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We propose a method to estimate the average fidelity using the unitary 2t-design of a twirled noisy channel, which
is suitable for large-scale quantum circuits. Compared with the unitary 2-design in randomized benchmarking, the unitary
2t-design for the twirling of noisy channels is more flexible in construction and can provide more information. In addition,
we prove that the proposed method provides an efficient and reliable estimation of the average fidelity in benchmarking
multistage quantum gates and estimating the weakly gate- and time-dependent noise. For time-dependent noise, we provide
a scheme of moment superoperator to analyze the noise in different experiments. In particular, we give a lower bound on
the average fidelity of a channel with imperfect implementation of benchmarking and state preparation and measurement
errors (SPAM).
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1. Introduction

The fault-tolerant quantum error correction code
(FTQEC)[1,2] is necessary for a quantum computer to reli-
ably operate and obtain an exponential speed-up over the
classical algorithm in some fields. The FTQEC requires that
the operation of the quantum process is of high quality and
that the error is below a certain threshold.[3] One of the main
challenges for FTQEC is to characterize the noise that affects
a quantum system. Particularly, quantum process tomogra-
phy (QPT)[4–6] is a method to analyze the noise of a quantum
channel.[7] However, QPT is infeasible for large quantum sys-
tems. Fortunately, the evaluation of the average fidelity[8,9] is
an efficient method to partially characterize the noise of quan-
tum channels or gates.[10,11] The advantage of the average
fidelity estimation method[12] is that it does not require large
amounts of resources and is insensitive to state preparation
and measurement errors (SPAM).[13]

Randomized benchmarking[14–23] is an experimental
scheme to measure the average fidelity. In this scheme, the av-
erage fidelity of a completely positive trace-preserving (CPTP)
noise channel is measured by using a set of unitary operators
that approximate the entire Clifford group, which is called a
unitary 2-design.[24] A unitary 2-design is a special case of
the unitary t-design[25] for t = 2. For t = 1, it corresponds to
the case of a private quantum channel,[26] whereas t = 4 corre-
sponds to the conditions of the state-distinction problem.[27,28]

In this paper, we present the first systematic analysis

of the average fidelity estimation using the unitary 2t-design
for a twirled t-tensor product noisy channel. Then, we ex-
tend this method to the scenario of (m+ 1)-stage noise chan-
nels. Furthermore, we analyze the (m + 1)-stage sequence
of quantum gates under their corresponding noise, such as
gate-independent and time-independent noise, weakly gate-
dependent and time-independent noise and gate-independent
and weakly time-dependent noise. It can be recognized as the
estimation of average gateset fidelity for quantum circuits. In
particular, we give a lower bound on the average fidelity of
the twirled channel under the unitary error caused by nonideal
experimental implementations and SPAM.

The method of using unitary 2t-design for the twirling
of noises has the following advantages. First, compared to
the unitary 2-design in randomized benchmarking, the unitary
2t-design for the twirling of noises is more general to evalu-
ate the average fidelity and provides more information about
the noise. Here, t corresponds to the high dimensionality of
a channel or the experiment times using the method of mo-
ment superoperator.[29] Second, using the method of moment
superoperator, it is convenient to provide the analysis of the
time-dependent noise. Finally, a unitary design is similar to a
spherical design in terms of Jamiolkowski isomorphism[30,31]

and the frame potential.[32,33] Some constructions of a spheri-
cal 2t-design can be used in the unitary 2t-design to estimate
the average fidelity. Compared with the Clifford group in the
previous randomized benchmarking, the construction of the
unitary 2t-design for the twirling of noises is more flexible

*Project supported by the National Natural Science Foundation of China (Grant Nos. 61372076 and 61701375), the 111 Project, China (Grant No. B08038),
the Key Research and Development Plan of Shannxi Province, China (Grant No. BBD24017290001), and the Foundation of Science and Technology on
Communication Networks Laboratory, China (Grant No. KX172600031).

†Corresponding author. E-mail: zhanglinxi@stu.xidian.edu.cn
© 2019 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

010304-1

http://dx.doi.org/10.1088/1674-1056/28/1/010304
mailto:zhanglinxi@stu.xidian.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 28, No. 1 (2019) 010304

and extensible.
The paper is organized as follows. In Section 2, we show

the process of average fidelity estimation using the unitary 2t-
design to twirl a t-tensor product noisy channel. Then, we
introduce the method of moment superoperator to estimate
the time-dependent noise estimation. In Section 3, we ex-
tend the fidelity estimation of an (m + 1)-stage noise chan-
nel using unitary 2t-design for twirling of channels. We
also analyze the (m + 1)-stage sequence of quantum gates
under their corresponding noise, such as gate-independent
and time-independent noise, weakly gate-dependent and time-
independent noise and gate-independent and weakly time-
dependent noise. In Section 4, we provide a bound on the uni-
tary error caused by nonideal experimental implementations
and SPAM. Finally, we conclude the paper in Section 5.

2. Unitary 2t2t2t-design for twirling of a channel
Consider a completely positive trace-preserving (CPTP)

noise channel as shown in Fig. 1.

ρ
Λ

Fig. 1. A CPTP quantum channel for any dn-dimensional input density
operator ρ = |ψ⟩⟨ψ|.

