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The current–phase relations of a ring-trapped Bose–Einstein condensate interrupted by a rotating rectangular barrier
are extensively investigated with an analytical solution. A current–phase diagram, single and multi-valued relation, is
presented with a rescaled barrier height and width. Our results show that the finite size makes the current–phase relation
deviate a little bit from the cosine form for the soliton solution in the limit of a vanishing barrier, and the periodic boundary
condition selects only the plane wave solution in the case of high barrier. The reason for multi-valued current–phase relation
is given by investigating the behavior of soliton solution.
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1. Introduction
The current–phase relation plays an important role to ex-

plore the basic properties and their applications for superfluids
or superconductors with a weak link.[1–3] While it is not easy
to implement this relationship in superconductor or super-
fluid circuits,[4–6] some recent experimental progress[5,7–12]

has been made towards realizing a ring-type trap and a repul-
sive rotating barrier (weak link) for ultra-cold atoms, which
have inspired relative investigations. In particular, the current-
phase relations were experimentally measured in Ref. [12].

Although extensive theoretical works have been done
on this ring-trapped Bose–Einstein condensate (BEC)
system,[13–23] there is little analytical investigation that has
explored its properties in depth. In Ref. [24], the analytical
solutions were used to describe the phase transitions by chang-
ing the strength of interaction or the frequency of rotation in a
homogeneous ring trapped BEC. The current–phase relations
of a BEC through a static barrier were analytically studied in
Ref. [6], by considering an open boundary condition and an
infinity size.

Novel phase transitions have been predicted in Ref. [25],
with the help of an analytical solution for the ring-trapped
BEC with a rotating weak link. A parity symmetry breaking
between two topological phase states was suggested by chang-
ing the barrier height V crossing a critical value Vc. Mean-
while, a discontinuous phase transition was predicted through
hysteresis with changing the velocity of the barrier. Mean-
while, the current–phase relations of this system have not yet
been investigated.

In this manuscript, we will explore the properties of the
current–phase relations of a ring-trapped BEC interrupted by
a rotating rectangular barrier with the analytical solutions in
Ref. [25]. The effects of the periodic boundary condition and
the finite size of the ring on the current–phase relations will
be discussed. A new current–phase diagram is presented with
rescaled barrier height and width. Finally, a reasonable rea-
son for understanding the experimental linear current–phase
relation reported in Ref. [12] is given.

2. Model and stationary solutions
We consider a ring-trapped BEC at ultra-low temperature

stirred by a rotating barrier with the velocity v, similarly with
experimental cases in Refs. [11] and [12]. This problem can
be well-described by the one-dimensional Gross–Pitaevskii
equation (GPE) with the periodic boundary condition.[17,21–23]

In the rotating frame, moving with the barrier, the 1D time-
independent dimensionless GPE is(

−1
2

∂ 2

∂x2 + iv
∂

∂x
+V (x)+η |Ψ(x)|2

)
Ψ(x) = ℰΨ(x), (1)

where the energy and length are measured in units of h̄2/mL2

and the perimeter of the ring L, respectively. ℰ is the chemical
potential. In Eq. (1), the effective nonlinearity is defined as
η = 4πNasL, where N is the atom number and as is the effec-
tive 1D s-wave scattering length. In the following, we are only
concerned with the case in one period, x ∈ [−1/2,1/2]. The
barrier in the rotating frame is described as

V (x) =
{

V, 0 ≤ |x| ≤ d/2,
0, d/2 ≤ |x| ≤ 1/2, (2)
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where V > 0 and d is the width of the barrier.
The wave function can be expressed as Ψ(x) =√

ρ(x)e iθ(x). Substituting this expression into Eq. (1), we get
the relation between the phase θ(x) and the density ρ(x)

θ(x) = vx+
∫ j

ρ(x)
dx, (3)

with the current j, and the equation of ρ(x) satisfying

2ρρ
′′−ρ

′2 −4 j2 −8ηρ
3 −8(V (x)−µ)ρ

2 = 0, (4)

where µ = ℰ+v2/2. The density can be written in terms of Ja-
cobi elliptical Sine function, such as ρ(x) = A+A1 SN2(kx+
δ ,m),[26–28] where the parameter m is the function of the un-
known parameters A, k, and j. For given V , v, and η , the
current j and unknown parameters (A, k, and δ ) can be numer-
ically found by considering the continuity, periodic boundary,
and normalization conditions for the density. More details can
be found in the Supplemental Material of Ref. [25]. With these
parameters, we find all possible stationary solutions, the plane
wave solutions (PW) and the soliton solutions (SL), and we
can then study the relationship between the current ( j) and the
phase difference (γ), defined in Eq. (6).

