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Attractors with controllable basin sizes from cooperation of
contracting and expanding dynamics in pulse-coupled oscillators∗
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Unstable attractors are a novel type of attractor with local unstable dynamics, but with positive measures of basins.
Here, we introduce local contracting dynamics by slightly modifying the function which mediates the interactions among
the oscillators. Thus, the property of unstable attractors can be controlled through the cooperation of expanding and
contracting dynamics. We demonstrate that one certain type of unstable attractor is successfully controlled through this
simple modification. Specifically, the staying time for unstable attractors can be prolonged, and we can even turn the
unstable attractors into stable attractors with predictable basin sizes. As an application, we demonstrate how to realize the
switching dynamics that is only sensitive to the finite size perturbations.
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1. Introduction
Attractors in nonlinear dynamical systems are used to rep-

resent long term dynamics, which are the most essential fea-
ture of nonlinear dynamical systems.[1,2] The set of initial con-
ditions that can lead to an attractor is defined as its basin of
attraction. The separations among basins are the basin bound-
aries. For a conventional stable attractor, the attractor is en-
closed in its basin. We thus can quantify the strength of an at-
tractor by the basin size which is the closest distance between
the attractor and its basin boundaries. Typically, the basin
boundaries are the stable manifold of saddle points. However,
for hidden attractors, their corresponding basins do not inter-
sect with small neighborhoods of any equilibrium points.[3–6]

Another interesting dynamic is meta-stable states, the
system can stay near the vicinity of the meta-stable states
for a relatively long time. Meta-stable dynamics is usually
due to the appearance of saddles, and the switching dynam-
ics among meta-stable states is regarded as useful for infor-
mation processing.[7] Usually attractors and meta-stable states
are two quite different dynamical states. However, unstable at-
tractors are saddles but with positive measures of basins.[8–10]

Hence this type of attractor is defined in the sense of Mil-
nor attractors.[11] For these attractors, almost all nearby points
within a neighborhood will leave the attractors, leading to a
zero basin size. But the remote region in phase space could
collapse into the stable manifold of saddles.[12] Another in-
teresting type of attractor, i.e., partially unstable attractors,
with both stable and unstable points can also appear in pulse-
coupled oscillators under periodic forcing.[13]

Unstable attractors are observed in pulse-coupled oscilla-

tors with delays, where the delays account for the transmission
time of the pulses.[14–19] Such models can be used to study
various natural phenomena, such as neural dynamics where
pulses correspond to the generations of spikes, and synchro-
nization of fireflies where pulses are the flashes. The interac-
tions among oscillators are mediated by the pulses. The gen-
eration and arrival of pulses are then important events. We can
introduce symbolic events based on the related events, which
are useful for understanding the unstable attractors.[20,21]

One typically application of these attractors is used to
generate switching dynamics among these states.[7,22–26] The
switching dynamics built upon unstable attractors is sensitive
to infinitesimal perturbations. Thus any small noise can induce
switching phenomena. One desirable feature is that switching
dynamics is only sensitive to finite size perturbations. Thus
how to explicitly manipulate these unstable attractors is inter-
esting and important to the applications built upon these novel
saddles. In this paper, we present a method to control unstable
attractors towards attractors with controllable basin sizes. We
first identify the local expanding dynamics and then introduce
the local contracting dynamics. The basin sizes and staying
time can be controlled by the cooperation of expanding and
contracting dynamics.

This paper is organized as follows. In Section 2, the
model of pulse-coupled oscillators is described, and also the
evolution rate for the local expanding dynamics is derived. In
Section 3, we introduce the contracting dynamics, investigate
the local dynamic behavior, and derive the condition of the
appearance of contracting dynamics. In Section 4, we inves-
tigate the staying time and attractors with controllable basin
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sizes, and we realize the switching dynamics that are only sen-
sitive to perturbations larger than the basin sizes. Finally, the
conclusion and discussion are presented.