We assume that the CPTP noise channel can be written as

Λ(ρ) =
dn

∑
k=1

AkρA†
k , (1)

with Ak ∈ L(Cdn
) being the linear operator for any dn-

dimensional input density operator ρ = |ψ⟩⟨ψ|, where L(Cdn
)

is the space of dn-dimensional complex linear operators. We
define the superoperator representation of the CPTP noise
channel Λ based on Ref. [34], i.e.,

Λ̂ =
dn

∑
j,k=1

Ak ⊗A*
j , (2)

where the superoperator Λ̂ has a d2n-dimensional matrix rep-
resentation and Tr(Λ̂) denotes the usual sum over the diagonal
elements of the matrix. The advantage of such representation
is that the cascade of two arbitrary dn-dimensional channels,
Λ1 and Λ2, corresponds to their matrix multiplication, i.e.,

Λ1 ∘Λ2 → Λ̂1Λ̂2. (3)

Then, the average channel fidelity[8] can be defined by

F(Λ) = Eψ

[
F
(
|ψ⟩,Λ ,E|ψ⟩

)]
=
∫
⟨ψ|Λ(|ψ⟩⟨ψ|)|ψ⟩µHaar(dψ), (4)

where F(|ψ⟩,Λ ,E|ψ⟩) is with respect to the fidelity with input
state |ψ⟩, CPTP noise channel Λ and positive-operator val-
ued measure (POVM) element E|ψ⟩ = |ψ⟩⟨ψ|; µHaar(·) is a

uniform distribution; and the integrals are with respect to the
unitarily invariant Haar measure. The above average channel
fidelity can be recognized as the probability that the output
state Λ(|ψ⟩⟨ψ|) passes the test of being the input state |ψ⟩ av-
eraged over all input states. Note that it is insensitive to the
SPAM, if the POVM element E|ψ⟩ = |ψ⟩⟨ψ| is perfect.

Now, we define the unitary t-design as follows. Let t be
a natural number and 𝒰(dn) be the set of unitary operators in
dn-dimensional Hilbert space. A finite subset {Ui}D

i=1 ⊂𝒰(dn)

is called a unitary t-design if

1
D

D

∑
i=1

p(t,t)(Ui) =
∫
𝒰(dn)

p(t,t)(U)µHaar(dU) (5)

holds for any polynomial p(t,t)(U) homogeneous of degree t
in the matrix elements of U ∈ 𝒰(dn) and their complex con-
jugates of U*. We can use the superoperator representation of
unitary operators to redefine the unitary t-design {Ui}D

i=1, i.e.,

1
D

D

∑
i=1

Û⊗t
i =

∫
𝒰(dn)

Û⊗t
µHaar(dU), (6)

where Û⊗t =U⊗t ⊗ (U*)⊗t .
Then, we consider a t-tensor product CPTP noise chan-

nel model using the unitary 2t-design to estimate the corre-
sponding average fidelity in Fig. 2. The noise channel Λ⊗t is
a dtn × dtn matrix composed of t dn-dimensional CPTP noise
channels. In addition, if there exists a dl-dimensional CPTP
noise channel Λ j for l < n, we can apply a dn−l-dimensional
ancillary quantum system to fit the model. Then, we set t-
copies of the dn-dimensional unitary operations U and U† ran-
domly chosen from a unitary 2t-design at both ends of the
noise channels. Note that the above model can be used to es-
timate the average fidelity of a non-local noise channel, when
t = 1.

ρ⊗t

Λ⊗t

Λt

Λ

ΛU

U

U U
†

U
†

U
†

Fig. 2. A t-tensor product CPTP noise channel model using unitary
2t-design is composed of three linear mappings Λ⊗t , U⊗t , and (U†)⊗t .
For any dtn-dimensional input density operator ρ⊗t , the representation
of the unitary operation Û⊗t = U⊗t ⊗ (U†)⊗t and the noise channel
Λ̂⊗t = ∑

dn

j,k=1 A⊗t
k ⊗ (A⊗t

j )* = (∑dn

k=1
⊗t

i=1 Ak,i)⊗ (∑dn

j=1
⊗t

m=1 A j,m)
*

are d2tn ×d2tn matrices, where
⊗t

i=1 Ak,i = Ak,1 ⊗Ak,2 ⊗·· ·⊗Ak,t .

If a set of unitary operators {Ui}D
i=1 is a unitary

2t-design to twirl a CPTP noise channel Λ⊗t(ρ⊗t) =

010304-2
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∑
dn

k=1 A⊗t
k ρ⊗t(A⊗t

k )†, it satisfies

1
D

D

∑
i=1

(U†
i )

⊗t
Λ

⊗t(U⊗t
i ρ

⊗t(U†
i )

⊗t)U⊗t
i

=
∫
𝒰(dn)

(U†)⊗t
Λ

⊗t(U⊗t
ρ
⊗t(U†)⊗t)U⊗t

µHaar(dU), (7)

where A⊗t
k ∈ L(Cdtn

) is a linear operator in the dtn-dimensional
Hilbert space satisfying A⊗t

k =
⊗t

i=1 Ak,i = Ak,1 ⊗Ak,2 ⊗·· ·⊗
Ak,t . Let ∆µHaar,2t(·) be the Haar-averaged mapping using uni-
tary 2t-design for a twirled noise channel, i.e.,

∆µHaar,2t(ρ
⊗t
0 )=

∫
𝒰(dn)

(U†)⊗t
Λ

⊗t(U⊗t
ρ
⊗t
0 (U†)⊗t)U⊗t

µHaar(dU),

(8)
where ρ

⊗t
0 = |ψ0⟩⊗t⟨ψ0|⊗t is a fixed density operator in dtn-

dimensional Hilbert space. Then, the Haar-average superoper-
ator representation can be presented as

∆̂µHaar,2t =
∫
𝒰(dn)

Û⊗t
Λ̂

⊗t(Û†)⊗t
µHaar(dU)

=
∫
𝒰(dn)

