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Based on the developed Darboux transformation, we investigate the exact asymmetric solutions of breather and rogue
waves in pair-transition-coupled nonlinear Schrödinger equations. As an example, some types of exact breather solutions
are given analytically by adjusting the parameters. Moreover, the interesting fundamental problem is to clarify the formation
mechanism of asymmetry breather solutions and how the particle number and energy exchange between the background
and soliton ultimately form the breather solutions. Our results also show that the formation mechanism from breather to
rogue wave arises from the transformation from the periodic total exchange into the temporal local property.

Keywords: Akhmediev breather solution, Kuznetsov–Ma breather solution, rogue wave, nonuniform ex-
change
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1. Introduction

In the 1960s, the nonlinear models began to emerge.
At the same time, the development of nonlinear sci-
ence in this context became an important discipline.
With the rapid development of science and technol-
ogy, Hasegawa derived the nonlinear Schrödinger (NLS)
equation[1] from the dispersion equation of nonlinear terms
in 1973, which plays a very important role in the re-
lated sciences, such as nonlinear wave dynamics[2] and
others.[3,4] So far, the NLS equation has been widely used
in the fields of optics,[5] water tanks,[6–8] Bose–Einstein
condensates,[9–11] hydrodynamics,[12] plasma physics,[13–16]

molecular biology,[17] magnetic nanowires[18–20] driven by
spin-polarized current,[21–23], and even finance.[24,25] Famous
physicists Benney and Newell proposed coupled NLS (CNLS)
equations 30 years ago, which quickly became another im-
portant nonlinear physical model. Many physical phenomena
usually have more than one component.[26–31] Furthermore, in
practical physics, the number of particles in each component
is not necessarily conserved. These systems are usually non-
integrable. It is not easy to study nonlinear systems; therefore,
the research of integrable CNLS equations is very meaningful.
Manakov obtained bright solitons in the focusing medium by
backscattering[32] and proved the integrability of CNLS equa-
tions. For the nonzero background, there are many studies
for CNLS equations.[33–41] Some nonlinear models of inte-
grable CNLS equations are obtained on the basis of the special

Hirota bilinearization and the Darboux transformation,[42–44]

such as those used in solitons,[45–49] breathers,[50,51] and rogue
waves.[18–20,52–56] The soliton is an isolated wave that still
maintains its original velocity and shape after interaction. The
breather is a special localized-in-space oscillating solution,
mainly due to the instability of the small amplitude distur-
bance, and the solution has periodicity in the temporal or
spatial direction. The common breathers are the Akhmediev
breather and Kuznetsov–Ma solution, which are mainly in the
form of hyperbolic functions. The Akhmediev breather has
been studied for a long time, and was confirmed in numeri-
cal experiments in 2009.[51] The particular class of solution
exhibiting Fermi–Pasta–Ulam-like growth–return evolution is
now widely referred to within the fluid dynamics community
as the Akhmediev breather. It is excited by weak periodic
modulation and is limited to longitudinal dimensions when ex-
periencing growth and decay. The Kuznetsov–Ma soliton was
confirmed in 2012.[17] The rogue waves were first discovered
in the ocean,[57] and its theoretical research began in 1965.
Professors Akhmediev and Pelinovsky discussed the definition
of rogue waves with researchers of many fields.[58] Scientists
who participated in the discussion have expressed their own
opinions of rogue waves, but there is not a complete and ac-
curate definition of rogue waves. Generally, the amplitude of
the rogue waves can reach more than twice the chaotic am-
plitude in the region around the rogue wave packet. Rogue
waves occur suddenly and are localized in time-space.[59,60]

The main results focus on the formation of these nonlinear
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solutions, while little research has been presented on their for-
mation mechanism.

