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Ai-Xia Zhang(张爱霞), Hong-Ping Xu(徐红萍), and Ju-Kui Xue(薛具奎)†
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We theoretically investigate the periodically modulated interaction effect on the propagation properties of a traveling
plane wave in a Bose–Einstein condensate (BEC) trapped in a deep annular lattice with local defects both analytically
and numerically. By using the two-mode ansatz and the tight-binding approximation, a critical condition for the system
preserving the superfluidity is obtained analytically and confirmed numerically. We find that the coupled effects of periodic
modulated atomic interactions, the quasi-momentum of the plane wave, and the defect can control the superfluidity of the
system. Particularly, when we consider the periodic modulation in the system with single defect, the critical condition
for the system entering the superfluid regime depends on both the defect and the momentum of the plane wave. This is
different from the case for the system without the periodic modulation, where the critical condition is only determined
by the defect. The modulation and quasi-momentum of the plane wave can enhance the system entering the superfluid
regime. Interestingly, when the modulated amplitude/frequency, the defect strength, and the quasi-momentum of the plane
wave satisfy a certain condition, the system will always be in the superfluid region. This engineering provides a possible
means for studying the periodic modulation effect on propagation properties and the corresponding dynamics of BECs in
disordered optical lattices.
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1. Introduction
Recently, the external modulation of the system parame-

ters in time has attracted great interest in the study of Bose–
Einstein condensates (BEC)[1–7] and opens interesting possi-
bilities of controlling the quantum engineering. Especially,
modulation fixing on the atomic interaction[8,9] (or scatter-
ing length) for the BEC periodically with laser beams[10] has
been realized in the experiment[11] by means of optical Fes-
hbach resonance[12–15] and has also been studied in differ-
ent systems previously.[16–18] Interestingly, due to the modu-
lation, the number of bosons allowed to tunnel for a two-mode
BEC could be precisely controlled[19] and the defect-free Mott
states in optical lattice occurred.[20] On the other hand, the
successful control of ultracold atoms in an optical lattice has
made it an ideal playground to explore a variety of fascinating
quantum phenomena.[21–25] Especially, the tunneling of atoms
of the BEC in an optical lattice can be controlled by the poten-
tial barrier.[26–29] Optical lattices provide a possible method to
investigate ultracold atoms, but small random impurities or de-
fects always exist, which can be induced by additional lasers
and/or magnetic fields.[30–36] In a common physical system,
the defects can be spatially localized or extended.[30,31] Partic-
ularly, the competition between defect and atomic interaction
plays a crucial role in transportation property of the system and

induces rich phenomena, for example, the defect can inhibits
the plane waves transportation[37–39] and the propagation of
plane waves experiences a crossover from a superfluid regime
to a normal regime.[26,30,39–41] Thus, the transportation proper-
ties of the disordered nonlinear discrete system have become a
challenging issue. However, the periodic modulation effect on
the transportation properties of BEC in an optical lattice with
defects has not been explored theoretically.

In this paper, we investigate the periodic modulation ef-
fect on the propagation properties of BEC in a deep annular
lattice with local defect both analytically and numerically. By
using the two-mode ansatz and the tight-binding approxima-
tion, we find that there exists a critical condition for system
preserving the superfluidity. The coupled effects of periodic
modulated atomic interactions strength Γ (the periodic modu-
lation strength Γ is the proportion of modulated amplitude A to
modulated frequency ω , i.e., Γ = A/ω) and quasi-momentum
k of the plane wave can control the superfluidity of the sys-
tem. Particularly, when there is no periodic modulation, we
find whether the system enters the superfluid regime or not in
the case of a single impurity is only dependent on the strength
of the defect, while in Gaussian defect the superfluid regime is
not only related to the defect, but also to the quasi-momentum
k. However, when the periodic modulation is considered, we
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find that the critical condition for the system entering the su-
perfluid regime is not only in relation to the defect, but also to
the periodic modulated amplitude, the modulated frequency,
and the momentum k of the plane wave. Importantly, the mod-
ulated amplitude, frequency, and quasi-momentum can en-
hance the system entering the superfluid regime, which means
when the modulated amplitude/frequency, the defect strength,
and the quasi-momentum of the plane wave satisfy a particular
condition, the system can more easily enter or even always in
the superfluid regime.