[
dn

∑
k=1

t⊗
i=1

UAk,iU†

]

⊗

[
dn

∑
j=1

t⊗
m=1

UA j,mU†

]*
µHaar(dU), (9)

where the superoperator representation of t-tensor product
noise channel is represented as Λ̂⊗t = ∑

dn

j,k=1 A⊗t
k ⊗ (A⊗t

j )* =

(∑dn

k=1
⊗t

i=1 Ak,i)⊗ (∑dn

j=1
⊗t

m=1 A j,m)
* and

⊗t
i=1 Ak,i = Ak,1 ⊗

Ak,2 ⊗·· ·⊗Ak,t .
Therefore, the average fidelity of the twirled channel in

Fig. 2 is given by

F(∆µHaar,2t) =Eψ

[
F
(
|ψ⟩⊗t ,Λ⊗t ,E|ψ⟩⊗t

)]
=
∫
⟨ψ|⊗t

Λ
⊗t (|ψ⟩⊗t⟨ψ|⊗t) |ψ⟩⊗t

µHaar(dψ)

=EU
[
F
(
|ψ0⟩⊗t ,U⊗t ∘Λ

⊗t ∘ (U†)⊗t ,E|ψ0⟩⊗t
)]

=
∫
𝒰(dn)

⟨ψ0|⊗t(U†)⊗t
Λ

⊗t[U⊗t |ψ0⟩⊗t⟨ψ0|⊗t(U†)⊗t]
×U⊗t |ψ0⟩⊗t

µHaar(dU)

=
1
D

D

∑
i=1

Tr
[
U⊗t

i |ψ0⟩⊗t⟨ψ0|⊗t(U†
i )

⊗t
Λ

⊗t

×
(

U⊗t
i |ψ0⟩⊗t⟨ψ0|⊗t(U†

i )
⊗t
)]

, (10)

with the perfect POVM element E|ψ⟩⊗t = |ψ⟩⊗t⟨ψ|⊗t for any
input state = |ψ⟩⊗t and E|ψ0⟩⊗t = |ψ0⟩⊗t⟨ψ0|⊗t for a fixed in-
put state |ψ0⟩⊗t in a dtn-dimensional Hilbert space. The above
equality indicates that we can also obtain the average channel
fidelity by uniformly averaging over all unitary operators with
a fixed input state instead of averaging over all input states.

In addition, we introduce a method of moment
superoperator,[29] which is derived from the action of t-copies
of the random circuit on nt-qubit density operators. It will be

used to analyze the time-dependent noise in Section 3. Using
Liouville representation,[19,22] we define moment superopera-
tor kets shown in Fig. 3 as

|M⊗t⟩⟩= ∑
j
⟨B⊗t

j ,M⊗t⟩|B⊗t
j ⟩⟩, (11)

in a d2nt -dimensional space, where {B⊗t
j } is an orthonormal

basis and j ∈ {1, . . . ,d2tn} with respect to the Hilbert Schmidt
inner product. Let ⟨⟨M⊗t |= |M⊗t⟩⟩†, we have

⟨⟨M⊗t |N⊗t⟩⟩= ⟨M⊗t ,N⊗t⟩. (12)

For a quantum channel, we have

|Λ⊗t(ρ⊗t)⟩⟩= ∑
j
|Λ⊗t(B⊗t

j )⟩⟩⟨⟨B⊗t
j |ρ⊗t⟩⟩. (13)

Thus, the representation of the linear mapping Λ⊗t(·) is given
by

Λ̂
⊗t = ∑

j
|Λ⊗t(B⊗t

j )⟩⟩⟨⟨B⊗t
j |. (14)

The previous estimation can only analyze the time-
dependent noise channel in one experiment. However, the
noises in different experiments are assumed to have the iden-
tical change, which obviously affects the estimation result.
The advantage of the moment superoperator is that it provides
more information to characterize the time-dependent noise for
t-copies of experiments.

n qubits

t copies

Ui↪i⇁ Hlt

Fig. 3. Moment superoperator of a d2nt -dimensional space can be visualized
as an array of 2nt qubits, so that t copies support a ket in the state space on nt
qubits, and the remaining t copies support the corresponding bra. The ovals
Ui,i+1 correspond to a unitary operator U that acts nontrivially on two neigh-
boring qubits i and i+ 1. The dashed rectangles indicate that the 2t qubits
that correspond to a local moment space Hlt indicate the random circuit of
two neighboring qubits that correspond to a d2-dimensional space.

3. Average fidelity estimation of (m+1)(m+1)(m+1)-stage
twirled noisy channels using unitary 2t2t2t-design
If the set of unitary operators {Ui}D

i=1 construct a unitary
2t-design, the average fidelity using the unitary 2t-design to
twirl a channel is given by

F(∆µHaar,2t) =
∫
𝒰(dn)

Tr
[
U⊗t

ρ
⊗t
0 (U†)⊗t

Λ
⊗t (U⊗t

ρ
⊗t
0 (U†)⊗t)]

×µHaar(dU)

=
1
D ∑

i=1
Tr
[
U⊗t

i ρ
⊗t
0 (U†

i )
⊗t

Λ
⊗t

×
(

U⊗t
i ρ

⊗t
0 (U†

i )
⊗t
)]

(15)
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for a fixed input density operator ρ
⊗t
0 = |ψ0⟩⊗t⟨ψ0|⊗t and

a perfect POVM element E|ψ0⟩⊗t = |ψ0⟩⊗t⟨ψ0|⊗t in dtn-
dimensional Hilbert space. Following this method, if we can
implement an exact unitary 2t-design to twirl a noise channel,
we can directly obtain the average channel fidelity using the
normalized sum D times of the results.