2. Unstable attractors with local expanding dy-
namics

2.1. Networks of pulse-coupled Millro–Strogatz oscillators

Here we consider the pulse-coupled Millro–Stragatze
oscillators,[14] where the state for an oscillator i is described
by a phase-like variable φi. The free dynamics is given by

dφi/dt = 1. (1)

When the oscillator i reaches the threshold 1, the state is reset
to zero. During this process, the oscillator i fires, and a pulse
is generated and sent to oscillators with incoming links from i.
After a delay time τ , the arrival of the pulse can induce a phase
jump for the oscillators who have incoming links from oscil-
lator i. For example, the arrival of the pulse from oscillator i
could induce a phase jump for oscillator j according to

φ j(t+) = min[1,U−1
b (Ub(φ j(t))+ ε ji)], (2)

where function Ub(x) is given by

Ub(x) =
1
b

ln[1+(exp(b)−1)x]. (3)

Here b is a positive parameter (fixed at 3 throughout the pa-
per), and ε ji denotes the coupling strength from oscillator i to
j. The ε ji is normalized according to the number of incoming
links for oscillator i, i.e., ε ji = ε/ki, where ki is the number of
incoming links for oscillator i. Here we consider the globally
coupled oscillators without self-links. Thus,

ε ji = ε/(N−1) (4)

for networks with N oscillators. When the couplings are pos-
itive with εi j > 0, the couplings are excitatory. The arrival of
pulses makes the states of corresponding oscillators closer to
the threshold. Unstable attractors typically arise for small τ

and ε , such as 0 < τ < 0.3 and 0 < ε < 0.3.[20] Here we also
focus on the unstable attractors occurring in this region. The
parameter N is the number of oscillators, which highly affects
the dimension of the system. In this paper, we choose N = 4
and N = 15 to represent relatively low- and high-dimensional
systems, respectively.

2.2. Source of local unstable dynamics revealed by sym-
bolic events

For the globally coupled oscillators with excitatory cou-
plings, i.e., with positive ε , there exist unstable attractors.
Here we can choose one oscillator such as oscillator 1 as the
reference. When this reference oscillator fires, the states of

the whole system are recorded. In this way, we actually con-
struct a return map, i.e., the Poincaré map, where the time is
represented by the n-th reset of the reference oscillator. In this
return map, the unstable attractors are of period one.

We exploit the event properties to reveal the unstable dy-
namics, which are useful to explore the unstable source here.
When the state of an oscillator i reaches the threshold 1, it fires
and its state is immediately reset to zero. During this process,
a pulse is generated and sent out. After delay time τ , the pulse
will be received by oscillators with incoming links from oscil-
lator i. The specific notations are first introduced. The firing
of oscillator i is denoted by Si, and the arrival of pulses from
oscillator j is denoted by R j. The events at different times
are separated by “–”. For example, the event structure for the
unstable attractor shown in Fig. 1(a) is given by

R1S4−R4−S2S3−R2R3S1, (5)

where two oscillators 2 and 3 reach the threshold simultane-
ously during free evolution. These firings are called active
firings, while other firings are directly due to the arrival of
pulses, and then called passive firings. The two oscillators 2
and 3 receive the same amount of pules at the arrival of pulses,
and hence can keep the simultaneous firing events. The si-
multaneous active firing is responsible for the unstable nature
of the unstable attractors.[20] Just after the firing of oscillators
2 and 3 (i.e., S2S3), they will receive pulses from themselves
(i.e., R2R3S1) after delay time τ . Thus just before the arrival
of these pulses, the state for oscillators 2 and 3 is τ .

Figure 1(b) demonstrates that the split of simultaneous
active firing, such as S2S3 here, is responsible for the local un-
stable dynamics. The unstable attractor is denoted by “+” in
the (φ2,φ3) subspace. We can see that the unstable attractor
displays the saddle property. The non-identical perturbations
δ2 and δ3 split the simultaneous firing and make the system
leave the unstable attractor. The system follows the unstable
local directions, similar to the unstable manifold of a saddle. If
the perturbations δ2 and δ3 are the same, then the system can
actually jump back to the original unstable attractor, similar to
the stable manifold.

