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Average fidelity estimation of twirled noisy quantum channel
using unitary 2¢-design”
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We propose a method to estimate the average fidelity using the unitary 2z-design of a twirled noisy channel, which
is suitable for large-scale quantum circuits. Compared with the unitary 2-design in randomized benchmarking, the unitary
2t-design for the twirling of noisy channels is more flexible in construction and can provide more information. In addition,
we prove that the proposed method provides an efficient and reliable estimation of the average fidelity in benchmarking
multistage quantum gates and estimating the weakly gate- and time-dependent noise. For time-dependent noise, we provide
a scheme of moment superoperator to analyze the noise in different experiments. In particular, we give a lower bound on
the average fidelity of a channel with imperfect implementation of benchmarking and state preparation and measurement

errors (SPAM).

Keywords: quantum channel, average fidelity, unitary 2z-design
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1. Introduction

The fault-tolerant
(FTQEC)[!?! is necessary for a quantum computer to reli-

quantum error correction code

ably operate and obtain an exponential speed-up over the
classical algorithm in some fields. The FTQEC requires that
the operation of the quantum process is of high quality and
that the error is below a certain threshold.®*! One of the main
challenges for FTQEC is to characterize the noise that affects
a quantum system. Particularly, quantum process tomogra-
phy (QPT)[*% is a method to analyze the noise of a quantum
channel.!”l However, QPT is infeasible for large quantum sys-
tems. Fortunately, the evaluation of the average fidelity®°! is
an efficient method to partially characterize the noise of quan-
tum channels or gates.[!%!!l The advantage of the average
fidelity estimation method!!?! is that it does not require large
amounts of resources and is insensitive to state preparation

and measurement errors (SPAM).[13]

Randomized benchmarking!!4-2>!

is an experimental
scheme to measure the average fidelity. In this scheme, the av-
erage fidelity of a completely positive trace-preserving (CPTP)
noise channel is measured by using a set of unitary operators
that approximate the entire Clifford group, which is called a
unitary 2-design.[**! A unitary 2-design is a special case of
the unitary z-design!?! for t = 2. For r = 1, it corresponds to
the case of a private quantum channel, [*°! whereas t = 4 corre-
sponds to the conditions of the state-distinction problem. [27-28]

In this paper, we present the first systematic analysis

DOI: 10.1088/1674-1056/28/1/010304

of the average fidelity estimation using the unitary 2¢-design
for a twirled ¢-tensor product noisy channel. Then, we ex-
tend this method to the scenario of (m + 1)-stage noise chan-
nels. Furthermore, we analyze the (m + 1)-stage sequence
of quantum gates under their corresponding noise, such as
gate-independent and time-independent noise, weakly gate-
dependent and time-independent noise and gate-independent
and weakly time-dependent noise. It can be recognized as the
estimation of average gateset fidelity for quantum circuits. In
particular, we give a lower bound on the average fidelity of
the twirled channel under the unitary error caused by nonideal
experimental implementations and SPAM.

The method of using unitary 2¢-design for the twirling
of noises has the following advantages. First, compared to
the unitary 2-design in randomized benchmarking, the unitary
2t-design for the twirling of noises is more general to evalu-
ate the average fidelity and provides more information about
the noise. Here, ¢ corresponds to the high dimensionality of
a channel or the experiment times using the method of mo-
ment superoperator.[*°! Second, using the method of moment
superoperator, it is convenient to provide the analysis of the
time-dependent noise. Finally, a unitary design is similar to a

spherical design in terms of Jamiolkowski isomorphism 30-3!]

32331 Some constructions of a spheri-

and the frame potential.!
cal 2¢-design can be used in the unitary 2¢-design to estimate
the average fidelity. Compared with the Clifford group in the
previous randomized benchmarking, the construction of the

unitary 2¢-design for the twirling of noises is more flexible
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and extensible.

The paper is organized as follows. In Section 2, we show
the process of average fidelity estimation using the unitary 2¢-
design to twirl a z-tensor product noisy channel. Then, we
introduce the method of moment superoperator to estimate
the time-dependent noise estimation. In Section 3, we ex-
tend the fidelity estimation of an (m + 1)-stage noise chan-
nel using unitary 2¢-design for twirling of channels. We
also analyze the (m+ 1)-stage sequence of quantum gates
under their corresponding noise, such as gate-independent
and time-independent noise, weakly gate-dependent and time-
independent noise and gate-independent and weakly time-
dependent noise. In Section 4, we provide a bound on the uni-
tary error caused by nonideal experimental implementations
and SPAM. Finally, we conclude the paper in Section 5.

