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The paper addresses the issue of 7%, couple-group consensus for a class of discrete-time stochastic multi-agent
systems via output-feedback control. Both fixed and Markovian switching communication topologies are considered. By
employing linear transformations, the closed-loop systems are converted into reduced-order systems and the %, couple-
group consensus issue under consideration is changed into a stochastic %% control problem. New conditions for the
mean-square asymptotic stability and %, performance of the reduced-order systems are proposed. On the basis of these
conditions, constructive approaches for the design of the output-feedback control protocols are developed for the fixed
communication topology and the Markovian switching communication topologies, respectively. Finally, two numerical
examples are given to illustrate the applicability of the present design approaches.
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1. Introduction

Generally, a multi-agent system is composed of a num-
ber of intelligent agents that communicate and interact with
each other, in which each agent corresponds to an autonomous
dynamic systems. Multi-agent systems can be employed to
handle problems that are always difficult or even infeasible for
an individual agent to figure out. Therefore, attention has in-
creasingly been focused on the field of analysis and control
design of multi-agent systems during the past few decades. In
particular, considerable research activity has been dedicated to
consensus study for multi-agent systems owing to its great ap-
plication potential in various areas, including smart grids, ]
mobile robots,[2J sensor networks, B! as well as multiple un-
derwater vehicles.[*! In Ref. [5], Hong et al. investigated
the consensus of a class of multi-agent systems with an ac-
tive leader, whose state keeps changing and can be unmeasur-
able. It is shown in Ref. [5] that, by introducing a local control
scheme, each agent is able to follow the leader asymptotically
on connected undirected graphs. For directed networks, Ren
considered multi-vehicle systems with bounded control inputs
in Ref. [6], where both consensus algorithms and experiment
platforms were developed; Olfati-Saber and Murray discussed
continuous- and discrete-time multi-agent systems in Ref. [7],
where several consensus conditions were proposed with the
help of graph theory and Lyapunov theory for different cases,
including the fixed topology without communication delays,
the fixed topology with communication time delays, and the
dynamical switching topologies. For recent results on the con-
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sensus of multi-agent systems, one can refer to Refs. [8]-{15]
and the references therein.

To ensure the consensus of multi-agent systems, in most
studies the communication topology is required to have a span-
ning tree. Sometimes, however, the whole topology does not
meet the condition while it can be partitioned into several parts
where each subgraph contains a spanning tree. In the light of
this, many researchers have carried out studies on group con-
sensus. For instance, Lu et al. discussed the group consensus
of a family of interacting second-order integrators via pinning
control in Ref. [16], where it is found that the system is able
to attain group consensus by choosing pinned nodes according
to the topological structure. The idea of pinning control was
extended to multi-agent systems with nonlinear dynamics or
general connected topology in Refs. [17] and [18]. Feng and
Zheng considered a family of discrete-time agents with het-
erogeneous dynamics in Ref. [19], in which two algorithms
were presented for ensuring the group consensus by means
of matrix and graph theory. Note that references [16]-[19]
are only concerned with the fixed topology case. In some ap-
plications, the communication topology among the interact-
ing agents could change considerably over time and it is often
the case that the next topology only depends on the current
one. It is thus not surprising that many efforts have been put
into multi-agent systems with Markovian switching commu-
nication topologies in recent years and there are reports avail-
able on various group consensus control protocols; see, e.g.,
Refs. [20]{22].
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Despite significant developments in the group consensus
theory of multi-agent systems with fixed and switching topolo-
gies, most studies are unconcerned with the influence of dis-
turbances on every agent. However, the agents of a realis-
tic multi-agent system are usually located in an environment

5,231 thereby affecting the con-

subject to external disturbance
sensus behavior to a certain extent. To reduce the effects of
these disturbances on the system’s output to a prescribed level,
Qin et al.!>*! adopted the 7%, control concept!®®! for single-
integrator multi-agent systems with external disturbances. It
was proven in Ref. [24] that the JZ, group consensus can be
guaranteed provided the intra-cluster coupling strengths are
large enough. In Ref. [26], Wang and Jia considered a class of
nonlinear multi-agent systems with both parameter uncertain-
ties and external disturbances, and developed sufficient condi-
tions for ensuring the leader-following 7%, group consensus
by means of robust control theory. Large-scale multi-agent
systems consisting of heterogeneous interconnected subsys-
tems were discussed by Cui et al. in Ref. [27], where an event-
triggered pinning control strategy was employed to achieve
the group consensus and a pre-scheduled 7%, performance si-
multaneously under the Markovian switching communication
topologies.