In this paper, we mainly focus on the unstable attractors
of event structures similar to Eq. (5) where only two oscil-
lators are simultaneously firing. To control the cases with a
large number of simultaneously firing oscillators is challeng-
ing, mainly due to the complex jump in phase state due to the
split of simultaneously firing.[8] Thus at the first step, we focus
on the control of the unstable attractors with only two simulta-
neously firing oscillators, which will shed light on solving the
problem of controlling all unstable attractors.
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Fig. 1. (a) An unstable attractor highlighted in gray is located with a ran-
domly selected initial condition in four globally coupled oscillators. The
four curves represent the states of the four oscillators respectively, which
are recorded just after the n-th reset of the reference oscillator 1. Upon the
perturbations introduced at the arrow position, the system will leave the
attractor, indicating its unstable nature. (b) The dynamics in the (φ2,φ3) is
shown, the existence of the two simultaneous active firing oscillators 2 and
3 is responsible for the unstable dynamics. The “+” denotes the unstable
attractor. The different perturbations on oscillators 2 and 3 can split the
simultaneous firing and make the system leave the unstable attractor (sim-
ilar to the unstable manifold of a saddle). While the perturbations with
δφ2 = δφ3 cannot split the simultaneous firings and the system can lead to
the unstable attractor (similar to the stable manifold). The parameters are
chosen as N = 4, b = 3, ε = 0.15, and τ = 0.2.

2.3. Evolution rate due to the local expanding dynamics

In the presence of perturbations, the system will leave the
unstable attractor. The staying time describes how long the
system can stay near the unstable attractor. We analyze in de-
tail the unstable local dynamics for an unstable attractor. In
order to control the unstable attractors, we need to control the
unstable local dynamics.

We can only focus on the dynamics of multiple active fir-
ing oscillators. Here the phases of the active firing oscillators
change fast, while the phases of the other passive firing oscil-
lators change slowly. Thus we can focus on the phases of the

active firing oscillators when analyzing local dynamics. By
exploring the local behaviors, we select the nearby points of
an unstable attractor. This can be realized by randomly adding
perturbations on each oscillator.

Under the randomly selected perturbations, the simulta-
neous active firings will be split into multiple single firings at
slightly different times. This introduces initial phase differ-
ences among the active firing oscillators. We consider two
oscillators p and q. The free dynamics cannot change the
phase difference here. Thus we only consider the arrival of
pulses. Then the phase difference is changed due to the arrival
of pulses from oscillators other than p and q, and the pulses
from themselves.

Here the unstable attractors are period one attractors,
when using one oscillator as the reference, as shown in
Fig. 1(a). In this case, all oscillators only fire once during one
time period. Thus we quantify the local dynamic by consider-
ing the evolution rate of phase difference between two active
firing oscillators. Suppose that the initial small phase differ-
ence is ∆0, then the phase difference after one time period is
∆1. Then the evolution rate is defined as

R =
∆1

∆0
. (6)

In the following, we analyze the evolution rate for the unsta-
ble attractor by considering the effect of pulses on the phase
difference of two active firing oscillators.

2.3.1. The effect of pulses from other non-active firing
oscillators

We first consider the pulse from other non-active firing
oscillators. Suppose that a pulse with strength ε ′ arrived at
time t. Just before the arrival of the pulse, the phase difference
is ∆φ− = φp−φq. Then just after the arrival of the pulse, the
phase difference becomes

∆φ
+ =U−1

b [Ub(φp)+ ε
′]−U−1

b [Ub(φq)+ ε
′].

By plugging Ub(x) and U−1
b (x) into the above equation, we

can obtain
∆φ

+ = exp(bε
′)∆φ

−.