2. Unitary 2¢-design for twirling of a channel

Consider a completely positive trace-preserving (CPTP)
noise channel as shown in Fig. 1.

A

Fig. 1. A CPTP quantum channel for any d"-dimensional input density
operator p = |y)(y/.

We assume that the CPTP noise channel can be written as
dVl

Alp) =Y AwpA], (1)
k=1

with Ay € L(C?") being the linear operator for any d"-
, where L(C?")
is the space of d"-dimensional complex linear operators. We

dimensional input density operator p = |y)(y

define the superoperator representation of the CPTP noise
channel A based on Ref. [34], i.e.,

A ®A; 2)

where the superoperator A has a d*"-dimensional matrix rep-
resentation and Tr(A) denotes the usual sum over the diagonal
elements of the matrix. The advantage of such representation
is that the cascade of two arbitrary d”-dimensional channels,
A and A, corresponds to their matrix multiplication, i.e.,

AjoAy = AjAs. 3)
Then, the average channel fidelity!®! can be defined by
F(A) = Ey [F(ly),AEy)]
= [WAW VD Wa(dw). @)

where F(|y),A, Ey) is with respect to the fidelity with input
state |y), CPTP noise channel A and positive-operator val-
ued measure (POVM) element Eyy = [Y) (Y], Uhaar(-) is a

uniform distribution; and the integrals are with respect to the
unitarily invariant Haar measure. The above average channel
fidelity can be recognized as the probability that the output
state A (|y) (y|) passes the test of being the input state |y) av-
eraged over all input states. Note that it is insensitive to the
SPAM, if the POVM element Ejy,) = |)(y/| is perfect.

Now, we define the unitary 7-design as follows. Let # be
a natural number and U(d") be the set of unitary operators in
d"-dimensional Hilbert space. A finite subset {U;}2., C U(d")
is called a unitary #-design if
1D

D P (Ui) :/u(dn)P(tAz)(U)ﬂHaar(dU) &)

1

holds for any polynomial p(m(U ) homogeneous of degree ¢
in the matrix elements of U € U(d") and their complex con-
jugates of U*. We can use the superoperator representation of
unitary operators to redefine the unitary #-design {Ui}lp: s 1€,

12 . .
— U.®f:/ U™ Upaar(dU), 6
LU= gy U Htar(4U) ©)

where U®' = U®' @ (U*)®".

Then, we consider a z-tensor product CPTP noise chan-
nel model using the unitary 2¢-design to estimate the corre-
sponding average fidelity in Fig. 2. The noise channel A®" is
a d™ x d™ matrix composed of ¢ d"-dimensional CPTP noise
channels. In addition, if there exists a d'-dimensional CPTP
noise channel A; for [ < n, we can apply a d"~!-dimensional
ancillary quantum system to fit the model. Then, we set ¢-
copies of the d”-dimensional unitary operations U and U ran-
domly chosen from a unitary 2¢-design at both ends of the
noise channels. Note that the above model can be used to es-
timate the average fidelity of a non-local noise channel, when
t=1.

(— -
I

.
|
i

!

E

|

L
A@t

Fig. 2. A t-tensor product CPTP noise channel model using unitary
2t-design is composed of three linear mappings A®*, U%', and (UT)#",
For any d'"-dimensional input density operator p®', the representation
of the unitary operation 0% =Uu ff’ ® (UT)®" and the noise channel
AS = 0 AT ® (AT = (4 et Ar) © (B @t Ajn)”
are d*" x d*" matrices, where ®!_; A = A | ® A2 @+ @Ay,

If a set of unitary operators {U;}2, is a unitary
2t-design to twirl a CPTP noise channel A% (p®') =

010304-2
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Y& AY e (AP, it satisfies
-
Z(Ui )@tA®t(Ul@tp@t(UiT)@r)Ui@z
— /M " (UT)®tA®t(U®Z‘p®l‘(UT)@QI)U@t#Haar(dU)’ (7)
where A} € L(C") is a linear operator in the d""-dimensional

Qi Ak = A1 @Ap2 @+ ®
Ag;. Let Ay, 2(+) be the Haar-averaged mapping using uni-

Hilbert space satisfying A,?’ =
tary 2¢-design for a twirled noise channel, i.e.,