From Schur’s lemma,[35] the Haar-averaged superopera-
tor ∆µHaar,2t can be expressed as a depolarizing channel

∆µHaar,2t(ρ
⊗t
0 ) = pρ

⊗t
0 +(1− p) tr

(
ρ
⊗t
0
) Idtn

dtn , (16)

with strength parameter

p =
Tr
(
∆̂µHaar,2t

)
−1

d2tn −1
. (17)

However, the size of a unitary 2t-design grows exponen-
tially with the increase of parameters d and n. Hence, we gen-
erally use an (m+1)-stage sequence of unitary operators (se-
lected from a unitary 2t-design) to twirl the noise channels to
estimate the relationship between the average channel fidelity
and parameter m in Fig. 4.

We assume that each Λ
⊗t
s j , j for j ∈ {1, . . . ,m + 1} is a

t-tensor product gate-dependent and time-dependent CPTP
noise channel. If the fixed input density operator is ρ

⊗t
0 , we

can obtain the corresponding output density operator, i.e.,

Λ
⊗t
Us(m+1)

(
ρ
⊗t
0
)

=
(

U†
sm+1

)⊗t
∘Λ

⊗t
sm+1,m+1 ∘U⊗t

sm+1
∘
(
U†

sm

)⊗t ∘Λ
⊗t
sm,m ∘U⊗t

sm

∘· · · ∘
(
U†

s1

)⊗t ∘Λ
⊗t
s1,1

∘U⊗t
s1

(
ρ
⊗t
0
)
, (18)

where Λ
⊗t
Us(m+1)

(·) is the sequence s(m+1) mapping of (m+1)-

stage CPTP noise channels each with U⊗t
s j

and (U†
s j
)⊗t , j ∈

{1, . . . ,m+1} from the unitary 2t-design at both ends. Its su-
peroperator representation can be given by

Λ̂
⊗t
Us(m+1)

=
(

Û†
sm+1

)⊗t
Λ̂

⊗t
sm+1,m+1Û⊗t

sm+1

×
(
Û†

sm

)⊗t
Λ̂

⊗t
sm,mÛ⊗t

sm · · ·
(
Û†

s1

)⊗t
Λ̂

⊗t
s1,1

Û⊗t
s1
. (19)

If Us j is selected from a unitary 2t-design {Ui}D
i=1, then

we obtain the average fidelity of (m+ 1)-stage noise channel
using the unitary 2t-design to twirl the noisy channels, i.e.,

F
(

∆µHaar,2t,Us(m+1)

)
=
∫
𝒰(dn)

Tr
[
ρ
⊗t
0 Λ

⊗t
Us(m+1)

(
ρ
⊗t
0
)]

µHaar

(
m+1

∏
j=1

dUs j

)

=
1

Dm+1

m+1

∏
j=1

{
D

∑
i=1

Tr
[
U⊗t

s j,i
ρ
⊗t
0

(
U†

s j,i

)
⊗t

Λ
⊗t
s j , jU

⊗t
s j,i

ρ
⊗t
0

(
U†

s j,i

)⊗t
]}

.(20)

Following Eq. (16), the Haar averaged superoperator of
each noise channel is as follows:

∆µHaar,2t,s j , j(ρ
⊗t
0 ) = ps j , jρ

⊗t
0 +

(
1− ps j , j

) Idtn

dtn , (21)

with

ps j , j =
Tr
(
∆̂µHaar,2t,s j , j

)
−1

d2tn −1
, (22)

where we assume that tr(ρ⊗t
0 ) = 1. Then, the Haar-averaged

superoperator of the (m+1)-stage noise channel using the uni-
tary 2t-design can be written as

∆µHaar,2t,Us(m+1)

(
ρ
⊗t
0
)
=

m+1

∏
j=1

ps j , jρ
⊗t
0 +

(
1−

m+1

∏
j=1

ps j , j

)
Idtn

dtn . (23)

ρ⊗t


⊗tU ↼U↽
⊗t† ↼Um⇁↽

⊗t†
s ↪

Λ⊗t
s     ↪m⇁m⇁

Λ⊗tUm⇁
⊗t

Fig. 4. (m+1)-stage twirled noisy channels using unitary 2t-design.

3.1. The case of gate-dependent and time-dependent noise

We redraw (m+ 1)-stage noise circuits using the unitary
2t-design for an actual experiment by inductively defining new
gates, which are uniformly selected from the unitary 2t-design
shown in Fig. 5.

(1) Define Us1,1 = Idn ;

(2) Define G⊗t
s j , j = (U†

s j , j)
⊗t ∘U⊗t

s j+1, j+1 for j ∈ {1, · · · ,m}.

The superoperator representation can be written as Ĝ⊗t
s j , j =

(Û†
s j , j)

⊗tÛ⊗t
s j+1, j+1;

(3) Define G⊗t
sm+1,m+1 = (U†

sm+1,m+1)
⊗t . Then, we have

∏
m+1
j=1 Ĝ⊗t

s j , j = (Û†
s1,1

)⊗t = Id2tn .

Note that if i ̸= k, Usi,i and Usk,k are independent cho-
sen from a unitary 2t-design for each i,k ∈ {2, . . . ,m + 1}.

Hence, for each j ∈ {1, . . . ,m}, G⊗t
s j , j is independent from each

other. However, G⊗t
sm+1,m+1 depends on the first m gates G⊗t

s j , j
for j ∈ {1, . . . ,m}.