2. Model
We consider bosons confined in an one-dimensional opti-

cal lattice with defects in the presence of periodic modulation
of atomic interaction. For a sufficiently deep lattice, consid-
ering the tight-binding approximation, the system can be de-
scribed by the dimensionless discrete nonlinear Schrödinger
equations with defects as[30,31]

i
∂ψn

∂ t
=−1

2
(ψn−1 +ψn+1)+(εn +g(t)|ψn|2)ψn, (1)

where the physical variables are rescaled as x ∼ x/k1, t ∼
t
√

m/h̄k2
1, ψn ∼ ψn

√
k3

1/2π , here k1 is the wave vector of
the lattice. ψn is the wave function in the n-th site of the
lattice, n = 1,2, . . . ,N (the number of sites), and the norm
∑n |ψn|2 = N is conserved. The dimensionless defect εn may
be created with additional laser and/or magnetic fields and can
be spatially localized or extended,[30] which is proportional to
any external field superimposed on the lattice. For a lattice
without impurity, εn is a constant, for a defected lattice, εn in
each lattice is different and expresses the defect distribution.
g(t) = g0 +Acosωt, here

g0 =
4π h̄2

mJ
a

(2π)3/2l2
⊥l0

is induced by the atomic contact interaction, with a being the
corresponding interatomic s-wave scattering length, m being
the particle mass, and

J =
4√
π

s3/4 e−2
√

sER.

ER = 2h̄2
π2/(mλ 2) is the recoil energy of the optical lattice,

and s is the strength of the optical lattice. l⊥ =
√

h̄/mω⊥
is the oscillator length associated with a vertical harmonic
confinement with ω⊥ being the vertical trapping frequency.
l0 = λ/2πs1/4 is the oscillator length of the lattice potential
with λ being the laser wavelength. In our study, we focus on
the case with g0 > 0 and g > 0, i.e., only consider the case
of repulsive interaction. Here Acos(ωt) is the time dependent
term, which results from the periodic modulation of the s-wave

scattering length a, A is the modulated amplitude, and ω is the
modulated frequency.

Under high frequency approximation ω ≫ max{g0,A},
i.e., A/ω ≪ 1, the driving field varies so rapidly that the wave
function is not able to respond to this variation appreciably
and thus can be approximately described by the slowly vary-
ing function of time. We can take the transformation[42]

ψn = exp
(
− iAsin(ωt)|ϕn|2

ω

)
ϕn, (2)

and the formula

J0

(
A
ω
(|ϕn|2 −|ϕn−1|2)

)
=

1
T

∫ T/2

−T/2
e i

Asin(ωt)(|ϕn |2−|ϕn−1|
2)

ω dt.

(3)

Then by averaging out the high-frequency terms,[42,43] equa-
tion (1) reduces to

i
∂ϕn

∂ t
= −1

2
J0

(
A
ω
(|ϕn|2 −|ϕn−1|2)

)
ϕn−1

− 1
2

J0

(
A
ω
(|ϕn|2 −|ϕn+1|2)

)
ϕn+1

+ (εn +g0|ϕn|2)ϕn, (4)

where J0(x) is the zeroth-order Bessel function. Compared
to Eq. (1), without periodic modulation of the atomic inter-
actions, the tunneling coefficient is a constant, i.e., when the
modulated amplitude A = 0, J0(0) ≡ 1. However, when the
periodic modulation is considered, the tunneling term is oc-
cupation dependent, i.e., Jeff = J0((A/ω)∆n), where ∆n =

|ϕn|2 − |ϕn−1|2. Clearly, the tunneling processes can be con-
trolled by the modulated strength, i.e., with some suitable
modulated amplitude A and modulated frequency ω , the sys-
tem will more easily enter into the superfluid regime.