AuHaarazl (p ®I> :/U(d" >(UT) ®tA ®I(U®tpg<)t(UT ) ®t) U®tnu'Haal” ( dU) )

(®)
where p5” = |yo)® (yp|*" is a fixed density operator in d"-
dimensional Hilbert space. Then, the Haar-average superoper-

ator representation can be presented as

AAﬂHaarvzf :/ 0®[A®r(UT>®tuHﬂar(dU)
Z/{(d")

= AU
/M(dn Z@UkU

=1i=1

d"
Y ® UA; ,U"

J=lm=1

,uHaar(dU)a (9)

where the superoperator representation of 7-tensor product
_yd" ®t R\ _
- Zj7k=1Ak ® (Aj )* -
(Z =1 ®m 1A]m)* and ®§:1Ak~i :Ak-,l ®

noise channel is represented as A®'
(Zdn I;:IAk,t)
App @ @A

Therefore, the average fidelity of the twirled channel in
Fig. 2 is given by

F(Apyg) =By [F (|9) A Epyer)]
:/Wl@t/\@’ () (wl™) [v) ' titaar (d W)
=Eu[F (lyo)™", U 0 A™ o (U™, Ejyyer)]
= u(dn)w,o |t A® [U®’ lwo)® (wo| = U @z]
X U |90) ™ Utaar (dU)

D
= 5 LT (U v o )4
< (U2 1) (wol*W))*")] (10)

with the perfect POVM element E|ye: = [w)® (y|* for any
= |yo)“ (| for a fixed in-
put state |yp)®" in a d""-dimensional Hilbert space. The above

input state = [y)®" and E|y e

equality indicates that we can also obtain the average channel
fidelity by uniformly averaging over all unitary operators with
a fixed input state instead of averaging over all input states.

In addition, we introduce a method of moment
superoperator,!?° which is derived from the action of ¢-copies

of the random circuit on nt-qubit density operators. It will be

used to analyze the time-dependent noise in Section 3. Using

19,22]

Liouville representation, ! we define moment superopera-

tor kets shown in Fig. 3 as

Y (BY, M™)|BS), (11)

J

M) =

in a d*"-dimensional space, where {B?l} is an orthonormal
basis and j € {1,...,d*"} with respect to the Hilbert Schmidt

inner product. Let ((M®'| = [M®'))7, we have

((MP'IN®")) = (M®',N®"). (12)

For a quantum channel, we have

A (p™))) = LA (BFN)N(BF p™)).  (13)
J

Thus, the representation of the linear mapping A®’(+) is given

by

o :;M@(B?’)»«Bi?’l. (14)

The previous estimation can only analyze the time-
dependent noise channel in one experiment. However, the
noises in different experiments are assumed to have the iden-
tical change, which obviously affects the estimation result.
The advantage of the moment superoperator is that it provides
more information to characterize the time-dependent noise for

t-copies of experiments.

n qubits

{ ® .- Mlgl
t copies : |
© - @D

Ui,i+1 H,

®- ...|6‘

®- @!

Fig. 3. Moment superoperator of a d>" -dimensional space can be visualized
as an array of 2nt qubits, so that 7 copies support a ket in the state space on nt
qubits, and the remaining ¢ copies support the corresponding bra. The ovals
Ui i+1 correspond to a unitary operator U that acts nontrivially on two neigh-
boring qubits i and i+ 1. The dashed rectangles indicate that the 2¢ qubits
that correspond to a local moment space Hj; indicate the random circuit of
two neighboring qubits that correspond to a d>-dimensional space.

3. Average fidelity estimation of (m+ 1)-stage
twirled noisy channels using unitary 2¢-design

If the set of unitary operators {U; } ~ , construct a unitary
2¢-design, the average fidelity using the unitary 2¢-design to
twirl a channel is given by

Fldp) = [ T3 WA (005 W)
X.UHaar(dU)
fl @t Nt (77T A Bt
*D;Tr{Ui P (U)™'A

> (Ul@tpgct(UiT)@tﬂ (15)
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for a fixed input density operator p;”’ = |yo)® (yp|*" and
a perfect POVM element Ejy e = |yo)® (wo|®' in d'-
dimensional Hilbert space. Following this method, if we can
implement an exact unitary 2¢-design to twirl a noise channel,
we can directly obtain the average channel fidelity using the
normalized sum D times of the results.