It is noted that the control protocols in both Refs. [26]
and [27] were grounded in the assumption that all agent
states are available, while in practice full measurement of
the agent state variables is often inconvenient and can even
be infeasible.>%2° Besides, the %, group consensus results
available in the literature are limited to the deterministic set-
ting, whereas, as pointed out in Ref. [1], in a number of en-
gineering areas including maneuvering target tracking and un-
manned aerial vehicle (UAV) cooperative control, there is a
need to model the dynamics of agents by stochastic differen-
tial equations. Motivated by the above analysis, this paper is
concerned with the issue of J#, couple-group consensus for a
class of discrete-time multi-agent systems subject to both ex-
ternal disturbances and additive stochastic noises. Both fixed
communication topology and Markovian switching commu-
nication topologies are discussed. The purpose of the cur-
rent study is to determine output-feedback control protocols
so that the multi-agent system reaches couple-group consensus
asymptotically in mean square and possesses a prescribed 72,
performance bound. It is shown that the closed-loop systems
are able to be converted into reduced-order systems via linear
transformations. With the aid of the Lyapunov stability theory
and the properties of mathematical expectation, new criteria
for the mean-square asymptotic stability and .72 performance
of the reduced-order systems are proposed. On the basis of
the criteria obtained and by means of linear matrix inequal-

ity (LMI) techniques, constructive approaches for the design

of the output-feedback control protocols are developed for the
fixed communication topology and the Markovian switching
communication topologies, respectively. Finally, two numer-
ical examples are employed to verify the applicability of the
present theoretical results.

Notations We let & be the expectation operator and || - ||
be the Euclidean norm. Define G = (V,E) as a directed
graph with n+ m nodes in which V = {vy,va,..., v, } and
E stand for the node set and the edge set, respectively. The
adjacency matrix associated with G is represented by Ag =
la;;] € RUm>*(mtm) - \yhere a;; > 0 for i # j and a;; = 0

for i = j. The Laplacian matrix .Z associated with Ag is
n+m

defined as .Z = [l;;] € Rtm)x(ntm) where [; = Y aij
J=1.j#

and [;j = —a;j for i # j. Denote by £o = [®;;] € R"" the

symmetric matrix with @; = (n—1)/n and &;; = —1/n for

all i # j, by £¢ = [P;;] € R™ the symmetric matrix with
®;; = (m—1)/mand ®;; = —1/m for all i # j, by He(X) the
sum of a matrix X and its transpose X T (i.e., He(X)=X +XxT,
by e, the p x 1 column vector of all ones, and by 0,x, the
p X g-dimensional zero matrix. Furthermore, we use symbol *
to represent the block that can be clearly inferred by symmetry.

2. Preliminaries

Consider a discrete-time stochastic multi-agent system
consisting of n 4+ m agents, each with dynamic model

xi(k+ 1) = Ax,’(k) +B]I/ti(k) +Bzv,-(k) + 5(x,-(k))w(k),

yi(k) = Cixi(k) + Dvi(k), (1)
where A, By, By, C1, and D are real constant matrices; x;(k) €
R™, y;(k) € RY, and u;(k) € R™ are the state, the mea-
sured output, and the control input, respectively; v;(k) € R™3
stands for the disturbance input that belongs to £.,[0,0), where
£,]0,0) is the space of square-integrable vector functions
over [0,o0|; o(x;(k))w(k) represents the stochastic perturba-
tion, where o(x;(k)) : R™ — R™ is nonlinear function and

w(k) is a scalar Brownian motion defined on a complete prob-
ability space (2, F ,{F };>0) with

E{w(k)} =0, E{wkw(k)} =1, E{w(D)w(j)} =0, i # j.

To ensure that there is only one solution, function o (x;(k)) :
R™ — R™ is required to satisfy the Lipschitz condition and
That is, for all
£1, & € R™, there are two positive scalars «, €, such that

16(61) = 8(&)Il < alléi - &ll, )
18I < e(1+1417). 3)

Suppose that the n + m agents are divided into two groups V;

the linear growth condition as Ref. [30].

and V, for the couple-group consensus purpose. Then, the in-

teraction topology G(k) can be divided into two sub-groups
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G (k) and G (k) subsequently. Without loss of generality, as-
sume that the first n agents (i.e., vi, v2, ..., v,) belong to V;
and the last m agents (i.e., Vy41, Vut2, -
V.