In this paper, we mainly investigate the exact analyti-
cal breather solutions and rogue waves of the CNLS equa-
tions. Under certain specific parameters, we can get two types
of breather solutions, i.e., Kuznetsov–Ma breather solutions
and Akhmediev breather solutions. We mainly investigate
the propagation characteristics of asymmetric and symmet-
ric Kuznetsov–Ma breather solutions and exact asymmetric
Akhmediev breather solutions. Moreover, we focus on the for-
mation mechanism of asymmetric breather solutions and how
the particle number and energy exchange between the back-
ground and soliton ultimately form the breather solutions. It
can be described by the total nonuniform exchange. We will
also explore the formation mechanism from breather solutions
to rogue wave.

2. Exact breather solution of CNLS equations
The CNLS equations with negative coherent coupling can

describe the propagation of the orthogonally polarized optical
waves in an isotropic medium. In the paraxial approximation,
the CNLS equations take the form

iq1t +q1xx +2
(
|q1|2 +2 |q2|2

)
q1−2q∗1q2

2 = 0,

iq2t +q2xx +2
(
|q2|2 +2 |q1|2

)
q2−2q∗2q2

1 = 0, (1)

where q1 and q2 are the slowly varying envelopes of two in-
teracting optical modes, with the asterisk being the complex
conjugate. The variables x and t correspond to the normalized
distance and retarded time, respectively. In Eq. (1), the coeffi-
cients of the self-phase modulation and the cross-phase modu-
lation are different, and the last terms at the left-hand side are
known as the coherent coupling term. In fact, equation (1) is
an integrable model and its solutions can be obtained by the
effective Darboux transformation method and Hirota bilinear
method. Equation (1) is found to admit Lax pair

Ψx = (λU0 +U1)Ψ ,

Ψt =
(
λ

2V0 +λV1 +V2
)
Ψ , (2)

in which the compatibility condition Ψxt = Ψtx yields the

CNLS in Eq. (1). Here, U0 = i
(
−I2×2 O

O I2×2

)
, U1 =(

O Q
−Q† O

)
, Q =

(
q1 q2
−q2 q1

)
, V0 = diag(−2i,−2i,2i,2i), V1 =

2
(

O Q
−Q† O

)
, V2 = i

(
QQ† Qx
Q†

x −Q†Q

)
, I2×2 = diag(1,1), and

Ψ =

(
ϕ1 ϕ2 ϕ3 ϕ4
−ϕ2 ϕ1 −ϕ4 ϕ3

)T

, where the superscript T signifies

the matrix transpose, Ψ is the matrix eigenfunction, ϕ j ( j = 1,
2, 3, and 4) is the function of x and t, I2×2 is the 2× 2 unit
matrix, O is the 2× 2 zero matrix, † denotes the conjugate

transpose, and λ is the eigenvalue parameter. If one assume

that Ψ =

(
ϕ1 ϕ2 ϕ3 ϕ4
−ϕ2 ϕ1 −ϕ4 ϕ3

)T

is a solution of Eq. (2) corre-

sponding to λ , then
(
−ϕ∗3 ϕ∗4 ϕ∗1 −ϕ∗2
ϕ∗4 ϕ∗3 −ϕ∗2 −ϕ∗1

)T

is also a solu-

tion of Eq. (2) corresponding to the eigenvalue λ ∗.
In this paper, we adopt the Darboux transformation and

mainly investigate the exact breather solutions and its forma-
tion mechanism. To this purpose, we choose the initial seed
solutions of Eq. (1) as

q(0)n = aneiφc , (3)

which is a continuous wave (cw) solution, where n = 1 and
2, φc = kx−ωt, and the frequency ω satisfies the nonlinear
dispersion relation ω = k2− 2

(
a2

1 +a2
2
)
. By employing the

normal process of Darboux transformation and substituting
Eq. (3) into Eq. (2), we obtain the corresponding eigenfunc-
tions

ϕ1 = eiφc/2 (C1eA +C2e−A) ,
ϕ2 = eiφc/2 (C3eA +C4e−A) ,
ϕ3 = e−iφc/2 [ κ1 (a2C3−a1C1)eA

