 20 ms by EMCCD at an atomic temperature of 5 µK: from
top to bottom, the images have saturation factors of 30, 100, and 300; from
left to right, the images have detuning frequencies of 120 kHz, 140 kHz, and
160 kHz.

Comparing Figs. 7(a)–7(c), as the saturation factor in-
creases, we find that the size of the MSC grows and the number
of atoms at the top increases from zero to more, which also
agrees with the calculated results in Fig. 4(b) and Fig. 2. In
Figs. 7(b), 7(e), and 7(h), as the detuning frequency increases,
the size of the MSC does not grow but the top atomic envelope
darkens, which agrees with the numerical results of Fig. 4(a).

Comparing Fig. 2 and Fig. 4 with Figs. 7(a), 7(d), and
7(g), we did not find all envelopes in the horizontal and verti-
cal directions. We speculate that there are two reasons. Firstly,
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the MSCs formed in our experiments were not completely sep-
arated, and it is too difficult to judge whether there are more
envelopes. In addition, although the rules in the calculation
are consistent with the changes in the experiment, the sizes of
MSC in the experiment are different from the calculated ones,
so other parameters should be considered in the numerical cal-
culations to describe the MSC more accurately.

4.2. Influence of interaction time on the MSC

Figure 8 shows the observed MSC with various interac-
tion time between atoms and lasers. The trend of the MSC
agrees with the result of the numerical calculations in Fig. 4(c).
As the interaction time becomes longer, the size of the MSC
becomes larger. Moreover, at t = 15 ms in Fig. 8(a), there is
some overlap between the atomic envelopes. When the inter-
action time is less than 15 ms, we infer that a mixed atomic
cloud will be observed.

(b) (c)(a)

Fig. 8. MSC image at various interaction time: (a) 15 ms, (b) 20 ms, (c)
25 ms, taken by EMCCD at δ = 120 kHz and s = 100.

Under the same experimental condition, we used the trap-
ping laser 1S0(F = 9/2)–3P1(F = 11/2) as the accelerating
laser. But we did not find similar experimental phenomena
whatever parameters were used. The reason is that the trap-
ping laser is sensitive to the magnetic field which can cause the
MSCs overlap and difficult to produce a well-defined MSC.

In the experimental results of Fig. 7 and Fig. 8, we found
that there are some differences between the calculation results
and the experiment results such as the size of the MSC. Be-
cause in theoretical calculations, we did not consider the re-
duction of the total atomic number, the change of the satu-
ration factor, and other influences. For example, the trapped
cold atoms cannot completely become MSCs resulting in a
decrease in the number of atoms, and the radial distribution
of the laser intensity causes the saturation factor to change in
the radial direction of the spot.

5. Conclusion
We found a novel semi-classical cooling process for

fermion 87Sr which formed the MSC in three-dimensional
space by the narrow-line cooling. We chose a suitable accel-
erating laser for 87Sr according to theoretical analysis. Then,

using semi-classical theory, we evolved the formation of the
MSC. In numerical calculations, we calculated the influence
of different parameters on the evolution of MSC: the larger
the saturation factor, the more atoms in the top envelope; the
greater the detuning, the more atoms in the top envelope; the
longer the interaction time, the larger the MSC. In experiment,
we observed the well-defined MSC after narrow-line cooling,
and verified the results in the numerical calculation. The cal-
culated results agreed with the results of experiment. These
results provide a detailed supplement to the study of MSC and
a guide to the discovery of other types of MSC. In addition,
this work could also give a guideline on atomic manipulation
by narrow-line cooling.
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