Therefore, we can use the unitary 2t-design to estimate
the average gateset fidelity of (m+ 1)-stage noise circuits by
considering a perturbative expansion of each noise Λ

⊗t
s j , j about

the ideal average noise Λ⊗t . We define the difference between
Λ

⊗t
s j , j and Λ⊗t for j ∈ {1, . . . ,m+1} as

δΛ
⊗t
s j , j = Λ

⊗t
s j , j −Λ

⊗t . (24)

Note that each δΛ
⊗t
s j , j, j ∈ {1, . . . ,m + 1} is a Hermiticity-

preserving, trace-annihilating linear superoperator. Then, its
surperoperator representation is

δΛ̂
⊗t
s j , j = Λ̂

⊗t
s j , j − Λ̂

⊗t . (25)
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The ideal average strength parameter can be written as

p =
Tr(∆̂µHaar,2t)−1

d2tn −1
, (26)

where ∆̂µHaar,2t is the Haar-averaged superoperator of Λ̂⊗t us-
ing the unitary 2t-design for twirling of noise. Then, we obtain
the difference between ps j , j and p, i.e.,

δ ps j , j = ps j , j − p =
Tr(δ ∆̂µHaar,2t,s j , j)

d2tn −1
, (27)

where

δ ∆̂µHaar,2t,s j , j = ∆̂µHaar,2t,s j , j − ∆̂µHaar,2t . (28)

Under the above conditions, this approach enables us to
fit the experimental fidelity decay sequence to a model with fit
parameters. The noise channel in Fig. 5 can be written as

Λ
⊗t
Gs(m+1)

(ρ⊗t
0 )=G⊗t

sm+1,m+1∘Λ
⊗t
sm+1,m+1 ∘· · ·∘G⊗t

s1,1
∘Λ

⊗t
s1,1

(ρ⊗t
0 ).(29)

Using the unitary 2t-design for the twirling of noise, we ob-
tain

∆µHaar,2t,Gs(m+1)

(
ρ
⊗t
0
)
=

m+1

∏
j=2

ps j , jΛ
⊗t
s1,1
(
ρ
⊗t
0
)

+

(
1−

m+1

∏
j=2

ps j , j

)
Idtn

dtn . (30)

The average gateset fidelity for any input density operator ρ⊗t

can be written as

F
(

∆µHaar,2t,Gs(m+1)

)
= Tr

[
ρ
⊗t
0 ∆µHaar,2t,Gs(m+1)

(
ρ
⊗t
0
)]

=
m+1

∏
j=2

ps j , jF
(
|ψ0⟩⊗t ,Λ⊗t

s1,1
,E|ψ0⟩⊗t

)
+

1
dtn

(
1−

m+1

∏
j=2

ps j , j

)

=
dtnF

(
|ψ0⟩⊗t ,Λ⊗t

s1,1
,E|ψ0⟩⊗t

)
−1

dtn

×
m+1

∏
j=2

(
p+δ ps j , j

)
+

1
dtn , (31)

where F(|ψ0⟩⊗t ,Λ⊗t
s1,1

,E|ψ0⟩⊗t ) is the fidelity of channel Λ
⊗t
s1,1

with the input state |ψ0⟩⊗t , and the perfect POVM is E|ψ0⟩⊗t =

|ψ0⟩⊗t⟨ψ0|⊗t .

s ↪
G⊗t

ρ⊗t


s     ↪m⇁m⇁
Λ⊗t

s     ↪m⇁m⇁
G⊗t

s  ↪mm
Λ⊗t

s  ↪mm
G⊗t

s ↪
Λ⊗t

Fig. 5. (m+1)-stage noise circuits with each gate uniformly chosen from the unitary 2t-design for an actual experiment.

3.2. The case of gate-independent and time-independent
noise

If Λ
⊗t
s j , j is a gate-independent and time-independent noise

channel, the average channel fidelity F(∆µHaar,2t,Gs(m+1)) is the

zeroth order fitting model F(0)
(∆µHaar,2t,Gs(m+1)) for ps j , j = p.

Then, we obtain

F(0)
(

∆µHaar,2t,Gs(m+1)

)
=

dtnF(|ψ0⟩⊗t ,Λ⊗t
s1,1

,E|ψ0⟩⊗t )−1

dtn pm +
1

dtn

= A0 pm +B0, (32)

with

A0 = Tr
[
E|ψ0⟩⊗t Λ

⊗t
s1,1
(
ρ
⊗t
0
)]

− 1
dtn , (33)

B0 =
1

dtn . (34)

Hence, the ideal case where the average gateset fidelity of
each gate-independent and time-independent noise exponen-
tially decays in p is shown in Fig. 6.

3.3. The case of weakly gate-dependent and time-
independent noise

If Λ
⊗t
s j , j is a weakly gate-dependent and time-independent

noise channel, which is abbreviated Λ⊗t
s j

, the average gateset

fidelity Fgd(∆µHaar,2t,Gs(m+1)) is the sum of the zeroth- and first-
order fitting model. We neglect the higher-order perturbation
terms for small δ ps j . Then, we obtain

Fgd

(
∆µHaar,2t,Gs(m+1)

)
= F(0)

(
∆µHaar,2t,Gs(m+1)

)
+F(1)

(
∆µHaar,2t,Gs(m+1)

)
=

dtnF
(
|ψ0⟩⊗t ,Λ⊗t

s1
,E|ψ0⟩⊗t

)
−1

dtn pm

+
dtnF

(
|ψ0⟩⊗t ,Λ⊗t

s1
,E|ψ0⟩⊗t

)
−1

dtn

m+1

∑
j=2

δ ps j pm−1 +
1

dtn

= A1 pm +B1mpm−1 +C1, (35)

with

A1 = Tr
[
E|ψ0⟩⊗t Λ

⊗t
s1

(
ρ
⊗t
0
)]

− 1
dtn , (36)

B1 =

(
dtnF

(
|ψ0⟩⊗t ,Λ⊗t

s1
,E|ψ0⟩⊗t

)
−1
)

∑
m+1
j=2 Tr

(
δ ∆̂µHaar,2t,s j

)
mdtn (d2tn −1)

=

(
Tr
[
E|ψ0⟩⊗t Λ

⊗t
s1

(
ρ
⊗t
0
)]

− 1
dtn

)
δ p, (37)

and

C1 =
1

dtn , (38)

where δ p = 1/m∑
m+1
j=2 δ ps j .