+κ2 (a2C4−a1C2)e−A ] ,

ϕ4 = −e−iφc/2 [ κ1 (a2C1 +a1C3)eA

+κ2 (a2C2 +a1C4)e−A ] , (4)

where C j ( j = 1, 2, 3, and 4) is a complex constant. Other
parameters are given by

A ≡ θ + iϕ = Ξ(x+(2λ − k) t) ,

Ξ =

√
−(k/2+λ )2−

(
a2

1 +a2
2

)
,

κ1 = 1/(Ξ− ik/2− iλ ) ,

κ2 = 1/
(
κ1
(
a2

1 +a2
2
))

, (5)

where λ = µ + iν , and µ and ν are the real constants.
With the help of eigenfunctions in Eq. (4) and employing

the standard process of the Darboux transformation, we have

qn = q(0)n +4ν
fn

g
, (6)

where n = 1 and 2, and other parameters are defined by

f1 =
(
ϕ

2
1 +ϕ

2
2
)
(ϕ∗1 ϕ

∗
3 +ϕ

∗
2 ϕ
∗
4 )

+
(
ϕ
∗2
3 +ϕ

∗2
4
)
(ϕ1ϕ3 +ϕ2ϕ4) ,

f2 =
(
ϕ

2
1 +ϕ

2
2
)
(ϕ∗1 ϕ

∗
4 −ϕ

∗
2 ϕ
∗
3 )

+
(
ϕ
∗2
3 +ϕ

∗2
4
)
(ϕ1ϕ4−ϕ2ϕ3) ,

g =
4

∑
j=1

∣∣ϕ j
∣∣2 +(ϕ1ϕ

∗
2 −ϕ2ϕ

∗
1 +ϕ3ϕ

∗
4 −ϕ4ϕ

∗
3 )

2 .

Equation (6) indicates the exact breather solutions of Eq. (1),
which is combined with the exponential function dependence
with temporal and spatial coordinates. We also see that the

010504-2



Chin. Phys. B Vol. 28, No. 1 (2019) 010504

exponential function’s form can be determined by the parame-
ters C j, which ultimately affect the types of breather solutions,
as shown in the following section. The very interesting funda-
mental problem is to investigate the formation mechanism of
asymmetric breather solutions and the particle number and en-
ergy exchange between the background and soliton. Lastly, we
will explore the formation mechanism from breather to rogue
wave solutions.

3. Asymmetric and symmetric Kuznetsov–Ma
breather solutions

From Eqs. (4), (5), and (6) we find that the wave num-
ber k of the initial seed solution contributes a velocity to the
soliton propagation. Therefore, for the sake of brevity, we can
only consider the case of µ = 0 and k = 0 in the following
discussion. When ν2 > a2

1 +a2
2, we obtain the Kuznetsov–Ma

breather solutions of Eq. (6), which is characterized by the key
parameters as follows:

θ = Ξx, ϕ = 2νΞt,

Ξ =
√

ν2−
(
a2

1 +a2
2

)
,

κ1 = 1/(Ξ+ν) ,

κ2 = 1/
(
κ1
(
a2

1 +a2
2
))

. (7)

With the above parameters, we see that the main characteristic
properties of breather solutions in Eq. (6) are spatially aperi-
odic and temporally periodic, which is denoted by the param-
eters in Eqs. (4) and (7). Therefore, this type of expression is
usually called a Kuznetsov–Ma breather solution. It is obvious
that under the cw background, the parameter C j determines the
type of Kuznetsov–Ma breather images, i.e. the component
|q1|2 and |q2|2 are the same or different type of shape, which
will be discussed in detail below.
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Fig. 1. Density plots of the Kuznetsov–Ma breather solution in Eq. (6) with
specific values of ν = 1, C1 = 1, C2 = 0, C3 = 3, and C4 = 2. The white boxes
in the figure represent a period, as in the figures below. (a)–(c) Plots for the
component |q1|2 and (d)–(f) plots for the component |q2|2. From each time
period unit, it is seen that (a) has one peak and two valleys, and (d) has only
one peak. Other parameters are as follows: (a) and (d) a1 = 0.59, a2 = 0; (b)
and (e) a1 = 0, a2 = 0.7055; (c) and (f) a1 = 0.59, a2 = 0.7055.