We can now give the definition of mean-square couple-

.» Vnt+m) belong to the

group consensus:

Definition 1 Multi-agent system equation (1) is said to
reach couple-group consensus asymptotically in mean square
with given u;(k), if, when v;(k) = 0, the states of agents satisfy

lim & {||x(k) — %(k)|*} = 0,

where
T
~ eE o T erTn ' 7
j=1 Jj=n+1

Under the effects of external disturbances, couple-group
consensus of multi-agent system Eq. (1) is often difficult to at-
tain. For quantitatively measuring the disturbance attenuation
ability of multi-agent system Eq. (1) on consensus, we intro-
duce a controlled output function

zi(k) = piiCy (xi(k) —% i%’(’ﬁ)
=1

1 n+m
+ G <Xi(k) - ) xj(k)> ) “)
Jj=n+1

where ;= 1, tp; =0fori=1,2,...,n,and u;; =0, tp; = 1
fori=n+1,n+2, ..., n+m. Then, we give the following
definition regarding %, performance.

Definition 23! Given a scalar y > 0, system equation (1)
is said to have an %, performance bound 7, if, under zero
initial condition,

12(B)] &, < ¥lIv(K) [l (5)
holds for any non-zero v(k) € £,[0,00), where ||z(k)
VELL 02" (k)z(k)}, and [[v(k)l, = /Lo vT (k)v(k).

We are now in a position to explicitly state the .7

& =

couple-group consensus issue. That is, design an output-
feedback control protocol so that discrete-time stochastic
multi-agent system equation (1) achieves asymptotical con-
sensus in mean square and has a prescribed 7, performance
bound .

At the end of this section, we prepare the following lem-
mas that will be useful in deriving the main results.

Lemma 132! There are two eigenvalues in matrix £g.
One is 1 with multiplicity n — 1 and the other is 0 with multi-
plicity 1. Vectors e] and e, are, respectively, the left and right
eigenvectors of matrix £4 corresponding to the zero eigen-
value. There is also an orthogonal matrix % € R"*" with the
last column e,,//n such that

UTLoU = diag{Zl,_1,0}.

Moreover, if £ € R"*" is the Laplacian matrix of a balanced
directed graph, then one has

U LU = diag{L,,0}, L, e RDx0=1),
Lemma 2133 The following equalities:
Yep =Y, PEo =Y

hold for any matrices ¥ = (y;;) € R™" and ¥ = () €
R™ with wii = =¥ i Wiy and Wi = — Y00 i W
Lemma 3! Suppose that the following condition con-
cerning a real constant p and real matrices ®, U;, V;, and
W; (i=1,...,n) holds:
(C) Ui +pVi
x diag{He(—pW;) ---

U, +pV

He(—pwy)}y | <

Then one can obtain

n
@+ Y He(UW; V) <o.
i=1

L

3. Main results

In this section, we consider the issue of .72, couple-group
consensus for multi-agent system Eq. (1) under the fixed com-
munication topology and the Markovian switching communi-

cation topologies, respectively.

3.1. Fixed topology case

When the communication topology is fixed (i.e, G(k) =
G), the control protocol to be designed is given by

ui(k) = /J]if%/i,laij()’j(k)_)’i(k))
=
n+m

Fuak Y, aij(v(k) —i(k)), (©)
=t

where % is the control gain to be solved, p; and pp; are the
same as those given in Eq. (4). The control protocol consid-
ered herein is in the form of static output feedback.[**! For
dynamic output-feedback control protocol, one may refer to
Refs. [35]437].

As Ref. [20], the two subgraphs G| and G, are assumed
to satisfy a condition as follows.

Assumption 1 Each of the subgraphs G| and G, contains
a spanning tree.