Thus a pulse with strength ε ′ can change the rate as
∆φ+/∆φ− = exp(bε ′). By considering all other oscillators
such as the pulse from oscillator i with strength εi, the total
change of rate Ro due to other non-active firing oscillators is

Ro = ∏
i

exp(bεi).

Then for the two active firing oscillators, they receive pulses
from all other N − 2 oscillators, each pulse with strength
ε/(N−1). Then the total rate of change Ro due to the pulses
from the other oscillators is

Ro = exp[bε((N−2)/(N−1))]. (7)
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2.3.2. The effect of pulses from active firing oscillators

Then we consider the effects of arrival of pulses from two
active firing oscillators themselves. Now let oscillator p fire
first, followed by q. Then we consider the effect of a piece of
events Sp− Sq−Rp−Rq. Just after the firing of q, the states
are x and 0 for oscillators p and q, respectively. Then the phase
difference is x. We then need to obtain the states just after Rq.
For the oscillator q, it undergoes free evolution τ−x, and then
receives the pulse from p, and then it undergoes free evolution
of x. The state for oscillator q just after the event Rq is

φ
s
q =U−1

b [Ub(τ− x)+ ε
′]+ x.

For oscillator p, it first undergoes free evolution for τ , then it
receives a pulse from q after additional time x. The state just
before the arrival of the Rq is τ + x. Thus,

φ
s
p =U−1

b [Ub(τ + x)+ ε
′].

Then the phase difference between oscillators p and q just af-
ter the event Rq becomes

φ
s
p−φ

s
q = [2exp(bε

′)−1]x.

Then the change of phase difference due to the arrival of pulses
form p and q is defined as Rs = (φ s

p−φ s
q)/x, which is

Rs = [2exp(bε
′)−1]. (8)

2.3.3. The effect of all pulses

Thus the phase difference between p and q is increased
due to the pulses from other non-active firing oscillators (see
Eq. (7)) and pulse from themselves (see Eq. (8)). Then during
one reset of the reference oscillator, the total rate RT is

RT = Ro×Rs

= exp[bε((N−2)/(N−1))]× [2exp(bε
′)−1]. (9)

Under the present choice of Ub(x), the arrival of pulses
can increase the phase difference of the active firing oscilla-
tors. Thus the effect of arrival of pulses is expanding.

3. Introducing contracting dynamics
The effects of pulses are expanding for the active firing

oscillators under the current function, in the sense that the
phase difference for any two active firing oscillators increases.
In order to manipulate or control these unstable attractors, an
intuitive way is to introduce the contracting dynamics so that
the arrival of certain pulses could decrease the phase differ-
ences among the active firing oscillators. Thus we slightly
modified the function Ub(x) in Eq. (3), which mediates the
pulse interactions among the oscillators.

3.1. The slightly modified function

Intuitively, the introduction of contracting dynamics is
possible. For example, we can make the function in Eq. (3)
behave close to a horizontal line in a certain interval where
a pulse is received. Then the phase response of two oscilla-
tors at slightly different states can actually become close to
each other, and hence the corresponding phase difference de-
creases. Then we consider which interval we should choose to
modify the function. To this end, we consider the state of the
active firing oscillators. We modify the effect of pulses from
these active firing oscillators. Just before the arrival of these
pulses, the states of the active firing oscillators are near τ . This
is typically true when τ is not relatively large.[21]

Thus we slightly modify the function in the interval
[τ−c,τ +c], where c determines the width of the interval and
should be small enough. In this paper, we choose c = 10−4

and c = 10−5 as two typical small values. For simplicity, we
still use the same form of function Ub(x) but with different
parameters within this interval. To be distinguishable, the pa-
rameter is denoted by B. The function in the interval [0,1] is
continuous. We will show later that c is directly related to the
controlled basin sizes.