First, it is helpful to note that the periodic boundary con-
dition for the phase θ(x) is θ(1/2)−θ(−1/2) = 2πℓ, where
ℓ is the winding number. Considering Eq. (3), the periodic
boundary condition can be explicitly written as

v+
∫ 1/2

−1/2

j
ρ(x)

dx = 2πℓ. (5)

It should be pointed out that the parameters v and ℓ do not
appear in other conditions mentioned above but only in the
periodic boundary condition (5). So, if ρ(x) is the station-
ary solution for given v and ℓ, then it will also be the solution
for v′ = v+ 2nπ and ℓ′ = ℓ+ n, where n is an arbitrary in-
teger. Therefore, we have a period-like structure for µ with
respect to v and ℓ, shown in Fig. 1. To compare with the exist-
ing (theoretical[6] and experimental[12]) results, we have intro-
duced two quantities, µ0 = η and ξ0 = 1/

√
2µ0, which stand

on the chemical potential and the corresponding healing length
for PW solution with V = 0, v = 0, and ℓ= 0. In the following
calculation, we re-scale the height (V ), the value of µ , and the
width (d) of barrier with µ0 and ξ0, respectively.

As shown in Fig. 1, there exist two kinds of stationary
solutions, which are called PW and SL solutions in Ref. [25],
for a given winding number ℓ. Wherein, the PW solutions for
ℓ = 0 (solid lines) can be found in a lager range for |v| ≤ vc1,
while the SL solutions (dashed lines) can only survive for
vc ≤ |v| ≤ vc1. The value of vc1 can be reduced to vc = π

(in our case) by increasing the barrier height to Vc, which in-
dicates a continuous phase transition in Ref. [25]. For ℓ = 0
state, when increasing the barrier velocity from zero to vc1, the

PW state is driven to a higher energy state (larger value of µ)
along the black solid curve with triangles, and will suddenly
drop to a lower energy state with ℓ= 1, along the dash-dotted
arrow line in Fig. 1. This kind of transition is suggested as one
kind of discontinuous phase transition in Ref. [25]. By de-
creasing the barrier velocity to v = 2π −vc1, the PW state with
ℓ= 1 will be driven inversely along the red solid line with cir-
cles, and then jump to the lower energy state with ℓ= 0. This
finishes one complete hysteresis process, as experimentally re-
ported in Refs. [11] and [12]. Therefore, the range between vc

and vc1 denotes the area of hysteresis, which has been experi-
mentally proven by adjusting the barrier height V in Refs. [11]
and [12], and explained theoretically in Ref. [25].

-2π 2π

2π−vc

4π0

1.3

1.2

1.1

1.0

v/↼h/mL↽

µ
/
µ
0

vc

l/↩ l/ l/

Fig. 1. The relation between µ and v with V = 0.7µ0, η = 100, d = 0.05≈
0.7ξ0, and various winding numbers ℓ. The values of µ for PW solutions
are plotted in solid lines with symbols, while those for SL solutions are
plotted in dashed lines. The dash-dotted arrow lines indicate the discon-
tinuous phase transition between two states with ℓ= 0 and ℓ=±1.

3. Current–phase relation
The current–phase relation plays an important role in un-

derstanding the properties of this system. This offers a good
opportunity to explore more details on this relation with the
help of all possible obtained stationary solutions (PW and SL).
Some phase profiles, defined by Eq. (3), have been plotted in
Fig. 2 with various rotating velocity v. Starting from v = 0,
PW solutions have the zero current and zero phase difference.
With increasing v, BECs get a negative current, which means it
flows along the opposite direction with rotating barrier. In this
way, a phase difference is accumulated by different ways on
the two sides of the barrier. This phase difference for PW so-
lution increases monotonously with increasing v. On the other
hand, the behavior of the phase difference for SL solution is
quite different and will decrease from π with increasing v from
vc. A simple monotonous decreasing behavior can be found
for a narrow barrier (d < 9.2ξ0, see Fig. 2(a) and Fig. 3), and
more complex one for a wide barrier (d > 9.2ξ0, see Fig. 2(b)
and Fig. 4). In Fig. 2(a) (d ∼ ξ0), a monotonous decreasing
behavior can be read from the black solid curve (v = vc), the
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red dashed line (v = 6.5 < vc1 ≈ 7.43) to the green dash-dotted
line (v = vc1) with increasing v, and finally the phase profile of
SL solution matching with the one for PW solution at v = vc1.
While, in Fig. 2(b) (d = 20ξ0), the phase difference is increas-
ing firstly from the black solid curve (v = vc) to the blue dotted
line (v = 48.5 < vc1 ≈ 49.94), and then decreasing to the green
dash-dotted line (v = vc1). So for SL solutions, the phase dif-
ference does not show monotonous relation with v (this can
also be seen in the following current–phase relation).