Denote
)C(k): [xr{(k) xg(k) Xptm (k)]T c R(ner)m] ’
u(k)Z[ulT(k) us (k) - MZer(k)]T c ]R(Hm)mz,
VR=T () V1K) VT,
[

Then, by substituting Eq. (6) into system Eq. (1), one can get

a closed-loop system as follows.
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_ In®A_$1®(Blt%/C1) n><m®1m1
X(k+1) - |:0m><n®lm1 m®A o%@(Bl%Cl) (k)
In®B2_$1®(B1=%/D) n><m®1m
+ [Omxn oy . 1, ® B; —ifz(Blf%fD) v(k) +I(”+m)m1g(x(k))w(k)’
_ _2¢> On><m
0= ([o2, G| wca)w @
where ] ] ( 0£¢> ngm:| ® Im3> v(k)
hy ha - D L e  ~®
by by -+ by 4 0n><(m—1)] )
- i I ) 6(K),
A= s <_0mx<n1) | ©s )W
[ ’2 On m
_lnl ln2 lnn_ ( Omfn {;; :| ®Im1> g(x(k))
l(n+l)(n+1) l( +1)(n+2) " l(n+l)(n+m) u 0
[ [ -l 1 nx(m—1)
(n+2)(n+1) *(n+2)(n+2) (n+2)(n+m) “ 1y k)). 9
o | . ([, 4, gt Jom ) r&). @
Lnsm)net) Ynem)n2) = Lntm)(utm) By Lemma 1, there are orthogonal matrices % = % ,%)] €
Define the following linear transformations to x(k), v(k), R with the last column % = e, /v/n and % = [, %] &

and g(x()
([ose S| o) = &0,
([ose Sz ] @) v = 000,

({O%ml ff O%Z %}m} ®’m1> gx(k)) = f(E(K)). (8)

We then have

4 Onx(ml):| >
= m L, ) E(K),
([Omx(nl) w © é( )

) = (
[
.\

n 02/1T£¢.®Iml (n—1)xm
O(mfl)xn®lm] 02/ Lo

where
= U Lo QA — U Lo L1 @ (B1HCy),
Ly, =" 8o @A~ U Lo 252 (B1.H Cy),
= U Lo @By — U L0 L1 @ (B1H D),
I, = %" Lo @By — U £0.25 @ (B1# D).

Now, by Eqgs. (9), (12), and (10), one can convert system
equation (1) into a reduced-order system, as follows:

E(k+1) = A& (k) +BO(K) +h(E (k))w(k),

(k) = DEK), 4

R™*™ with the last column % = e,,/+/m, such that
U LeU = diag{l, 1,0}, %" AU = diag{L,,0},
U oW = diag{l,_1,0}, %LU = diag{L,,0},
62/1T%l =1Ip—1, @ZIT?ZI =Im-1, %1%1T+%262/2T =1,,
U + U =1, (10)
In addition, from Lemma 2 one can easily write that
Ao =L, LHrlo =D,
Lolop=Lp, Lolo=Losp. (11)

Using Egs. (7) and (11), the following holds true:

|: £<I>®Im| n><m®1m1

Oprscn @I, L @I, ]g(x(k))w(k), (12)

Where
A= Lm0 ®A+JRB ¥ Cy,
B = litm—2® By +J®Blf%/D7
h(é (k)) = I(n+m—2)m1f(é (k))a

u Onx(ml):|
J— i ®C’
[0 x(n-1) % 2

™
|

—L Op—1)x(m-1) }
J = . 14
|:0(ml)><(nl) =L, 4

Remark 1 By the equalities in Egs. (9), (11), and (10),
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and noting the properties Ay (£¢) = Ay (L) = 1, we can ob-

tain [lx(k) — (k)[* = [E(K)[%, 6 (k)]* < [v(k)||*, and write
that

lim & [E(0)12 = 0 = lim & |}x(k) —£(0)|P =0,

k—yo0 k—yo0

lz®)llg, < Y0 K> = lz(K) g, < Vv R,

Thus, with the help of linear transformations in Eq. (8), the
Ft, couple-group consensus issue of system Eq. (1) can be
changed into a stochastic 7%, control problem of the reduced-
order system in Eq. (13); that is, to find a controller of the form
in Eq. (6) so that system equation (13) is asymptotically stable
in mean square and has a prescribed 7%, performance bound
Y.

Now, we are in a position to give our main results regard-
ing the analysis and synthesis. The analysis result is given in
the following theorem.