Thus the new function Ũ(x) has two parameters b and B,
which is given by

Ũ(x) =


(y2− y1)UB

(
x− x1

2c

)
+ y1, x1 6 x 6 x2,

1
b

ln[1+(exp(b)−1)x], otherwise,
(10)

where x1 = τ− c,x2 = τ + c, y1 =Ub(x1), and y2 =Ub(x2).
When |B| is sufficiently large, the above function in the

small interval [x1,x2] becomes horizontal. Then upon the ar-
rival of a pulse, the states of the oscillators within this interval
can become closer to each other. Hence contracting dynamics
occurs. Other forms of functions which behave horizontally
in the interval [x1,x2] can also introduce contracting dynamics
and hence can also work. Figure 2 shows an example of the
modified function.

3.2. The contracting dynamics induced by the modified
function

Here we first investigate how to choose the parameter c
which determines the interval for the modified function. The
value of c should be small enough, such that global dynam-
ics of the system is not much disturbed. In the following, we
analyze the detailed condition for c, with the consideration of
simplification on the analysis.

Upon the arrival of a pulse from one active firing oscil-
lator, the state of one of the other oscillators is φ , satisfying
τ − c < φ < τ + c. Then suppose that the arrived pulse is
of strength ε ′. According to the response process, we need
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to consider the value y = Ũ(φ) + ε ′. The value of y deter-
mines which part of the inverse function we should use. If
y >Ub(τ + c), we should apply the inverse function of Ub(y).
Otherwise, we should apply the inverse function Ũ(y). When
c is much smaller than ε ′, the first case is always satisfied. This
process is shown in Fig. 2.

0 0.5 1.0

contracting

expanding

1.0

0.5

0
τ-c τ+c

φ

U
↼φ

)

ε'

ε' 

Fig. 2. The function Ũ(x) by modifying the function in the interval
[τ − c,τ + c]. The arrival of a pulse with strength ε ′ in this interval can
induce contracting dynamics in the sense that the phase difference of two
active firing oscillators decreases, while other pulses can induce expanding
dynamics.

Then the arrival of a pulse with strength ε ′ for an oscilla-
tor with state φ could induce a phase change as

φ
+ =U−1

b

[
(y2− y1)UB

(
φ − x1

2c

)
+ y1 + ε

′
]
.

The right-hand side of the above equation is frequently applied
later, and is defined as a new function

F(φ ,ε ′,b,B)

= U−1
b

[
(y2− y1)UB

(
φ − x1

2c

)
+ y1 + ε

′
]
. (11)

We then choose two active firing oscillators, and study
their evolution of phase difference under the new function.
Here we first consider the effect of pulses from the active fir-
ing oscillators on the phase difference. The two oscillators are
p and q, and assume that p fires first. Then we encounter a
piece of events Sp−Sq−Rp−Rq. Just after the event Sq, the
states for p and q are x and 0, respectively, with x close to
zero. Thus the phase difference between the two oscillators is
x. We then calculate the phase difference just after the event
Rq. For oscillator q, it receive a pulse from p (i.e., event Rp)
with phase τ−x. After x time, the pulse from itself is received
(i.e., event Rq), its phase will increase further by x due to the
free evolution Eq. (1). Then the phase of oscillator q is

φq = F(τ− x,ε ′,b,B)+ x.

For oscillator p, the phase at event Rq can be obtain similarly,
which is

φp = F(τ + x,ε ′,b,B).

Then we find that the phase difference is changed from x to
φp−φq. We obtain the rate of phase change, R̃s = (φp−φq)/x,
due to the arrival of the pulses from themselves, which is

R̃s =
F(τ + x,ε ′,b,B)−F(τ− x,ε ′,b,B)

x
−1. (12)

Here x is the initial small phase difference for the two
active firing oscillators. The R̃s depends on the initial phase
difference x. We find that this function is monotonous on x.
The minimum value is obtained when x is near zero. Thus,

R̃min
s =−1+2

dF(τ + x,ε ′,b,B)
dx

|x=0 . (13)

By using

dF(τ + x,ε ′,b,B)
dx

|x=0= 2ebε ′ eB−1
B(eB +1)

,

equation (13) becomes

R̃min
s = 4ebε ′ eB−1

B(eB +1)
−1. (14)

The R̃s quantifies the change of phase difference due to
the pulses from themselves. If it becomes less than 1, then the
effect becomes contracting.