The Lagrangian of Eq. (4) is

ℒ= ∑
n

iϕ̇nϕ
*
n −H, (5)

where the Hamiltonian in Eq. (5) is

H = ∑
n
−1

2

[
J0

[
A
ω

(
|ϕn+1|2 −|ϕn|2

)]
ϕnϕ

*
n+1

+ J0

[
A
ω
(|ϕn|2 −|ϕn+1|2)

]
ϕ
*
n ϕn+1

]
+ εn|ϕn|2 +

g0

2
|ϕn|4. (6)

3. Superfluidity with defects
In order to investigate the dynamical transportation prop-

erties of the condensates in the optical lattice with defects εn,
we study the propagation of plane wave ϕn(t = 0) ∼ e ikn in
an annular optical lattice, i.e., with periodic boundary condi-
tions and k = 2πl/N, l being an integer (l = 0, ...,N − 1). It
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is known that when cos(k) < 0, the system becomes modula-
tionally unstable.[30,31] So we consider the case of cos(k)> 0.
The angular momentum of the system is defined as

L(t) = i ∑
n
(ϕnϕ

*
n+1 − c.c.). (7)

The angular momentum L(t) oscillates between the initial val-
ues L0 and −L0, corresponding to the plane waves with wave
vectors k and −k. The different rotational states with oppo-
site wave vectors are degenerate in the absence of impurities.
However, the defects split the degeneracy by coupling the two
k and −k waves, which is similar to the tunneling barrier in
a double-well potential between the left and right localized
states. For this case, the relative population of the two waves
oscillates according to an effective Josephson Hamiltonian.[31]

Therefore, when the impurity ε is small and the energy split
introduced by the impurity is smaller than the energy gap be-
tween different rotational states, as to avoid mixing with other
states, one can use a two-mode ansatz to investigate the dy-
namical evolution of the wave functions[30,31]

ϕn(t) = A(t)e ikn +B(t)e−ikn, (8)

here we set A,B =
√

nA,B(t)e iφA,B(t), z = nA − nB, and φ =

φA −φB.
Inserting Eq. (8) into Eq. (7), the angular momentum can

be obtained

L(t) = 2Nzsink. (9)

Obviously, the angular momentum is proportional to z. Equa-
tion (9) indicates that, the wave is completely reflected for
⟨z⟩= 0, i.e., ⟨L⟩= 0 (the ⟨. . .⟩ stands for a time average), then
the system is in the normal regime. While the wave is only
partially reflected by the defect and others preserve passing
though the defect for ⟨z⟩ ≠ 0, i.e., ⟨L⟩ ≠ 0, then the system
is in the superfluid regime. The observation of a persistent
current is associated with the superfluid regime.[30] Here, we
focus on the effect of the periodic modulation of atomic inter-
action on transportation properties in the lattices with single
and Gaussian type defects.

3.1. The single defect

Firstly, we study a single defect

εn = εδn,n (10)

at the site n and consider the propagation of the plane wave. By
inserting Eq. (8) into Eq. (5), using ∑n e2ikn = 0 and A/ω ≪ 1,
then

∑
n

J0

(
A
ω
(∆n)

)
≈ N

(
1− 2A2

ω2 nAnB sin2 k
)
,

ℒ
N

= −nAφ̇A −nBφ̇B −
(

2A2

ω2 cosk sin2 k+g0

)
nAnB

− 2ε

N
√

nAnB cos(φA −φB +2kn̄). (11)

Applying the Euler–Lagrange equations

d
dt

∂ℒ
∂ q̇i

=
∂ℒ
∂qi

,

where the variational parameters qi(t) = nA,B,φA,B, we obtain

ż =−2ε

N

√
1− z2 sinφ ,

φ̇ =
2ε

N
z√

1− z2
cosφ +

(
2A2

ω2 cosk sin2 k+g0

)
z, (12)

with the replacement φ + 2kn̄ → φ . By using ż = −∂H/∂φ

and φ̇ = ∂H/∂ z, the energy of the system is

H =

(
A2

ω2 cosk sin2 k+
g0

2

)
z2 − 2ε

N

√
1− z2 cosφ . (13)

The propagation properties of the waves are closely related to
the system energy. If z cannot reach the value 0, i.e., ⟨z⟩ ̸= 0,
the system is in the superfluid regime. To prevent the sys-
tem from reaching the state ⟨z⟩ = 0, the initial energy of the
system H0 should be larger than the energy of this state, i.e.,
H0 > H(z = 0). In the initial state, z(0) = 1 and φ(0) = 0, the
initial energy is

H0 =
1
2

(
g0 +

2A2

ω2 cosk sin2 k
)
.