Theorem 1 System equation (13) is asymptotically stable
in mean square and has a prescribed %, performance bound
v provided there are a scalar p > 0 and positive definite matrix
& € R™M>™M guch that

P —ply, <0,
Y+I1 AT PB
* —’}/21(n+m,2)m3 +BT<@B

(15)
<0, (16)
where

Y = In+m72 & C2TC2,
H = 14”"1‘:?714~ +a2pl(n+m_2)
9 == In+m72® 2.

mli‘@?

Proof First, we prove the asymptotic stability of system
Eq. (13). Define a Lyapunov function as follows:

V(E(K) = ET (k) PE (k).

Then, we have

E{V(EK+1))/Ek)} -V (E(K))

= ET(k)AT PAE (k) +2ET (k)AT 2B6 (k)
10T (k)BT B0 (k)
+hT(E (k) Ph(& (k) —

ET (k) PE (k). (17)

&
—~

=
=

Il

— 110 (R)[* +& { V(& (k+

l
5{2 (EGI
k=0

< [E70) 67()] [ AT 7B

Y+11

D)/ &)} —V(€<k)))}—§{5{V(§(l+

* 7y21(11+1n—2)m3 +BT<@B:| |:

It follows by Eqgs. (8), (14), and (15) that
v<elflontr, it

(m—1)xn U 'S
In the light of Eq. (10) and Ay (£oLe) = (L) = 1,
m(Lole) =

H{[ U Lo Ou_1)xm
U Lo

2

e () 7 }m.}g( (k)
(18)

(L) = 1, one can obtain
[t st

= o e O]ttt - erim x|

><I’l

(m—1)xn

T
<|lo 5 0, gt lex80) e 0 0 180
(m—1)xn
< lgx(h)) e ® SR (19)

Based on Egs. (2), (9), and (10), the following holds:
18(x(k)) — enm @ o (x(k)) |
allx(k) — enym @x(k)||
= al &)

Substituting Egs. (19) and (20) into Eq. (18) gives

W (§(K)) Ph(E (k) < a®p&T (K)§ (k).
By Egs. (17) and (21) we can obtain

E{V(EK+1))/EK)} —V(E(K))

SRS HAL

When 6 (k)

IN

(20)

ey

(22)

=0, it follows from Eq. (22) that

1)/ &K} =V (EK) < ET(R)TE (k).

Noting that equation (16) implies IT < 0, one can easily obtain

E{V(E(k+

the mean-square asymptotic stability of Eq. (13) via the same
procedure as Ref. [31].
Next, attention is focused on the .72 performance for sys-

tem Eq. (13). Toward this end, we introduce an index as fol-

r2||9<k>||2)}.

Under the zero initial condition, using Eq. (22) and the law of

lows:

!
I = 5{2 (EGIR

k=0

total expectation yield

D)/EW}=V(E0)}

il

which, in conjunction with Eq. (16), ensures J(I) < 0, ¥/ > 0. Hence, equation (5) holds true for any non-zero v(k) € £,[0, ).

By Definition 2, system equation (13) has a prescribed .7, performance bound y. This completes the proof.

Based on Theorem 1, a constructive approach for the output-feedback control protocol design can be developed, which is
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given in the following theorem.

Theorem 2 Let ¥ > 0 and 3 > 0 be given scalars. Then, under Assumption 1, the .7, couple-group consensus issue of

system equation (1) subject to fixed topology is solvable, if, there are matrices 2~ € R™*"2_ % ¢ R™*4, a scalar p > 0, and a

positive definite matrix &2 € R™>*"™1 € N such that equation (15) and the following:

A] *

Ay —-P

*
* <0 (23)

ﬁ (In+m72 & @)C_‘D (JT ®BF{)<@ - (In+m72 ® %T)(JT ®BT) _He(BIn+m72 & uﬁbr)

hold true, where

Y+ pliyim—2ym — P O(utm—2ym; x (n-tm—2)ms
O(ntm—2)ms x (n+m—2)m, Y L nim—2)my
Ay = [ P(lyym2@A) P(Liym2®By) |
+(J@B1)(Lnym—2®% )Cp,
C_1D = [ (In+m—2 ®C1) (In+m—2 ®D) ] 5
P =l P.