010304-5



Chin. Phys. B Vol. 28, No. 1 (2019) 010304

The standard fitting model fixes B1 = 0. However, B1 ̸= 0
is more appropriate when the noise may be weakly gate-
dependent, instead of perfectly gate-independent, as shown in
Fig. 6.
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zero order
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a
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2
t,

G
s
↼m

⇁
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40 50

Fig. 6. Average fidelity estimation of (m+ 1)-stage quantum circuits
using unitary 2t-designs. In these examples, we assume that we imple-
ment perfect quantum devices and have on SPAM, where d = 2, n = 1,
and t = 6. We assume that the fidelity of the first noise channel is 0.99.
The strength parameter is p(0) = 0.9925 in the zeroth-order case and
p(1) = 0.9775 in the first-order case. In the first-order case, the pertur-
bation of the strength parameter δ p(1) is from [10−4,10−3].

3.4. Bounding higher-order perturbation terms

To bound higher-order perturbation terms, we have∣∣∣F(k+1)
(

∆µHaar,2t,Gs(m+1)

)
−F(k)

(
∆µHaar,2t,Gs(m+1)

)∣∣∣
=

∣∣∣∣∣
[

1
p

(
m

k−1

)m+1

∑
j=2

δ ps j −1

]
F(k)

(
∆µHaar,2t,Gs(m+1)

)∣∣∣∣∣ (39)

for k ∈ {1, · · · ,m}.
Therefore, the k+1 order of the fidelity can be neglected

if (
m

k−1

)m+1

∑
j=2

δ ps j ≪ p. (40)

For weakly gate-dependent and time-independent noise,
if we assume that δ ps j ≈ δ p= 1/m∑

m+1
j=2 δ ps j , j ∈{2, . . . ,m+

1}, we can ignore the second-order terms when δ p satisfies

δ p ≪ p
m2 . (41)

3.5. The case of gate-independent and weakly time-
dependent noise

If Λ
⊗t
s j , j, j ∈ {1, . . . ,m + 1} is a weakly time-dependent

and gate-independent noise, we can use the method of mo-
ment superoperator to estimate the average channel fidelity.
We take t copies of noise circuits abbreviated to Λs, j for

j ∈ {1, . . . ,m+1} in a dn-dimensional Hilbert space. The dif-
ference δΛs, j between the practice noise Λs, j and the ideal av-
erage noise Λ is a Hermiticity-preserving, trace-annihilating
linear superoperator. By using the unitary 2-design to twirl
noise, we define qs, j as the corresponding strength parameter,
i.e.,

∆µHaar,2,Gs(m+1)(ρ0)=
m+1

∏
j=2

qs, jΛs,1 (ρ0)+

(
1−

m+1

∏
j=2

qs, j

)
Idn

dn , (42)

where the fixed input density operator is ρ0 = |ψ0⟩⟨ψ0|
in a dn-dimensional Hilbert space. The average fidelity
F(∆µHaar,2t,Gs(m+1)) for t copies of noise circuits can be writ-
ten as

F
(

∆µHaar,2t,Gs(m+1)

)
=

t

∏
s=1

Tr
[
ρ0∆µHaar,2,Gs(m+1) (ρ0)

]
=

t

∏
s=1

[
dnF

(
|ψ0⟩,Λs,1,E|ψ0⟩

)
−1

dn

×
m+1

∏
j=2

(q+δqs, j)+
1
dn

]
, (43)

where F(|ψ0⟩,Λs,1,E|ψ0⟩) is the fidelity of noise Λs,1 with the
fixed input state |ψ0⟩, and the perfect POVM Eψ0 = |ψ0⟩⟨ψ0|;
q is the strength parameter of the ideal average noise Λ using
the unitary 2-design. When t, d, and n are sufficiently large
that 1/dtn ≪ δqs, j for all s ∈ {1, . . . , t} and j ∈ {2, . . . ,m+1},
the first-order fitting model of the weakly time-dependent and
gate-independent noise channel can be written as

F td

(
∆µHaar,2t,Gs(m+1)

)
= F(0)

(
∆µHaar,2t,Gs(m+1)

)
+F(1)

(
∆µHaar,2t,Gs(m+1)

)
≈

t

∏
s=1

(
dnF

(
|ψ0⟩,Λs,1,E|ψ0⟩

)
−1

dn

)
qtm

+
t

∏
s=1

(
dnF

(
|ψ0⟩,Λs,1,E|ψ0⟩

)
−1

dn

)
t

∑
s=1

m+1

∑
j=2

δqs, jqtm−1

= A1qtm +B1tmqtm−1, (44)

with

A1 =
t

∏
s=1

{
Tr
[
E|ψ0⟩Λs,1(ρ0)

]
− 1

dn

}
, (45)

B1 =
t

∏
s=1

{
Tr
[
E|ψ0⟩Λs,1 (ρ0)

]
− 1

dn

}
δq, (46)

where δq = 1/(tm)∑
t
s=1 ∑

m+1
j=1 δqs, j.