Because

H(z = 0) =−2ε

N
cosφ 6 2ε/N,

if

H0 =
1
2

(
g0 +

2A2

ω2 cosk sin2 k
)
> 2ε/N,

i.e.,

g0 >
4ε

N
− 2A2

ω2 cosk sin2 k,

then H0 >H(z= 0) should be satisfied for all values of φ . That
is, when

g0 >
4ε

N
− 2A2

ω2 cosk sin2 k,

z cannot reach the value 0 and the system will be in a super-
fluid regime. Thus, the critical conditions for preserving the
superfluidity can be obtained as

gc =
4ε

N
−2Γ

2 cosk sin2 k, (14)

where the periodic modulation strength Γ = A/ω ≪ 1. Phys-
ically, the defect will destroy and reflect the propagation of
traveling plane waves. However, the interatomic interactions
provide an effective energy barrier which can preserve the

010307-3



Chin. Phys. B Vol. 28, No. 1 (2019) 010307

traveling wave through the defect, if the condition Eq. (13)
is satisfied. That is, there exists a critical gc, when g0 > gc, the
traveling wave can preserve passing though the defect coher-
ently, then the system is in the superfluid state. When g0 < gc,
however, the plane wave will be reflected by the defect, then
the system is in the normal region. Equation (13) indicates
that the superfluidity of the system is related to the discrete-
ness, defect, modulated amplitude, and quasi-momentum of
plane wave. When Γ = 0, then the critical value gc = 4ε/N
for the system in superfluid regime without periodic modula-
tion is derived,[26,30,31] which means that the critical condition
is only related to the defects ε . However, when Γ ̸= 0, i.e.,
when the periodic modulation of the atomic interaction is con-
sidered, the critical condition gc is determined by the modu-
lation strength Γ , quasi-momentum of wave k, and defects ε ,
which means that the system entering the superfluid regime is
not only in relation to the defects ε but also to the periodic
modulated amplitude A, the modulated frequency ω , and the
momentum k of the plane wave. That is, one can control the
transportation properties with the external modulation of the
atomic interaction and the momentum of the plane wave.

Importantly, equation (14) indicates that the coupled ef-
fects of defect ε , modulated strength Γ , and quasi-momentum
k determine the critical value gc and control the superfluidity
of the system. The competition between the defect, modulated
strength, and quasi-momentum of the plane wave provides a
critical scattering length for maintaining the superfluidity. Di-
rect numerical simulation of Eq. (1) as show in Fig. 1 indicates
that, there exists a critical value gc, when g0 < gc, L(t)/L0 os-
cillates around 0 (see Fig. 1(a)), which means ⟨L(t)⟩/L0 = 0
(see Fig. 1(b)), thus the system enters a normal regime; when
g0 > gc, L(t)/L0 oscillates between 0 and 1 (see Fig. 1(a)), that
is ⟨L(t)⟩/L0 ̸= 0 (see Fig. 1(b)), thus the system is in a super-
fluid regime. Particularly, when g0 = gc, L(t) asymptotically
approaches 0. The critical value gc for this transition is deter-
mined by the defect, the periodic modulation strength (mod-
ulated amplitude and frequency), and the quasi-momentum of
the plane wave.

Figure 2 shows the critical value gc against the quasi-
momentum k and the modulated strength Γ for the single de-
fect. Clearly, we find that the critical scattering length gc

strongly depends on the quasi-momentum k and the modu-
lated strength Γ . When k → 0 or π/2, the critical value gc

is irrelevant to modulated strength Γ due to cosk sin2 k = 0
(see Eq. (13)). The gc decreases with the increase of Γ , which
means that the increase of periodically modulated amplitude
A or the decrease of modulated frequency ω can enhance the
system entering the superfluid regime. Particularly, there exits
a critical kc = π/3 (which can be obtained with ∂gc/∂k = 0,
that is independence of Γ ), at k = kc, gc is minimum, and when
k → kc, gc changes sharply with Γ , which means for the spe-

cial value of k, gc is highly sensitive to Γ , i.e., the system is
much easier to enter the superfluid regime. Furthermore, from
Eq. (13), when k = kc and Γ = Γc = [2ε/(

√
3N)]1/2, gc = 0.