A =

)

In such a case, the desired gain is
H =2 (24)
Proof Based on Theorem 1, one only need to prove that

equation (16) is ensured by Eq. (23). Clearly, equation (16)

can be rearranged as

A +ATP 1Ag <0, (25)
where
Ag=[2PA PB].
By Schur’s complements, equation (25) is equivalent to
A1 *
|:AB (@}<O. (26)

According to Eq. (24), the following holds true:

P(J2B1)Iysm—2® % )Cp
= (J@B)lntm2®%)Cp
+ {2 @B))—(J@B)lism2® X )}
X (hyym—2® X '9)Cp. (27)

Noting Eqs. (14) and (27), one can further rewrite Eq. (26) as
A HelU(lym a0 2 WD) <0, (28)
A2 P n+m— )

where

U = _ O(n+m—2)(n11+m3)><(n+m—2)m2
‘@(J(X)Bl) - (‘]®Bl)(ln+m72® e%) ’

VvV = [ C_‘l’l;(anrmfZ ® @)T :| .
O(n+m72)m1 X (n+m—2)my
On the other hand, applying Lemma 3 to Eq. (23), one can
get Eq. (28). Therefore, it can be concluded that equation (23)
guarantees Eq. (16). This completes the proof of the theorem.

3.2. Markovian switching topology case

This section is concerned with a situation where the
communication topologies switch between directed graphs
G'(k),G*(k),...,G" (k) and that the switching is governed by
a discrete-time Markov chain {rg,k > 0}, which takes values

in a finite set N = {1,...,r} with transition probabilities
P{r(k+1)=I|r(k) =i} =my, Vi,l €N, 29

where 7; is the transition rate from mode i to mode / and
Ty >0, Y =1
The control protocol to be applied takes the form as

wik) = i zl (53 0) = 1K)

n+m

ti Y, a(vi(k) —yilk),  (30)
jEnt

where ; and Up; are the same as those given in Eq. (4), and
J is the control gain to be solved.

For the case of Markovian switching topology, the fol-
lowing assumption is needed. "’

Assumption 2 Each of the graphs G (k) and G4 (k) con-
tains a spanning tree, where G/ (k) is the union of subgraphs
Gl(k), G} (k) , ..., G5(k) (£ =1,2).

Similarly to the case of fixed topologies, the following

reduced-order system can be obtained:

E(k+1) = A, E (k) + B, 8(k) +h(& (k))w(k),

(31)
z2(k) =% & (k),
where
Ark = n+m72®A
Ly, O(nl)x(ml):|
+ k @B H Cy,
|:O(m—1)><(n—1) —Lypy S
Brk = Int+m-2 ® By
—Ly, O(nl)x(ml):|
1 T @ By A D,
[O(m—ux(n—l) —L !
h(é(k)) = I(n+m72)m1f(é (k)>7
> N Onx(mfl)
U = m c
|:0m><(n—1) VN

and the couple-group 7., consensus issue of system equa-
tion (1) with Markovian switching topologies can be changed
into a stochastic .7, control problem: to find a control proto-

col of the form of Eq. (30) such that the reduced-order system
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in Eq. (31) is mean square asymptotically stable and has a pre-
scribed %, performance 7.

We now give our analysis result for the .72, control prob-
lem.

Theorem 3 System equation (31) is mean-square asymp-
totically stable and has a prescribed 7%, performance 7, if,
there are scalars p; > 0 and positive definite matrices &; €
R™>m e N such that

<@i 7pilm1 < Oa (32)

Y+, ATYT i (liem—2© P By .| <0, (33)
= Plim—2ymy B iy Ta(boem—2@ P1)By]

where
Y = n+m—2 ®C2TC2,

’
II; = A;'r Z T (In+in—2 oy e@l )Ai
=1

+d* Y mipidim—2ym — Iim—2 ® 2.
=1

Proof We first prove the mean-square asymptotic stability
of system Eq. (31). Define a Lyapunov function as follows:

V(é (k)v’"k) = éT(k) (In+m72 & <@rl‘)é(k)
Then, one has
AV(E(k)) = E{V(E(k+1))IE(K),rk =i} =V (E(k), 1 = i)
= EYK)AT Y my(Lysm—2® P)AE (k)
=1
+2ET(k)A] Zr: T (Inym—2 ® 2;)B;6 (k)
=1
+ 6T (k)Bf i it (Lytm—2 ® 2;)B;6 (k)
=1

+hY(E(K)) Z Tt (Insm— @ Pp)h(&(k))
=1

— ET(K) (ym—2 ® ) E(K). (34)

Following the same procedure as in the proof of Theorem 1,

one can get
ER) Y. Tlam2® PORER) <@ Y TapET(R)E ().
=1 =1 (35)‘
Ay, *
Ao, i,

When 6 (k) = 0, then, from Egs. (34) and (35) one obtain

AV (& (k) < ET()ITE (k).