From Schur’s lemma,?>! the Haar-averaged superopera-
tor Apy,,...2: can be expressed as a depolarizing channel

( Hdtn
AﬂHaarvzt(pggt) :pp(?t“"(l_l’)tr(l)ggt) dln’ (16)
with strength parameter
Tr (A -1
p= M 17)

dZIn _

However, the size of a unitary 2¢-design grows exponen-
tially with the increase of parameters d and n. Hence, we gen-
erally use an (m+ 1)-stage sequence of unitary operators (se-
lected from a unitary 2z-design) to twirl the noise channels to
estimate the relationship between the average channel fidelity
and parameter m in Fig. 4.

We assume that each Afffj for je{l,....m+1} is a
t-tensor product gate-dependent and time-dependent CPTP
noise channel. If the fixed input density operator is pO , we
can obtain the corresponding output density operator, i.e.,

Am+1 (Po")
(u; L) oA U o (UL) oA 0 U
o~~~o(U;) oAgtloU (pg"), (13)
where Afi’(mm (+) is the sequence s(m+ 1) mapping of (m+1)-

stage CPTP noise channels each with Ug" and (U)™',j €

®t
Po

Qi ®t
Ul Aslvl

(uher

(...,

peroperator representation can be given by

m+ 1} from the unitary 2¢-design at both ends. Its su-

A — (gt T A= At
Us(m+l) - Sm+1 Sm1,M+1" Sm41
T @t Yt At Rt ot
X (USm) Asm mUsm : (Usl) ASl IU . (19

If Uy, is selected from a unitary 2¢-design {U;}7 |, then
we obtain the average fidelity of (m + 1)-stage noise channel
using the unitary 2¢-design to twirl the noisy channels, i.e.,

F (AuHaarsthy(erl))

m+1
= ®
- [,[(dn) Tr |:p0 .S (m+1) (p() ):| ILLHaar (III dUs./>
m+l (D

®I:A ®t U?f)i

Dm+] H {Z Tr |:U‘?i

ey aseseis) ) eo

Following Eq. (16), the Haar averaged superoperator of
each noise channel is as follows:

Tin
dm’

AHHaarvzt~Sj-,j(p(()X)t) = ij;.ipO®t + (1 7173‘/;.)’) 2y

with

Tr (AA.uHaa.rﬂZtvs.f’j) —
d2m _ 1

Py = 22)

where we assume that tr(p;”) = 1. Then, the Haar-averaged
superoperator of the (m+ 1)-stage noise channel using the uni-

<1

(U:n+1)®t

tary 2z-design can be written as

m+1

- H ps_,~,j>
j=1

m+1

Hpsflp()

]Idfﬂ
dt}’l

') =

A“Haar 2t, U (m+1) ( (23)

®t
Spy1,m+1

Ugt

m

+1

Fig. 4. (m + 1)-stage twirled noisy channels using unitary 2¢-design.

3.1. The case of gate-dependent and time-dependent noise

We redraw (m + 1)-stage noise circuits using the unitary
2t-design for an actual experiment by inductively defining new
gates, which are uniformly selected from the unitary 2¢-design
shown in Fig. 5.

(1) Define Uy, 1 = Ign

(2) Define G/, = (UT U m}.

The superoperator representation can be written as Gﬁff ;=

forje{l,---,

T oo
(US,,/) ,+171+1’
_ il
(13) DeﬁneA(H;fQ’+I mit = Uy )™ Then, we have
Hm+ G®l _ (U;hl) —]IdZm.
Note that if i # k, Uy,; and Uy, ; are independent cho-

sen from a unitary 2¢-design for each i,k € {2,...,m+ 1}.

Hence, foreach j € {1 c.,m}, G®’ is independent from each
other. However, G
for je{l,...,m}.

Therefore, we can use the unitary 2¢-design to estimate

il depends on the first m gates Gfi{j

the average gateset fidelity of (m + 1)-stage noise circuits by
considering a perturbative expansion of each noise Af?t ; about
the ideal average noise A®’. We define the difference between

A®t and A for je {1,...,m+1} as
o _ o

AT, = A~ A 24)

Note that each 6/\?’], j€{l,....,m+1} is a Hermiticity-

preserving, trace-annihilating linear superoperator. Then, its
surperoperator representation is

A9 _ Aet
S/’] A

SAZ =

S

(25)

010304-4
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The ideal average strength parameter can be written as

Tr(AA/JHaanzl) -1

e (26)

p =
where AA,JHWZI is the Haar-averaged superoperator of A®" us-
ing the unitary 2¢-design for twirling of noise. Then, we obtain
the difference between Ps;.j and p, i.e.,