Firstly, we assume C2 = 0 and get the asymmetric
Kuznetsov–Ma breather images, i.e. the component |q1|2 and
|q2|2 share different types of shape, as shown in Fig. 1. From
Figs. 1(a), 1(b), 1(d), and 1(e), we find that each seed cw so-
lution (q(0)1 6= 0, q(0)2 = 0, or q(0)1 = 0, q(0)2 6= 0) brings into
existence a bright Kuznetsov–Ma breather solution for two
components. However, under the combined action of two
seed cw and soliton solutions, the component q1 takes the
dark Kuznetsov–Ma breather with one peak and four valleys
in each temporal periodic unit, while the other component q2

still keeps two peaks and four valleys, as shown in Figs. 1(c)
and 1(f), respectively.

In order to deeply investigate the properties of
Kuznetsov–Ma breather solutions in Eq. (6), the analysis for
the density distribution against the background plays a major
role, which is defined by the quantity ρn (x, t) = |qn (x, t)|2−
|qn (x→±∞, t)|2, n = 1 and 2. For the existence of a sin-
gle seed solution (q(0)1 6= 0, q(0)2 = 0), the breather property
of q1 comes from two parts, i.e. the interaction between the
cw solution and the soliton solution, as well as the coher-
ent coupling term in Eq. (1). This implies that at a fixed
time, the loss in background is transferred to the hump, and
then it gathers energy from the background toward its cen-
tral part, and vice versa. However, the same property of com-
ponent q2 is only determined by the coherent coupling term
in Eq. (1). The same result occurs for the case of q(0)1 = 0,
q(0)2 6= 0. The other interesting fundamental problem is how
breather solutions gather the particle number and energy to-
ward its central part in each temporal periodic unit from the
background. This can be explained by the local nonuniform
exchange δn (x, t) ≡ limlQ→±∞ |qn (x, t) − qn (x = lQ, t)|2, and
the total nonuniform exchange, i.e. the integral

ξn (t) =
∫ +∞

−∞

δn (x, t)dx. (8)

With the existence of two seed cw solutions, the graphical il-
lustration is given in Fig. 2 for the total exchange ξn (t). For
the existence of single seed solutions, the total nonuniform ex-
change of the two components q1 and q2 has periodic charac-
teristics, as shown in Figs. 2(a) and 2(b). In each temporal
periodic unit, the energy in the background first accumulates
to the central part, and then dissipates into the background,
which forms the generation of a hump and two valleys on the
background along the space direction, as shown in Figs. 1(a),
1(b), 1(d), and 1(e). However, in the case of two seed cw solu-
tions, there is cross interaction, i.e. the exchange between the
cw background and soliton, and the coherent coupling effect
between two components denoted in Eq. (1). The total ex-
change period for each component decreases with the increase
in amplitudes a1 and a2 of two seed cw solutions. The com-
ponent q1 has four accumulations and dissipations, while the
component q2 has only two, as shown in Fig. 2.
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Fig. 2. The nonuniform exchange of the Kuznetsov–Ma breather solu-
tion in Eq. (8). (a) For ξ1 and (b) for ξ2. The parameters are ν = 1,
C1 = 1, C2 = 0, C3 = 3, and C4 = 2; a1 = 0.59, a2 = 0 (long dashed
line); a1 = 0, a2 = 0.7055 (short dashed line); a1 = 0.59, a2 = 0.7055
(solid line).