Note that equation (33) implies I; < 0, the mean-square
asymptotic stability of system Eq. (31) is ensured by means
of the stability theory in Ref. [30] for stochastic Markovian

switching systems.

We next prove the J%, performance for system Eq. (31).
Define

l
J(0) =é’{kgo(||z<k>||2—r2||e<k>||2)}.

Noting V(£(0)) = 0, using Egs. (34), (35), and the law of total

expectation results in

!
J(1) = 5{;(nz<k>n2—r2ne<k>||2+Av<é<k>>)}
—E{VEW))

l
L (1)1 =2 10 )+ AV (E k)

= [&T) 6T(D]

IN

l:T‘FITi AT T (Lyma © 2))B; }
* —}/Zl(m,m,z)m_g-i-B;F 25:1 it nym—2 @ Z))B;
()
X [ o) |- (36)

By Egs. (33) and (36), it can be observed that J(I) <0, VI > 0,
which infers that the J%, performance of system Eq. (31) is
able to be established. This completes the proof.

Based on Theorem 3, we deal with the 72, couple-group
consensus issue of system Eq. (1) with Markovian switching

topologies and can deduce a result as follows.

Theorem 4 Let ¥ > 0 and § > 0 be given scalars. Then,
under Assumption 2, the couple-group 7., consensus issue
of system Eq. (1) subject to Markovian switching topologies
is solvable, if, there are matrices 2~ € R™>"M2 9 c R"™ X4,
scalars p; > 0, and positive definite matrices &; € R™*"™
i € N such that equation (32) and the following:

*

* <0 (37)

ﬁ(1n+m—2 & @)CD (J,T ®BT)'92h - EI ® [(In+1n—2 ® %T)(]IT ®BI)] _He(ﬁ1n+m—2 & f%)

hold true, where

J; = diag{—Lli, —in}, Cp= [ (1n+m—2 ®C1) (In+m—2 ®D) } s

0(n+m—2)m3><(n+m—2)m1

Al Y+ a? er:l 77:,-1p11<,,+m72)m1 L2 ® P 0(n+m72)m1 X (n+m—2)m3

7y21(n+m—2)m3

Ay = [‘@z'T(InerfZ ®A) @F(ln+m72 ®BZ)] +e® [(Ji®Bl)(1n+m72®@)C‘D] y

Py = [hym2®@ P -+

In+m—2®<@l

In+m—2®<@h] )
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1 1 1
%, = di {f—t@,---,f—t@,---,f—gz },n- 0,1<I<h<r
0 ag = el 2, Dn o i #0,1<I<h<r

In such a case, the desired gain is % = X,
Proof Define

AB;[ = [ (InerfZ & yi)Ai (InerfZ ® ,@[)B\,} :

Then, noting that equation (33) can be reorganized
r
A+ Y A (L2 ® 2) ' Ap, <0,
I=1
the reminder can be proven readily in a similar way as in the
proof of Theorem 2 and, therefore, can be omitted here for the
sake of brevity.

Remark 2 Based on the analysis results and by means of
LMI techniques, Theorems 2 and 4 establish sufficient condi-
tions for ensuring the 72, couple-group consensus of stochas-
tic multi-agent systems with the fixed communication topol-
ogy and the Markovian switching communication topologies,
respectively. The desired control protocols can be constructed
provided the LMIs in Theorems 2 and 4 are feasible, which can
be checked readily via common mathematical software MAT-
LAB.

4. Simulation examples

In this section, two numerical example are given to show
the validity of the present control protocols.

Example 1 In this example, we consider a stochastic
multi-agent system consisting of five agents and divide these

agents into two groups. The parameters are set as follows:
A=12,B1=07B,=0.1,=-08, =02, D=0.1,
vi(k) = e *, o(x;j(k)) = 0.1sin(x;(k)),i=1,...,5.

The topology of the multi-agent system is fixed and depicted
in Fig. 1. One can find that o(x;(k)) satisfies Egs. (2) and (3),
where ¢ = € =0.1.

Fig. 1. Fixed communication topology.