Here, we use the method of moment superoperator to
characterize t-copies of experiments. When t, d, and n are
sufficiently large, the constant item of the fitting model can
be ignored. Therefore, the weakly time-dependent and gate-
independent noise decays exponentially in qt if we assume
each noise strength parameter qs, j = (1 + η)q, where η =

δq/q.
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4. Analysis of average fidelity under unitary er-
ror
A unitary 2t-design is similar to a spherical 2t-design

in terms of the Jamiolkowski isomorphism and the frame
potential.[32,33] The unitary operators in a unitary 2t-design
are elements of the unitary group instead of points on a unit
sphere. Therefore, we can use the partial results of a spheri-
cal 2t-design to construct a unitary 2t-design to estimate the
average channel fidelity. If we can implement an exact uni-
tary 2t-design {Ui}D

i=1 to twirl the noise, we must only take D
times of the experiment to estimate the average fidelity.

However, the size of the unitary 2t-design D grows ex-
ponentially with the increase in d and n. We generally take
an (m+ 1)-stage sequence of gates with their corresponding
noise using a benchmarking protocol, which requires select-
ing a sequence of gates at random from the unitary 2t-design
and repeating for many sequences to take the average of the
results.

In an actual experiment, we take k times of the experi-
ments to estimate the average fidelity, i.e.,

F
(
|ψ0⟩⊗t ,Λ⊗t

Gs(m+1)
,E⊗t

|ψ0⟩

)
=

1
k

k

∑
s=1

F
(
|ψ0⟩⊗t ,Λ⊗t

Gs(m+1)
,E⊗t

|ψ0⟩

)
, (47)

where |ψ0⟩⊗t is the fixed input state and E|ψ0⟩⊗t =

|ψ0⟩⊗t⟨ψ0|⊗t is the perfect POVM. For an exact unitary 2t-
design {Ui}D

i=1, the ideal average fidelity is

F ideal

(
|ψ0⟩⊗t ,Λ⊗t

Gs(m+1)
,E|ψ0⟩⊗t

)
=

1
Dm

Dm

∑
s=1

F
(
|ψ0⟩⊗t ,Λ⊗t

Gs(m+1)
,E|ψ0⟩⊗t

)
. (48)

Note that the gate Gsm+1 depends on the first m random gates.
By Hoeffding’s inequality,[36] we obtain

P
(∣∣∣F (|ψ0⟩⊗t ,Λ⊗t

Gs(m+1)
,E|ψ0⟩⊗t

)
−F ideal

(
|ψ0⟩⊗t ,Λ⊗t

Gs(m+1)
,E|ψ0⟩⊗t

)∣∣∣≥ ε

)
≤ 2e

− 2(kε)2

k(b−a)2 , (49)

where the resulted fidelity of every experiment lies in [a,b] ⊂

(0,1). We assume that 1− ε ≥ 1− 2e
− 2(kε)2

k(b−a)2 is the desired
confidence level. Then, we can obtain

k ≥

⌈
ln
( 2

ε

)
(b−a)2

2ε2

⌉
. (50)

From the above benchmarking analysis, two main defi-
ciencies will affect the final result. The first one is the pseudo-
random selection of quantum gates, which will cause the devi-
ation of the experimental average fidelity from the ideal value

mainly because of the incorrect estimation of the number of
experiments k caused by the inaccuracy of b−a. The other de-
ficiency is the unitary error. Imperfect quantum gate Gsm+1,m+1

preparation and undesirable POVM will lead to errors in es-
timation results. Here, we neglect the effect of nontrace-
preserving mappings.

The unitary error has an important effect on the estima-
tion of average fidelity. It is mainly caused by undesirable
experimental implementations and SPAM. Our approach is to
bound the fidelity of unitary error using the method of moment
superoperator. We use the moment superoperator because the
unitary error in each gate is different from one another.

The quantum gate Gsm+1,m+1 in (m+ 1)-stage sequence
of random gates with corresponding noise depends on other
m gates that are randomly selected from the unitary 2-design,
where Gsm+1,m+1 = ∏

m
j=1 G†

s j , j. For undesirable experimen-
tal implementations, there is a dn-dimensional unitary op-
erator UGs with eigenvalues e iθGs ,k for θGs,k ∈ [−π,π] and
k ∈ {1, . . . ,dn}, which satisfy

Gue
sm+1,m+1 =UGs

m+1

∏
j=1

G†
s j , j, (51)

where ∑
dn

k=1 θCs,k = 0. For SPAM, there is a dn-dimensional
unitary operator USPAMs with eigenvalues e iθSPAMs,k for
θSPAMs,k ∈ [−π,π] and k ∈ {1, . . . ,dn}, which satisfy

Eue
|ψ0⟩,s =USPAMs |ψ0⟩⟨ψ0|U†

SPAMs
, (52)

where Eue
|ψ0⟩,s is the s-th sequence of measurement with a fixed

input state |ψ0⟩ and ∑
dn

k=1 θSPAMs,k = 0. Then, we obtain

Tr
[
Eue
|ψ0⟩,sG

ue
sm+1,m+1 ∘Λsm+1,m+1 ∘ · · · ∘Gs1,1 ∘Λs1,1 (|ψ0⟩⟨ψ0|)

]
= ⟨ψ0|U†

SPAMs
UGs

1

∏
i=m+1

Gsi,iΛsi,i (|ψ0⟩⟨ψ0|)

×∏
j=1

Λ
†
s j , jG

†
s j , jU

†
Gs

USPAMs |ψ0⟩. (53)