Tr(8 Ay 20.5.7)
8ps,i = Py =P = @7
where
6AAﬂHaa:721~,Sj7j = AﬂHam:zt’sj’j o AA‘uHaa'r’ZII (28)

Under the above conditions, this approach enables us to
fit the experimental fidelity decay sequence to a model with fit
parameters. The noise channel in Fig. 5 can be written as

&t
S, loAsl 1

A®I 5 ) G@t OG

Gs(m+1) Smt1,m+1 0 ) (29)

t
AYerl ,m+1

Using the unitary 2¢-design for the twirling of noise, we ob-
tain
m+1

) = HP5171A§I1< o)

A:“'Haar 2t G s(m+1) (

m+1 ]Idrn
+1=T1ps “m G0
j=2

The average gateset fidelity for any input density operator p®’
can be written as

F (A“Haar~2f:G_y(m+] ))

=Tr [p() AﬂHam ZfG (m+1) (p() >:|
m+1

= Hl’sm (\‘I’O ) Ai@l?EWo)@’)

m+1
d’" H Psjj

d"F (|W0>®I ASI 1’EW/O>®7> —1

dtn
m+1 1
x 1‘[2 (P+8ps) + 2 3D
=

where F(|yo)®', AS1 "»Ejyg)er) is the fidelity of channel Affll
with the input state |yp)®', and the perfect POVM is E|yver =

[Wo) " (o™

®t
Po

ot ot L
Asl,l Gslal

®t
Asm,m

®t ®t
Gsrmm A5m+17m+1

®t
GSmH-,erl

Fig. 5. (m+ 1)-stage noise circuits with each gate uniformly chosen from the unitary 2¢-design for an actual experiment.

3.2. The case of gate-independent and time-independent
noise

If A®’ is a gate-independent and time-independent noise

channel, the average channel fidelity F (A, 2.6 ) is the

(0)

s(m+1)
zeroth order fitting model F (A 21,6, (m+1>) for ps, j = p.

Then, we obtain

(0)
F (A,uHaar 21,6, s(m+1) )

B d"™F (Jyo)®, Asl 1,EW0>>§[) -1 |
- dm PR g
= Aop™ + Bo, (32)
with
1
Ag=Tr [EW’O @t/\sl 1 (po )} - W, (33)
1
By=—. (34)

dtn
Hence, the ideal case where the average gateset fidelity of
each gate-independent and time-independent noise exponen-
tially decays in p is shown in Fig. 6.

3.3. The case of weakly gate-dependent and time-
independent noise

If A®l is a weakly gate-dependent and time-independent
noise channel, which is abbreviated Af?’ , the average gateset

fidelity Fyd(Apyyqur 20.Gy s 1)) 18 the sum of the zeroth- and first-
order fitting model. We neglect the higher-order perturbation

terms for small & Ps;- Then, we obtain

ng <AﬂHaar«2tsG (m+l))

0
d"F (quo>®’ A®’ E\ll/0>®’) ~ 1

= s1 0 m
Jin
d"F (|WO>®“A§§[7EW0>®’) — 1 mtl ’ 1 |
i d"l Z:ZSPSJ " —|—ﬁ
]:
= A p"+Bimp™ ! +Cy, 35)
with
z ® 1
Ar = Tr [EygeA (05")] = 2 (36)
B = (de (|W0>®t AS??[7E\II/0>®’) - 1) Z;’:—zl Tr (SAuHaar,zt,Sj)
1 = mdm (d2tn _ )
= (Tr [E‘lllo éér/\® (pU )] dm) 5]), (37)
and
1
C = L (38)

where 6p = l/mZerl Ops;-

010304-5
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The standard fitting model fixes B; = 0. However, By # 0
is more appropriate when the noise may be weakly gate-
dependent, instead of perfectly gate-independent, as shown in
Fig. 6.

1.0
0.9
&
| 0.8
T
< 07
<
+
Nr
g 0.6
=
3
d 05
I ® numerics of zero order \I\
0.4 | ® numerics of first order AN
’ zero order .\\.\
— — - first order ~
. . . . h)
0 10 20 30 40 50

Sequence length m

Fig. 6. Average fidelity estimation of (m+ 1)-stage quantum circuits
using unitary 2¢-designs. In these examples, we assume that we imple-
ment perfect quantum devices and have on SPAM, where d =2, n =1,
and r = 6. We assume that the fidelity of the first noise channel is 0.99.
The strength parameter is p(o) = 0.9925 in the zeroth-order case and
p(l) =0.9775 in the first-order case. In the first-order case, the pertur-
bation of the strength parameter §p() is from [10~4,1073].