Then, when Γ > Γc and km < k < kM (km and kM are deter-
mined by cos3 k−cosk+2ε/(NΓ 2) = 0), gc ≡ 0, and the sys-
tem always passes through the defect. That is, for some range
of the modulated strength Γ and momentum of the plane wave,
the system is always in the superfluid state. To confirm the an-
alytical results, numerical results obtained by direct numerical
simulation of Eq. (1) are also shown in Fig. 2. We find that
the analytical results qualitatively agree with the numerical re-
sults.
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Fig. 1. (a) The normalized angular momentum L(t)/L0 vs. time for
g0/a0 = 2,6,7,9,12,200 corresponding respectively to (i)–(vi). (b) The
average value of the normalized angular momentum ⟨L(t)⟩/L0 vs. the
scattering length g0. Parameters in the simulation are N = 100, ε = 0.01,
l = 20, and Γ = 0.01.
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Fig. 2. The critical scattering length gc as a function of quasi-momentum
k for different Γ (a) and as a function of modulated strength Γ for differ-
ent k (b) with a single defect. Here a0 is the Bohr radius, N = 100, and
ε = 0.01. The points are numerical simulations of Eq. (1) and the lines are
the analytical results of Eq. (13).
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3.2. The Gaussian defect

Here we consider a Gaussian defect with the width σ cen-
tered on the site n̄

εn =
ε√
πσ

e−(n−n)2/σ2
. (15)

For sufficiently large N and σ & 1 , we will have ∑n εn ≈∫
dnεn = ε .[30] In the same way as the case of a single defect,

the effective Hamiltonian is

H ≈
(

A2

ω2 cosk sin2 k+
g0

2

)
z2 − 2ε e−k2σ2

N

√
1− z2 cosφ . (16)

We can clearly see that the system with a Gaussian defect is
similar to the system of a single defect, then the critical gc of
the Gaussian defect for supporting the superfluid is

gc =
4εeff

N
−2Γ

2 cosk sin2 k, (17)

with an effective defect εeff = ε e−k2σ2
. Hence one can expect

that the effects of defect εeff, modulated strength Γ , and quasi-
momentum k on the superfluidity of the system are similar to
the case of the single defect. The coupled effects of periodic
modulated amplitude A, modulated frequency ω , and quasi-
momentum k on critical scattering length gc are similar to the
single defect case. However, for the Gaussian defect, the rela-
tion between gc and k is more complex, then the critical condi-
tion for supporting the superfluid regime is much different to
the single defect one.

For the Gaussian defect, the critical scattering length gc

against quasi-momentum k and the modulated strength Γ is
plotted in Fig. 3. Just like the case of single defect, we can
see that the critical scattering length gc changes with quasi-
momentum k and modulated strength Γ . The critical scat-
tering length gc decreases with increasing modulated strength
Γ , thus, with a large modulated strength, the superfluid can
be more easily preserved due to the relatively small critical
scattering length gc. However, compared to the single de-
fect case shown in Fig. 2, the variation of gc against k has
very different character for the Gaussian defect case. As k in-
creases, the critical scattering length gc decreases with quasi-
momentum k monotonously, and finally gc reaches zero at
k ≥ kc, where kc strongly depends on Γ and is determined by
gc = 4ε e−k2σ2

/N −2Γ 2 cosk sin2 k = 0, which means that the
system will always pass through the defect when k > kc. The
coupling of the periodic modulation and the Gauss defect can
enhance the system into the superfluid state.

Here, we have investigated the periodic modulation effect
on transportation properties with Gaussian defect. It is shown
that, without the modulation, the system with a Gaussian de-
fect has a larger scattering length than that for the system with
a single defect, which means that the system with Gaussian

defect is difficult to enter the superfluid regime. However,
when the modulation is considered for the Gaussian defect,
the quasi-momentum k and modulated strength Γ can both en-
hance the system entering the superfluid regime.

00 0.02 0.040.05

40

20
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Γk/2π
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/
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Fig. 3. The critical scattering length gc against (a) quasi-momentum k and
(b) modulated strength Γ in Gaussian defect. Here a0 is the Bohr radius,
and N = 100, ε = 0.05, σ = 3. The points are numerical simulations of
Eq. (1) and the lines are the analytical results of Eq. (17).