Secondly, we further take into account the case of C2 =

C3 = 0 and have the graphical illustration of q1 and q2 in
Fig. 3 for the single and two seed solutions, respectively. From
Figs. 3(a), 3(b), 3(d), and 3(e), we find that each seed solu-
tion (q(0)1 6= 0, q(0)2 = 0, or q(0)1 = 0, q(0)2 6= 0) brings into exis-
tence a dark Kuznetsov–Ma breather with four valleys for its
own component in each temporal periodic unit, while the other
component takes the bright Kuznetsov–Ma breather with two
peaks and two valleys. However, under the combined action
of two seed cw solutions and the soliton, the component q1 has
only one peak and one valley with a sub minimum, and four
valleys in each temporal periodic unit. Meanwhile, the other
component q2 still keeps two peaks and two saddle points with
different values, as shown in Figs. 3(c) and 3(f), respectively.
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Fig. 3. The transmission of the Kuznetsov–Ma breather solution in
Eq. (6). (a)–(c) Transmission for the component |q1|2 and (d)–(f) trans-
mission for the component |q2|2. The parameters are ν = 1, C1 = 1,
C2 = C3 = 0, and C4 = 0.35; (a) and (d) a1 = 0.55, a2 = 0; (b) and
(e) a1 = 0, a2 = 0.284; (c) and (f) a1 = 0.55, a2 = 0.284.

With the existence of two seed solutions, the graphical
illustration is plotted in Fig. 4 for the total nonuniform ex-
change ξn (t). From Fig. 4(a), we find that the energy in the
background first accumulates to the central part, which leads
to the generation of a hump on the background along the space

direction, and the critical peak of the hump can occur for q1.
Then, the energy in the hump starts to dissipate into the back-
ground and tends to the opposite accumulation, which leads to
two valleys and one valley with a sub minimum in each tempo-
ral periodic unit, as shown in Fig. 3(c). The same law of total
nonuniform exchange shown in Fig. 4(b) can only result in two
valleys and one valley with a sub minimum for the component
q2 in Fig. 3(f).
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Fig. 4. The nonuniform exchange of the Kuznetsov–Ma breather solution
in Eq. (8). (a) For ξ1 and (b) for ξ2. The parameters are ν = 1, C1 = 1,
C2 = C3 = 0, and C4 = 0.35; a1 = 0.55, a2 = 0.284 (solid line); a1 = 0,
a2 = 0.284 (short dashed line); a1 = 0.55, a2 = 0 (long dashed line).

At last, we consider the case of C3 = C4 = 0 and obtain
the symmetric Kuznetsov–Ma breather images, i.e. the com-
ponents |q1|2 and |q2|2 share the same type of shape, as shown
in Fig. 5. From Figs. 5(a) and 5(b), we find that both |q1|2

and |q2|2 have one peak and two valleys in each temporal peri-
odic unit. As shown in Figs. 5(c) and 5(d), the Kuznetsov–Ma
breather is formed such that the background is accumulated
into the central part for each periodic unit. This leads to the
generation of a hump with two grooves on the background
along the space direction, and the critical peak of the hump
can occur in each periodic unit.
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Fig. 5. The transmission of the Kuznetsov–Ma breather solution in Eq. (6):
(a) transmission for component |q1|2 and (b) transmission for component
|q2|2. A notable feature is that they share the same type of shape, and they
both have one peak and two valleys in each temporal periodic unit. The
nonuniform exchange in Eq. (8) is shown in (c) for ξ1 and in (d) for ξ2. The
parameters are ν = 1, C1 = 1, C2 = 0.65, C3 = C4 = 0, a1 = 0.5965, and
a2 = 0.7.
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4. Exact asymmetric Akhmediev breather solu-
tions
When ν2 < a2

1 + a2
2, equation (1) admits the Akhmediev

breather solutions in Eq. (6), which is characterized by the key
parameters

Ξ = iξ , ξ =
√(

a2
1 +a2

2

)
−ν2,

A≡ θ + iϕ =−2νtξ + ixξ . (9)

The above parameters mean that the main characteristic prop-
erties of Akhmediev breather solutions in Eq. (6) with the pa-
rameters in Eqs. (4) and (9) are temporally aperiodic and spa-
tially periodic.