3.4. Bounding higher-order perturbation terms

To bound higher-order perturbation terms, we have

(k+1) (k)
‘F (A#Haar32th.v(:n+l)) - F (A#Haar~217Gs(m+l) ) ‘

l <_4>3?5m1 ] (AWMZGWHJ'(”)

forke {1, -- ,m}.
Therefore, the k+ 1 order of the fidelity can be neglected

if
m m+1
(k— 1) Z 5psj < p. (40)
j=2

For weakly gate-dependent and time-independent noise,
if we assume that 6 py; ~5pf1/m):’"+15p;/,j€{2 m+
1}, we can ignore the second-order terms when 0 p satlsﬁes

sp< L. 1)
m

3.5. The case of gate-independent and weakly time-
dependent noise

HAw,]eﬂ
and gate- 1ndependent noise, we can use the method of mo-

,m+ 1} is a weakly time-dependent

ment superoperator to estimate the average channel fidelity.
We take ¢ copies of noise circuits abbreviated to A, ; for

j€{l,...,m+ 1} in a d"-dimensional Hilbert space. The dif-
ference 0 A, j between the practice noise Ay, ; and the ideal av-
erage noise A is a Hermiticity-preserving, trace-annihilating
linear superoperator. By using the unitary 2-design to twirl
noise, we define ¢y, ; as the corresponding strength parameter,

i.e.,

m+1 m-1
AHHaanz-Gs(mH)(po H qs,jAs1 (Po)+ I*H%,/ d” , (42)
where the fixed input density operator is po = |yo)(Wo|
in a d"-dimensional Hilbert space. The average fidelity

F(A”HaarsZI:Gx(m 41y) for 7 copies of noise circuits can be writ-

ten as
13
F (A“Haar’zth.v(m+l)) = I_IlTr |:p0A,uHaar~,27Gs(m+1) (po):|
L UE (190), As 15 Ejyg)) — 1
s=1 ar
m+1 1
< [la+da)+4] @3
j=2

where F(|yo),As 1, E}y,)) is the fidelity of noise A with the
fixed input state |yp), and the perfect POVM Ey, = [Wo) (Vo l;
q is the strength parameter of the ideal average noise A using
the unitary 2-design. When ¢, d, and n are sufficiently large
that 1/d" < g jforallse {l,...,t}and j€{2,... m+1},
the first-order fitting model of the weakly time-dependent and
gate-independent noise channel can be written as

Ftd (A“Haarvzt-,Gg(erl))

=(0) =)
=F (AIJHaar;Zt Gy (m+1) ) +F <ANHaars2t7Gx(m+l)>
- an |‘I/0 VI’E\%))—l tm
~I1 T q

s=1
¢ d"F ,A ,E -1 t m+1
n H ( (|W0> dS};] WO)) ) Z 56]5’1'6]””71

=1 s=1 j=2
= A1g"™ + Bitmg™ !, (44)
with

: 1

ar=I1 {Tr [Ejy) Avit (po)] - d} : (45)
s=1

d 1

B = H {Tr [Ejyp)As.1 (P0)] — d”} dq, (46)

where 6g = 1/(tm) Y. Z’"“ 8,

Here, we use the method of moment superoperator to
When ¢, d, and n are
sufficiently large, the constant item of the fitting model can

characterize t-copies of experiments.

be ignored. Therefore, the weakly time-dependent and gate-
independent noise decays exponentially in ¢’ if we assume
each noise strength parameter g, ; = (1 +1)g, where n =

0q/q.
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4. Analysis of average fidelity under unitary er-
ror

A unitary 2¢-design is similar to a spherical 2¢-design
in terms of the Jamiolkowski isomorphism and the frame
potential.3>33] The unitary operators in a unitary 2¢-design
are elements of the unitary group instead of points on a unit
sphere. Therefore, we can use the partial results of a spheri-
cal 2z-design to construct a unitary 27-design to estimate the
average channel fidelity. If we can implement an exact uni-
tary 2¢-design {U;}2.| to twirl the noise, we must only take D
times of the experiment to estimate the average fidelity.