4. Cooperation of expanding and contracting
dynamics
Then we consider the total effect of pulses on the evolu-

tion rate during one time period. Again, the contributions can
be classified into two parts. One contribution comes from the
active firing oscillators as described in Eq. (12). The other con-
tribution comes from the non-active firing oscillators. As the
active firing oscillators receive the pulses at the state outside
the interval [τ − c,τ + c], then the total effect of these pulses
is the same as Ro in Eq. (7). Then the total rate R̃T after one
time period is

R̃T = R̃s×Ro. (15)

When the initial phase difference is close to zero, the evolution
rate is minimal given by

R̃min
T = R̃min

s ×Ro. (16)

The critical condition is R̃T = 1, which is shown in Fig. 3.
The value of R̃T is symmetrical with respect to B. In the mid-
dle region II, the value of R̃T is always larger than 1, indicating
expanding behaviors. Then if we increase |B|, R̃T decreases.
In the case R̃T < 1, the phase difference actually decreases af-
ter perturbations, and contracting dynamics dominates. In this
case, the unstable attractor becomes a stable attractor, we an-
alyze the basin size in the following subsection. The critical
value of B is determined by R̃min

T = 1.
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Fig. 3. Regions I and II are the stable and unstable regions, respectively,
which are separated by dashed lines obtained according to the critical con-
dition R̃T = 1. The parameters are N = 15, b = 3, ε = 0.1, τ = 0.1, and
c = 10−5.

4.1. Controlled basin size

In the case that R̃T < 1, the unstable attractor becomes a
stable attractor. Here we investigate the controlled basin size
d. As shown in Fig. 3, region I corresponds to the case with
R̃T < 1. The range of x in region I determines the basin size.
Thus the basin size grows with the increase in |B|, and ap-
proaches c. Thus for large |B|, d ≈ c. This can also be under-
stood intuitively as follows. If d > c, the phase for an oscillator
could be τ +d or τ−d. Note that the chosen modified interval
is [τ−c,τ+c]. Then the arrival of pulses from the active firing
oscillators falls out of this region.

Then we estimate the basin sizes. Here we study the dy-
namics in the return map with one oscillator as reference. Just
after the reset of the reference oscillator, we add perturbations.
The order of events sequence also matters. In the above anal-
ysis, we assume that the pulses from the active firing oscilla-
tors are received first. In the case that they are received last,
the phase difference between the two active firing oscillators
increases first due to the arrival of pulses from the other os-
cillators. Thus the initial phase difference x is increased to
x×Ro which should be smaller than xexp(εb). Thus we can
approximate the basin size as

c
exp(εb)

< d < c, (17)

where |B| is much larger than its critical value.
We verify the above results by using N = 4 globally cou-

pled oscillators with fixed parameters b = 3 and ε = 0.15.
Figure 4(a) shows the controlled basin sizes for the unstable
attractors with the parameter B and τ = 0.18. For each B, 100
randomly chosen initial conditions are used to locate the at-
tractors. Here the critical value of Bcr is 2.07. When B is
smaller than Bcr, the original unstable attractors are still un-
stable with a basin size of zero. When B becomes larger than
Bcr, the basin sizes become larger than zero and approaches
c = 10−5. In this case, the basin sizes will finally fall within
the predicted values of Eq. (17).
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Fig. 4. The controlled basin sizes for N = 4 globally coupled oscillators
with fixed parameters b= 3 and c= 10−5. (a) The dependence of the basin
sizes on the parameter B with fixed parameters ε = 0.15 and τ = 0.18,
where the critical value of B is 2.07 indicated by the dashed vertical line.
(b) The dependence of the basin sizes on the parameter τ with fixed pa-
rameters ε = 0.15 and B = 15.0. Here the shaped region denotes the basin
size predicted by Eq. (17) when B is much larger than the critical value.