The Akhmediev breather solutions can almost exactly de-
scribe the modulation instability in nonlinear physics, which
is characterized by the periodic energy exchange between
a perturbation and a cw background. This process can be
used to generate the high-repetition-rate pulse trains in optical
fibers.[61] In optical fibers, the temporal periodic property of
Akhmediev breathers[62] denotes a single growth–return cy-
cle in the propagation direction, namely a visual illustration
of the famous Fermi–Pasta–Ulam recurrence.[63–65] Recently,
modulation instability has been found to play a central role
in the emergence of highly localized rogue wave structures in
various contexts of nonlinear physics. It is obvious that the
shape type of Akhmediev breather solutions can be affected by
choosing the parameters C j, and we will discuss the Akhme-
diev breather solutions in the same way as the Kuznetsov–Ma
breather solutions.

For simplicity, we consider the case of C2 = 0, and give
the graphical illustration of density distribution for the com-
ponents q1 and q2 in Fig. 6 for the single and two seed solu-
tions, respectively. From Figs. 6(a) and 6(d), we observe that
the single seed solution (q(0)1 6= 0, q(0)2 = 0) can cause a dark
Akhmediev breather with six valleys for its own component
q1 in each temporal periodic unit, while the other component
q2 has the graphical image of bright Akhmediev breather so-
lutions with four peaks, and vice versa (Figs. 6(b) and 6(e)).
The unit period can be affected by the amplitude a2. It is inter-
esting to point out that the graphical illustration of q1 in each
periodic unit seemingly forms two craters. For the existence
of two seed solutions, we find that both |q1|2 and |q2|2 have
four peaks and two valleys in each periodic unit, as shown in
Figs. 6(c) and 6(f).

Furthermore, if one considers the case of C2 =C3 = 0, the
density distribution of q1 and q2 is plotted in Fig. 7 for the sin-
gle and two seed solutions, respectively. From Figs. 7(a) and
7(d), we see that under the effect of the single seed solution
(q(0)1 6= 0, q(0)2 = 0), the component q1 has four valleys in each
temporal periodic unit, while the other component q2 has the
graphical image of bright Akhmediev breather solutions with

two peaks and two valleys, and vice versa (Figs. 7(b) and 7(e)).
For the existence of two seed solutions, we find that |q1|2 and
|q2|2 take the same periodic change with the alternate peak and
valley in each periodic unit, as shown in Figs. 7(c) and 7(f).

-4 0 4 -4 0
x

-4
-1

0

1

-1

0

1

-1

0

1

0 4
x

t

-1

0

1
(b)

(d)

t

-1

0

1

t

-1

0

1

ttt

x

4

-4 0 4 -4 0
x

-4 0 4
x x

4

Fig. 6. The dynamic evolution of the Akhmediev breather solution in Eq. (6)
with the parameters ν = 1, C1 =C3 = 1, C2 = 0, and C4 = 1.5. (a)–(c) Dy-
namic evolutions for the component |q1|2, and (d)–(f) dynamic evolutions
for the component |q2|2. It can be seen that both (a) and (e) are dark Akhme-
diev breathers, both (b) and (d) are bright Akhmediev breathers, and (c) and
(f) possess two peaks and one valley in each periodic unit. Other parameters
are as follows: (a) and (d) a1 = 1.4, a2 = 0; (b) and (e) a1 = 0, a2 = 1.2277;
(c) and (f) a1 = 1.4, a2 = 1.2277.
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Fig. 7. The dynamic evolution of the Akhmediev breather solution in Eq. (6)
with the parameters ν = 1, C1 = 1, C2 = C3 = 0, and C4 = 1. (a)–(c) Dy-
namic evolution for component |q1|2, and (d)–(f) dynamic evolution for
component |q2|2. Other parameters are as follows: (a) and (d) a1 = 1.4,
a2 = 0; (b) and (e) a1 = 0, a2 = 1.2277; (c) and (f) a1 = 1.4, a2 = 1.2277.

5. Rogue wave solution

From the above two sections, we see that there is a critical
condition ν2 = a2

1 +a2
2 that divides the modulation instability

process and the periodization process. This leads to a different
physical behavior, i.e. how the breather characteristics depend
on the modulation parameter ν . It should be noted that this
very interesting phenomenon occurs only under the limitation
of ν2→ a2

1+a2
2 and the conditions of C1 =−C2 and C3 =−C4.