However, the size of the unitary 2¢-design D grows ex-
ponentially with the increase in d and n. We generally take

n (m+ 1)-stage sequence of gates with their corresponding
noise using a benchmarking protocol, which requires select-
ing a sequence of gates at random from the unitary 2z-design
and repeating for many sequences to take the average of the
results.

In an actual experiment, we take k times of the experi-
ments to estimate the average fidelity, i.e.,

= @ At ®t
F (|ll/0> ’AGS(WH»I)’EW’O>>
1¢ ®t 4t ®t
ey s:ZIF (WIO> 7AGx(m+l)’EW/0>) ’ 47)

where |yp)*' is the fixed input state and Ejy e =
[wo)® (yp|®" is the perfect POVM. For an exact unitary 2¢-
design {U;}2 ,, the ideal average fidelity is

&t
AGs(erl) ’ E‘ W0>®t>

®
& H),EW0>®;) : (48)

Fideal ( | II/0>®[ )
Dm

= o L (Iw)7.A

Note that the gate Gy, _,
By Hoeffding’s inequality,'”®! we obtain

P (oA B
_Fldeal<‘llf0> (Xit(mH \q/()) )’2‘9)

2(ke)?

<2e kb7, (49)

depends on the first m random gates.
[36]

where the resulted fidelity of every experiment lies in [a,b] C
_ 2(ke)?
(0,1). We assume that 1 —& > 1 —2e Kt-o” is the desired

confidence level. Then, we can obtain

. F(Mb)} | 50)

2¢e2

From the above benchmarking analysis, two main defi-
ciencies will affect the final result. The first one is the pseudo-
random selection of quantum gates, which will cause the devi-
ation of the experimental average fidelity from the ideal value

mainly because of the incorrect estimation of the number of
experiments k caused by the inaccuracy of b —a. The other de-
ficiency is the unitary error. Imperfect quantum gate G, | m+1
preparation and undesirable POVM will lead to errors in es-
timation results. Here, we neglect the effect of nontrace-
preserving mappings.

The unitary error has an important effect on the estima-
tion of average fidelity. It is mainly caused by undesirable
experimental implementations and SPAM. Our approach is to
bound the fidelity of unitary error using the method of moment
superoperator. We use the moment superoperator because the
unitary error in each gate is different from one another.

The quantum gate G, , m+1 in (m+ 1)-stage sequence
of random gates with corresponding noise depends on other
m gates that are randomly selected from the unitary 2-design,
=T G!

tal implementations, there is a d"-dimensional unitary op-

where G, | m+1 For undesirable experimen-

erator Ug, with eigenvalues elb6k for 0g,x € [—m, 7] and
ke {l,...,d"}, which satisfy
m+1
Gy w1 = U, H " (51)

where Zgn:l Oc, x = 0. For SPAM, there is a d"-dimensional
unitary operator Uspam, Wwith eigenvalues elfspamsik for

Ospam, x € [—7, ] and k € {1,...,d"}, which satisfy

Ef = Useam,|W0) (W0 Ugpaw, (52)
where E|“]; ¥ is the s-th sequence of measurement with a fixed

input state |yp) and Zk:1 Ospam, k = 0. Then, we obtain

Tr [EW/O) o 1m 1 s, m10+ -0 Gy 10 Asy 1 ([ Wo) (Wol)
= (W0|Udpan, Us, H Gy,.ilAsii (|W0) (Wol)
i=m+1
xHAT JGL. UG Useam, | ¥o). (53)

Let U; be the total unitary error, such that
Us = USTPAMJ U, (54)

with eigenvalues ei®« = ¢! (66 k= Ospams k) for Ok € [—m, 7]
and k € {1,...
impact factor of unitary error ¥, 337! can be written as

d" i6, k 2 n
T (0) | +d” ’(Zkle ‘) ‘*d
Y= d2n +dn = d2n +dn : (55)
It is obvious that % < 1. Our approach is to provide

a lower bound on (ZZ”ZI ei95=k)2.