Furthermore, we choose a larger value of B = 15 and let
τ be a variable. Then we uniformly choose 1000 values of
τ from the interval [0.17,0.21], where unstable attractors pre-
vail. For each τ , 100 randomly chosen initial conditions are
used to locate the attractors. If the attractors are of a structure
similar to Eq. (5), we then obtain the basin size. In Fig. 4(b),
the dependence of the basin sizes on the parameter τ is shown.
Again, we can see that the basin sizes are well predicted by
Eq. (17). As long as the value of B is much larger than the
critical value, the contracting dynamics dominates, and hence
the controlled basin sizes can be predictable. Additionally, the
method does not depend on the system parameters as demon-
strated in Fig. 4(b).

Then we show a detailed example in Fig. 5 for a rela-
tively higher system with N = 15 globally coupled oscilla-
tors. The parameters are chosen as b = 3, ε = 0.2, τ = 0.1,
B = 5, and c = 10−4. Under the current parameter setting, we
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can locate an attractor with oscillators 6 and 7 as the simul-
taneous active firing oscillators, which should be an unstable
attractor without control. Then we change the phase of os-
cillators 6 and 7 by φ6 = φ6 +∆φ6 and φ7 = φ7 +∆φ7. We
can see that the system is stable to small perturbations, indi-
cated by the region enclosed by the dashed lines. The dashed
line is predicted by φ6− φ7 = xcr and φ6− φ7 = −xcr, where
xcr = c/exp(0.2×3.0) = 5.5×10−5.

0.3558 0.3559 0.3560 0.3561

0.3561

0.3560

0.3559

0.3558

φ

φ


Fig. 5. An original unstable attractor with oscillators 6 and 7 as the active
firing oscillators is successfully controlled to be a stable attractor marked
by “+”. The red region denotes its basin, where the basin size is correctly
predicted as shown by the dashed line. The nearby point within the basin
leads to the stable attractor as shown in green J, while the nearby point
outside the basin leaves the stable attractor as shown in yellow ⋆. The
parameters are chosen as N = 15, b = 3, ε = 0.2, B = 5, and c = 10−4.

4.2. The leaving process and the staying time

Here we first consider the case with R̃min
T > 1. In this case,

the local dynamics is unstable. The appearance of contracting
dynamics can make R̃T approach 1, which can increase the
staying time. Thus we can use B to control the staying time.
As an example, we choose the global network with N = 15.

For B > 0, the critical value Bcr = 1.4218 for ε = 0.1, τ = 0.1,
and b = 3. Figures 6(a)–6(c) show the staying time for an un-
stable attractor with different parameter B, each with the same
initial condition. We can see that the staying time increases
when B approaching Bcr.

We then investigate in detail the leaving process. Accord-
ing to Eq. (16), when the phase difference is much smaller than
c, the change rate can be approximated by

L1 = R̃min
T . (18)

By plugging the parameters associated with Fig. 6(c) into the
above equation, i.e., N = 15,b = 3,ε = 0.1,c = 10−4, and
B = 1.39, we can obtain L1 = 1.014. Then the phase differ-
ence is increased, becoming larger than c. The evolution rate
becomes close to that given in Eq. (9), which is

L2 = RT. (19)

By plugging the parameters associated with Fig. 6(c) into the
above equation, i.e., N = 15,b = 3,ε = 0.1,c = 10−4, and
B = 1.39, we can obtain L2 = 1.378. In Fig. 6(d), the evo-
lution of the phase difference is plotted with time n. We can
observe two stages of leaving process.