Two different asymptotic behaviors are plotted in Figs. 8 and 9

in the limit processes |ν | →
(√

a2
1 +a2

2

)+
and

(√
a2

1 +a2
2

)−
under the conditions C1 = −C2 and C3 = −C4, respectively.
The former case demonstrates a spatial periodic process of the
Kuznetsov–Ma soliton forming one hump and two grooves,
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and the other case shows the time periodic process of form-
ing the Akhmediev breather. As the modulation parameter |ν |
approaches

√
a2

1 +a2
2, the spatial and temporal separation of

adjacent peaks gradually increases. Finally, the critical state
changes from the spatial and temporal periodic process to a
localized process of the cw background, i.e. rogue wave solu-
tions.
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Fig. 8. A sketched demonstration of the density plot in the limit |ν | →(√
a2

1 +a2
2

)−
in Akhmediev breather solution using Eq. (6) with C1 =−1,

C2 = 1, C3 = 3, C4 =−3, a1 = 0.8, and a2 = 0.7. Note that there is one peak
and two caves in each periodic. (a)–(c) Density plots for component |q1|2,
and (d)–(f) density plots for component |q2|2. The modulation parameter ν

of the Akhmediev breather is as follows: (a) and (d) ν = 0.7746; (b) and
(e) ν = 1; (c) and (f) ν = 1.063.
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Fig. 9. A sketched demonstration for the limit case |ν | →
(√

a2
1 +a2

2

)+
in Kuznetsov–Ma breather solution using Eq. (6) with C1 = −1, C2 = 1,
C3 = 3, C4 = −3, a1 = 0.8, and a2 = 0.7. Note that there is also one peak
and two caves in each periodic unit. (a)–(c) For component |q1|2, and (d)–
(f) for component |q2|2. The modulation parameter ν of the Kuznetsov–Ma
breather is as follows: (a) and (d) ν = 1.2649; (b) and (e) ν = 1.1401; (c)
and (f) ν = 1.063.

The formation mechanism of the rogue wave is explained
in Figs. 10(a) and 10(b). From Fig. 10, we find that as the mod-

ulation parameter |ν | approaches
√

a2
1 +a2

2, the total nonuni-
form exchange gradually increases, while the period of total
nonuniform exchange goes up. Finally, the total exchange
forms the local property. The energy and particles in the back-
ground accumulate to the central part when t < 0. This leads
to the generation of a hump with two grooves on the back-
ground along the space direction. In contrast, when t > 0, the

rogue waves in the hump start to dissipate into the background
so that the hump gradually decays. The rogue wave ultimately
disappears, which verifies that the rogue wave is only one os-
cillation in temporal localization and displays an unstable dy-
namic behavior, as shown in Figs. 8(c), 8(f), 9(c), and 9(f).
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Fig. 10. The nonuniform exchange of the transformation from the
Kuznetsov–Ma breather solution to rogue waves in Eq. (8): (a) For ξ1 and
(b) for ξ2. The parameters are C1 =−1, C2 = 1, C3 = 3, C4 =−3, a1 = 0.8,
and a2 = 0.7; ν = 1.2649 (short dashed line); ν = 1.1401 (long dashed line);
ν = 1.063 (solid line).

6. Conclusion
In this paper, based on the developed Darboux transfor-

mation method, we give some types of exact breather and
rogue wave solutions in CNLS equations, which can be used
to describe transition dynamics of a one-dimensional or two-
component Bose–Einstein condensate system with particle
transition in strong interaction regimes and other nonlinear
systems. We mainly investigate Kuznetsov–Ma breather so-
lutions, Akhmediev breather solutions, and rogue wave solu-
tions. The total nonuniform exchange is also studied in de-
tail. These studies not only lay a theoretical foundation for the
study of physics and nonlinear science, but also provide new
ideas for the analysis and control of complex systems.
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