Let § =0.2 and ¥ = 0.5. Then, using MATLAB to solve
the LMIs in Eqgs. (15) and (23), the control gain matrix is ob-

\
tained as " = —1.0089. The state trajectories with control

protocol are shown in Fig. 2. It is obvious to see that the agents
achieve two different consistent states, respectively. Let us de-
fine

T oV (s)0(s) o9

(
to reflect the effect of disturbance v(k) on the controlled out-
put z(k). Then, the trajectory of y(k) under zero initial condi-
tions is shown in Fig. 3. It can be seen that y(k) converges to
0.029328, which is apparently less than the given 72, perfor-
mance bound y = 0.5. Therefore, the example verifies the ef-
fectiveness of the design control protocol for the case of fixed

communication topology.

120

100

80t

60

40t

20t

0

—20

Fig. 2. State trajectories with control.

0.0294

0.0293}

0.0292}

0.0291}

v(k)

0.0290F

0.0289}

0.0288

0 10 20 30 40 50 60 70 80 90 100
k

Fig. 3. Evolution of (k).

Example 2 In this example, we consider a stochastic
multi-agent system consisting of seven agents and divide these
agents into two groups. The parameters are set as follows:

11 10 0
A= {01]’ B‘:[o —1]’ Bz:[—O.S}’

010703-8
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-1 0 0 0.001 0
1= { 0 0.3}’ Cz:{o.om 0 } D:{—l}’

vi(k) = ie 01k,

o(xi(k)) = 0.02[ cos(x;, (k) cos(xi, (k) ]T, i=1,...,7.

One can find that o(x;(k)) satisfies Egs. (2) and (3), where
a = € = 0.02. Figure 4 shows the possible communication
topologies of the multi-agent system. The Markov transition
rate matrix of the graphs G, G, and Gj is taken as

0.7 0.2 0.1
0.50.30.2
0505 0

(7i1)3x3 =

Let B =0.5 and y = 0.98 . Then, by solving the LMIs in
Egs. (32) and (37), one can get

[ 027041 12845
~ | —0.001078 —0.73886 |

The switching signal is depicted in Fig. 5. The state trajec-
tories with control protocol are shown in Figs. 6 and 7, from

which one can observe that the agents belonging to G, Gz, and

Fig. 4. Interaction graphs of 7 agents: (a) Gy, (b) G2, and (¢) G3.

G3 achieve two different consistent states, respectively. The
trajectory of y(k) defined in Eq. (38) under zero initial condi-
tions is shown in Fig. 8. It can be seen that y(k) converges to
0.0015022, which is apparently less than the given .7, per-
formance bound y = 0.98. Therefore, the example verifies the
effectiveness of the design control protocol for the Markovian
switching communication topologies.

3.5 T T T T T T T T T

3.0 — M 1 1R

25T

& 20F1

1.5

1.0 H- — — —

0.5 . . . . . . . .
10 15 20 25 30 35 40 45 50
k

0 5

Fig. 5. Markovain switching signal.

20 25 30 35 40 45 50
k

10 15

Fig. 7. State trajectories with control.
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1.60

1.55 1

1.50

1.45 J

1.40F 1

(k)

1.35 J

1.30F 1

1.251 1

1.20 : . . : . ’ : y .
0 10 20 30 40 50 60 70 80 90 100
k

Fig. 8. Evolution of y(k).

5. Conclusion

The issue of 7%, couple-group consensus for a class
of discrete-time stochastic multi-agent systems via output-
feedback control has been addressed in this paper. Both fixed
communication topology and Markovian switching communi-
cation topologies have been discussed. It has been shown that
via employing linear transformations, the closed-loop systems
are able to be converted into reduced-order systems and, at
the same time, the JZ, couple-group consensus issue can be
changed into a stochastic .7Z, control problem. New condi-
tions for the mean-square asymptotic stability and 7 per-
formance of the reduced-order system have been proposed.
On the basis of these conditions, constructive approaches for
the design of the output-feedback control protocols are devel-
oped for the fixed communication topology and the Marko-
vian switching communication topologies, respectively. Fi-
nally, two numerical examples have been employed to illus-
trate the applicability of the present control protocols. Future
work in the field of %, group consensus for multi-agent sys-

[38-40] with consideration

41-43]

tems will focus on finite-time control

of sensor saturations and sensor failures.[
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