,d"}. Thus, the corresponding average fidelity

We assume that 6; =
maxge(y,.. 4} |Os.k|- Then, we assume that 6; | = 6; and 0, =
—0,/(d"—1)forallke {2,...
imize Y. We can verify this result by implementing a pertur-
bation 66, i.e.,

,d"}. This assumption can min-

. . . . 2
eles_~_(d11_3) e—1%+e—1(ﬁ—»§1+69)+e—1(%—60)
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. s ' 2
= {eleﬁ' +(d"-3) e iatT e it (2+529)}

i6; n __ 7ina+ 2
>le'™+(d"—1)e 1| | (56)
For large d and n, we obtain

. . 2
[ei® 1 (@ 1) e ]

0 0 2
i6s d"—1 1—i S
v (i)
= [cos O +d" — 141 (sin 6, — 6,)]*

> [d" — (1—cos6,))*. (57)

Q

Then, we have

i6 n 1y e—igf 1 L
e (d"—1)e 'a-1| |+d

Y = d2n +dn
[d" — (1 —cos 6,)]* + d"
d2n+dﬂ
2(1—cos@,) (2—cos@,)’—1

=1-

dan d2n + g (58)

Using the unitary 2-design to twirl the channels, we obtain

m+1
At 2.6y (P0) = T a5,.5%As1.1 (Po)
=2

m+1 Hdn
|\ =Tl a5 ) e 69
j=2

with the fixed input density operator pp = |yp)(yp| in a d"-
dimensional Hilbert space and strength parameters gy, ;. Then,
the average fidelity for z-copies of sequences can be written as

4

_ 1
F (AuHaaertacs(erl)) = H { {Tr I:E‘W0>A5111 (PO)] + d"}

s=1

m+1 1
X%Hqs_,ﬁdn}. (60)

Jj=2

We now numerically analyze the average fidelity of (m+
1)-stage noise circuits with unitary errors using the unitary
2t-design by considering ¢ copies single-qubit noise mod-
els. We provide an example that the average fidelity of each
single-qubit noise model is 0.99488 and its deviation range
is (1073,107%).
that correspond to rotations. The unitary error is Hamilto-

We assume time-dependent unitary errors

nian in d"-dimensional Hilbert space with eigenvalues e % for
0 € [—m, x| and k € {1,...,d"}. For trace-preserving noise,
the unitary error satisfies Zzn:] 6, =0.

For the convenience of comparison, we make the follow-
ing assumptions.

(1) Assume |6|, k € {1,...,d" — 1} uniformly random
chosen from (1073,10~#) with random positive and negative
signs;

(2) Let 6,0 = _ZZ":—II O and Omax = maxye(l,...dm} 3E

(3) Let 6] = 1046, / Omax.

Note that the above assumption ensures that the maxi-
mum eigenvalue of the unitary error is 10~*. Numerical values
for the average fidelity are shown in Fig. 7. Our first order av-
erage fidelity estimation of weakly time-dependent and gate-
independent noise satisfies the results of data analysis.

1072
107*r
107%¢
1078¢
10710}
10712}
10t

10—16 |

F (AMHaar72t7Gs(m,+l)) - ﬁ

10—18 |

e numerics

10-20| curve fitting

first order

1022 , , , ,
0 200 400 600 800
Sequence length m

1000

Fig. 7. Average fidelity of the (m + 1)-stage noise circuit. In this exam-
ple, we assume d =2, n = 1, and ¢ = 6 since the noise model is unital.
The blue line is the curve fitting 1.054 x 0.9525™. The green dotted
line is the estimation of average fidelity in the case of gate-independent
and weakly time-dependent noise with the lower bound on the average
fidelity impact factor of the unitary error.

5. Conclusion

In this work, we have presented a first systematic anal-
ysis of the average fidelity estimation using the unitary 2z-
design for the twirling of noises. We provide a basic model
using the unitary 2z-design to twirl a noise channel. It effi-
ciently estimates the average channel fidelity if we can im-
plement an exact unitary 27-design. We also present a model
of (m+ 1)-stage sequence of noise channels using the unitary
2t-design to estimate the average channel fidelity. It can be
recognized as the average gateset fidelity estimation for quan-
tum circuit using a benchmarking protocol, which requires se-
lecting a sequence of randomly selected gates from the uni-
tary 2¢t-design. We analyze such cases of the gate-independent
and time-independent noise, weakly gate-dependent and time-
independent noise, and gate-independent and weakly time-
dependent noise. For the time-dependent noise, the method of
moment superoperator plays an important role in noise anal-
ysis in different times of experiments. Finally, we provide a
bound on the unitary error caused by non-ideal experimental
implementations and SPAM.

Although much insight into the application of unitary de-
signs has been obtained, many questions remain unresolved
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as interesting open problems, such as the construction of uni-

tary 2¢-designs or the errors produced by pseudo-randomness

of the benchmarking protocol.
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