4. Conclusion
We have studied the periodic modulation effect on prop-

agation properties of BEC in an optical lattice with defects
both analytically and numerically. Within a two-mode ansatz
and the tight-binding approximation, the coupled effects of the
modulated strength (the periodic modulation strength is the
proportion of modulated amplitude to modulated frequency)
and quasi-momentum on transportation properties are investi-
gated both for a single defect and a Gaussian defect. The result
shows that the superfluid state can exist beyond a critical scat-
tering length, which is influenced by the periodic modulated
amplitude, the modulated frequency, the quasi-momentum of
the plane wave, and the defects dramatically. We show that,
the modulated amplitude/frequency and quasi-momentum of
the plane wave can enhance the system entering the superfluid
regime, especially, when the modulated amplitude/frequency
and quasi-momentum of the plane wave satisfy a particular
condition, the system can more easily enter or even always
in the superfluid regime. This engineering provides a possi-
ble means for studying and controlling the transport properties
of BECs in disordered optical lattice. Experimentally, defects
in an optical lattice can be generated by exposing the lattice
to speckle lasers, adding an incommensurate lattice-forming
laser, and by other means. Meanwhile, techniques for adjust-
ing the scattering length globally have been crucial to many
experimental achievements and can be implemented by a spa-
tially inhomogeneous external magnetic field in the vicinity
of a Feshbach resonance. Then, the properties of a traveling
plane wave in a defected lattice can be observed.

References
[1] Diver M, Robb G R M and Oppo G L 2015 Phys. Rev. A 91 033622

010307-5

http://dx.doi.org/10.1103/PhysRevA.91.033622


Chin. Phys. B Vol. 28, No. 1 (2019) 010307

[2] Shadkhoo S and Bruinsma R 2015 Phys. Rev. Lett. 115 135305
[3] Kengne E, Lakhssassi A, Liu W M and Vaillancourt R 2013 Phys. Rev.

E 87 022914
[4] Jaksch D, Bruder C, Cirac J I, Gardiner C W and Zoller P 1998 Phys.

Rev. Lett. 81 3108
[5] Greiner M, Mandel O, Esslinger T, Hänsch T W and Bloch I 2002 Na-

ture 415 39
[6] Jiang J, Zhao L, Wang S T, Chen Z, Tang T, Duan L M and Liu Y 2016

Phys. Rev. A 93 063607
[7] Li L, Li Z, Malomed B A, Mihalache D and Liu W M 2005 Phys. Rev.

A 72 033611
[8] Wang D S, Hu X H, Hu J P and Liu W M 2010 Phys. Rev. A 81 025604
[9] Wang D S, Song S W, Xiong B and Liu W M 2011 Phys. Rev. A 84

053607
[10] Yamazaki R, Taie S, Sugawa S and Takahashi Y 2010 Phys. Rev. Lett.

105 050405
[11] Pollack S E, Dries D, Hulet R G, Magalhães K M F, Henn E A L,

Ramos E R F, Caracanhas M A and Bagnato V S 2010 Phys. Rev. A 81
053627

[12] Theis M, Thalhammer G, Winkler K, Hellwig M, Ruff G, Grimm R
and Denschlag J H 2004 Phys. Rev. Lett. 93 123001

[13] Kevrekidis P G, Theocharis G, Frantzeskakis D J and Malomed B A
2003 Phys. Rev. Lett. 90 230401

[14] Abdullaev F K, Tsoy E N, Malomed B A and Kraenkel R A 2003 Phys.
Rev. A 68 053606

[15] Parny L F, Rousseau V G and Roscilde T 2015 Phys. Rev. Lett. 114
195302

[16] Sabari S, Jisha C P, Porsezian K and Brazhnyi V A 2015 Phys. Rev. E
92 032905

[17] Zhang S L, Zhou Z W and Wu B 2013 Phys. Rev. A 87 013633
[18] Ding C Y, Zhang X F, Zhao D, Luo H G and Liu W M 2011 Phys. Rev.

A 84 053631
[19] Gong J B, Morales-Molina L and Hänggi P 2009 Phys. Rev. Lett. 103

133002
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