In the case of R̃T < 1, the unstable attractors become sta-
ble with basin size predicted by Eq. (17) for large enough |B|.
Here the system cannot leave the attractor for small perturba-
tions which fall into the basin. However, large perturbations
can bypass the basin size and make the system leave the at-
tractor. In such cases, the leaving process manifests as a single
process and is described by Eq. (19).
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Fig. 6. (a)–(c) The staying time for an unstable attractor is controlled. The staying time (highlighted in gray) becomes longer by decreasing B. (d) For the
leaving process in (c), the evolution of phase difference for two active oscillators with time n reveals two processes with two different evolution rates as
predicted. The parameters are N = 15, b = 3, ε = 0.1, τ = 0.1, and c = 10−4. The time n denotes the n-th reset of the reference oscillator 1.
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4.3. Switching dynamics from attractors with controllable
basin size under finite-size perturbations

One typical application of unstable attractors is to gener-
ate switching dynamics, which can reflect the input informa-
tion. The switching among unstable attractors is sensitive to
infinitesimally small perturbations. Hence the switching dy-
namics is not robust to typically unwanted small noise.

Here we show that the controlled attractors with pre-
dictable basin sizes can be used to generate switching dynam-
ics that are insensitive to small perturbations. This can be
achieved by making the basin sizes larger than the strength
of small perturbations. The perturbed trajectories are still
within the basin, hence the switching phenomenon cannot oc-
cur. However, in the presence of larger perturbations, the sys-
tem can bypass the controlled small basin size, and generate
switching dynamics.

As an example, we consider the system of N = 15 oscilla-
tors, with c = 10−4 , B =−2.0, ε = 0.1, and b = 3. The basin
sizes of the controlled unstable attractors are of the order c. We
first introduce small random perturbations with the strength
0.1c on each oscillator at the three arrow positions. As shown
in Fig. 7(a), there is no switching phenomenon under these
small perturbations. In order to generate switching dynamics,
sufficient strong perturbations should be introduced. Thus we
consider the random perturbations with the strength 5c, such
that the system can bypass the controlled interval. As shown
in Fig. 7(b), switching dynamics among three metastable states
can be observed. This also implies that the three correspond-
ing stable attractors arise from the three controlled unstable
attractors. Thus the basin sizes are of the order c. Under the
large perturbations, the system can bypass such small basins
and generate switching dynamics.

0 60 180120
Time n

240

0 60 180120

Time n

240

1.0

0.5

0

φ

1.0

0.5

0

φ

(b)

(a)

Fig. 7. (a) Controlled unstable attractors with basin sizes of the order
c are insensitive to small perturbations such as of the order 0.1c, which
are introduced at the arrow positions. (b) The strong perturbations of the
strength 5c can induce subsequent switching among different attractors.
The parameters are chosen as N = 15, b = 3, ε = 0.1, τ = 0.1, B = 2, and
c = 10−4.

5. Discussion and conclusion
In summary, we study the control of unstable attractors.

We first identify the local expanding dynamics for these at-
tractors. In order to control them, we thus slightly modified
the function governing the pulse interactions among the oscil-
lators, with the goal to introduce contracting dynamics. Thus

we can manipulate the properties of the unstable attractors
through the cooperation of expanding and contracting dynam-
ics.

We then study the local dynamics with both expanding
and contracting dynamics. We derive evolution rate of phase
difference between two active firing oscillators. When the rate
becomes less than one, the local dynamics of the original un-
stable attractor actually becomes contracting. Thus the origi-
nal unstable attractor is controlled to be a stable attractor. The
controlled basin size is directly related to the width of the mod-
ified interval. Besides, we show that such controlled attractors
are useful in generating switching dynamics that is only sen-
sitive to large perturbations, and is insensitive to smaller per-
turbations falling within the small basins. Thus this approach
can be used to process information with switching dynamics
where noises or disturbances are unavoidable.

Here the presented method can only control unstable at-
tractors with certain types of symbolic events. How all unsta-
ble attractors with various event structures can be controlled
is still an open question. Similar to the method here, we need
to consider the state of active firing oscillators at the arrival of
pulses from themselves, as these oscillators are the source of
unstable local dynamics. Furthermore, we need to study the
effect of the split of a large number of simultaneously active
firing oscillators, which means that the unstable local dynam-
ics occurs in a high dimensional phase space.
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