Let Us be the total unitary error, such that

Us =U†
SPAMs

UGs , (54)

with eigenvalues e iθs,k = e i(θGs ,k−θSPAMs,k) for θs,k ∈ [−π,π]

and k ∈ {1, . . . ,dn}. Thus, the corresponding average fidelity
impact factor of unitary error γs

[34,37] can be written as

γs =
|Tr
(
Ûs
)
|+dn

d2n +dn =

∣∣∣∣(∑
dn

k=1 e iθs,k
)2
∣∣∣∣+dn

d2n +dn . (55)

It is obvious that γs ≤ 1. Our approach is to provide
a lower bound on (∑dn

k=1 e iθs,k)2. We assume that θs =

maxk∈{1,...,dn} |θs,k|. Then, we assume that θs,1 = θs and θs,k =

−θs/(dn−1) for all k ∈{2, . . . ,dn}. This assumption can min-
imize γs. We can verify this result by implementing a pertur-
bation δθ , i.e.,[

e iθs+(dn −3) e−i θs
dn−1 + e−i( θs

dn−1+δθ)+ e−i( θs
dn−1−δθ)

]2
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=
[

e iθs +(dn −3) e−i θs
dn−1 + e−i θs

dn−1
(
2+δ

2
θ
)]2

≥
[

e iθs +(dn −1) e−i θs
dn−1

]2
. (56)

For large d and n, we obtain[
e iθs +(dn −1) e−i θs

dn−1

]2

≈
[

e iθs +(dn −1)
(

1− i
θs

dn −1

)]2

= [cosθs +dn −1+ i (sinθs −θs)]
2

≥ [dn − (1− cosθs)]
2 . (57)

Then, we have

γs =

∣∣∣∣[e iθs +(dn −1) e−i θs
dn−1

]2
∣∣∣∣+dn

d2n +dn

≥ [dn − (1− cosθs)]
2 +dn

d2n +dn

= 1− 2(1− cosθs)

dn +
(2− cosθs)

2 −1
d2n +dn . (58)

Using the unitary 2-design to twirl the channels, we obtain

∆µHaar,2,Gs(m+1) (ρ0) =
m+1

∏
j=2

qs j , jγsΛs1,1 (ρ0)

+

(
1−

m+1

∏
j=2

qs j , j

)
Idn

dn , (59)

with the fixed input density operator ρ0 = |ψ0⟩⟨ψ0| in a dn-
dimensional Hilbert space and strength parameters qs j , j. Then,
the average fidelity for t-copies of sequences can be written as

F
(

∆µHaar,2t,Gs(m+1)

)
=

t

∏
s=1

{{
Tr
[
E|ψ0⟩Λs1,1 (ρ0)

]
+

1
dn

}

×γs

m+1

∏
j=2

qs j , j +
1
dn

}
. (60)

We now numerically analyze the average fidelity of (m+

1)-stage noise circuits with unitary errors using the unitary
2t-design by considering t copies single-qubit noise mod-
els. We provide an example that the average fidelity of each
single-qubit noise model is 0.99488 and its deviation range
is (10−5,10−4). We assume time-dependent unitary errors
that correspond to rotations. The unitary error is Hamilto-
nian in dn-dimensional Hilbert space with eigenvalues e iθk for
θk ∈ [−π,π] and k ∈ {1, . . . ,dn}. For trace-preserving noise,
the unitary error satisfies ∑

dn

k=1 θk = 0.
For the convenience of comparison, we make the follow-

ing assumptions.
(1) Assume |θk|, k ∈ {1, . . . ,dn − 1} uniformly random

chosen from (10−5,10−4) with random positive and negative
signs;

(2) Let θdn =−∑
dn−1
k=1 θk and θmax = maxk∈{1,...,dn} |θk|;

(3) Let θ ′
k = 10−4θk/θmax.

Note that the above assumption ensures that the maxi-
mum eigenvalue of the unitary error is 10−4. Numerical values
for the average fidelity are shown in Fig. 7. Our first order av-
erage fidelity estimation of weakly time-dependent and gate-
independent noise satisfies the results of data analysis.
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Fig. 7. Average fidelity of the (m+1)-stage noise circuit. In this exam-
ple, we assume d = 2, n = 1, and t = 6 since the noise model is unital.
The blue line is the curve fitting 1.054× 0.9525m. The green dotted
line is the estimation of average fidelity in the case of gate-independent
and weakly time-dependent noise with the lower bound on the average
fidelity impact factor of the unitary error.

5. Conclusion
In this work, we have presented a first systematic anal-

ysis of the average fidelity estimation using the unitary 2t-
design for the twirling of noises. We provide a basic model
using the unitary 2t-design to twirl a noise channel. It effi-
ciently estimates the average channel fidelity if we can im-
plement an exact unitary 2t-design. We also present a model
of (m+1)-stage sequence of noise channels using the unitary
2t-design to estimate the average channel fidelity. It can be
recognized as the average gateset fidelity estimation for quan-
tum circuit using a benchmarking protocol, which requires se-
lecting a sequence of randomly selected gates from the uni-
tary 2t-design. We analyze such cases of the gate-independent
and time-independent noise, weakly gate-dependent and time-
independent noise, and gate-independent and weakly time-
dependent noise. For the time-dependent noise, the method of
moment superoperator plays an important role in noise anal-
ysis in different times of experiments. Finally, we provide a
bound on the unitary error caused by non-ideal experimental
implementations and SPAM.

Although much insight into the application of unitary de-
signs has been obtained, many questions remain unresolved
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as interesting open problems, such as the construction of uni-
tary 2t-designs or the errors produced by pseudo-randomness
of the benchmarking protocol.
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