-0.5 0

PW
PW
PW

0.5

x/L

-0.5 0 0.5

x/L

π/2

−π/2

θ(
x
↽

π/2

−π/2

θ(
x
↽

(b)

(a)

v/
v/.
v/vc

SL
SL
SL

v/vc
v/.
v/vc

PW
PW
PW

v/
v/
v/vc

SL
SL
SL
SL

v/vc
v/
v/.
v/vc

γ

Fig. 2. Examples of the phase profiles for ℓ = 0 and various velocity v
with V = 0.7µ0, η = 100, d = 0.05 ≈ 0.7ξ0 in panel (a) and V = 0.6µ0,
η = 80000, d = 0.05 = 20ξ0 in panel (b). The grey region is the position
of the barrier.

In Ref. [6], under the open boundary condition, the phase
difference is defined by renormalizing the phase difference ac-
cumulated between the boundaries x =±∞ with the one by the
a plane wave with the same boundary conditions in absence of
a barrier. A finite size and periodic boundary condition, in the
ring-trapped BEC system, make this definition does not work.
Inspired by Ref. [12], our phase difference, shown as an arrow
in Fig. 2(a), is defined as the intercept difference between two
tangent lines at x = ±1/2 of the phase profile. Considering
the phase definition (3) and the geometrical relationship, the
phase difference can be explicitly written as[25]

γ = 2πℓ−
[

v+
j

ρ(1/2)

]
. (6)

It is easy to see that the current–phase relations performs a pe-
riodic behavior with different ℓ due to the periodic boundary
condition (5). In the following, we will focus on the case of
ℓ= 0.

0

10

5

0
π

γ

0 π

γ

j/
↼h
/
m
L

↽

60

30

1

0

j/
↼h
/
m
L

↽

(b)

(a) V/
V/.7µ0
V/µ0
V/.µ0

V/
V/.16µ0
V/.µ0
V/.µ0
V/µ0

Fig. 3. The current–phase relations for various barrier height V with η =
100 and d = 0.05 ≈ 0.7ξ0 in panel (a), and η = 5000 and d = 0.05 = 5ξ0
in panel (b). Here the current–phase relations for PW solutions are plot-
ted in solid lines, while the current–phase relations for SL solutions are
plotted in dashed lines. Red triangles indicate the positions of (γc1, jc1).

Following Ref. [6], a clear relationship between the cur-
rent j and the phase difference γ (defined by Eq. (6)) can be
explored with re-scaled V with µ0, and d with healing length
ξ0. A simple monotonous (single value) behavior of PW and
SL solutions has been shown in Fig. 3 with narrow barriers (a)
with d ≈ 0.7ξ0 and (b) with d = 5ξ0; while, a complex one
(multi-value) is in Fig. 4 with a wider barrier d = 20ξ0. In
Figs. 3 and 4, each curve j(γ) constitutes with solid (PW) and
dashed (SL) lines, corresponding to a given barrier height (V ).
The match point of PW and SL is denoted as (γc1, jc1) (red
triangles in Figs. 3 and 4), which indicates a kind of discon-
tinuous phase transition at v = vc1.[25] It is easy to see that the
match point (γc1, jc1) is not the maximum one in the current–
phase curve, different from the case of Ref. [6].

By increasing V for a given η , the values of jc1 and vc1

will decrease. In the limit of high barriers, where a few times
of µ0 are considered in Fig. 3 and Fig. 4 (see the cyan solid
lines), only PW solution survives with jc1 = 0 and γc1 = π ,
where vc1 = vc and the hysteresis disappears. It is because
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that the periodical condition does not allow SL solution exist
under this condition, different from Ref. [6]. Meanwhile, the
current–phase relation for PW solution, now satisfies a sinu-
soidal form, j ∝ sin(γ), and was called the one in Josephson
regime in Ref. [6]. Furthermore, a finite size effect can be eas-
ily read from the limit of vanishing barrier V = 0. Increasing
the value of nonlinear parameter η is equivalent with increas-
ing the size L compared with ξ0. In our case, this means that
L = 14ξ0 in Fig. 3(a), L = 100ξ0 in Fig. 3(b), and L = 400ξ0

in Fig. 4. The relation of j ∝ cos(γ/2) for SL solution, can be
numerically proved for large size in Figs. 3(b) and 4, similar
to Ref. [6], but a deviation from the cosine form can be found
in Fig. 3(a).

0

0.34
0

300

200

100

π

π

γ

2 4

γγ

j/
↼h
/
m
L

↽

40

20j/
↼h
/
m
L

↽

200

100

j/
↼h
/
m
L

↽

V/
V/.01µ0
V/.µ0
V/.µ0
V/.µ0

(b)

(a)

(c)

V/.µ0 V/.µ0

Fig. 4. The current–phase relations for various barrier height V with
η = 80000 and d = 0.05 = 20ξ0. The curves in panels (b) and (c) show
more details about type I and type II of multi-valued current–phase rela-
tions. Here, the current–phase relations for PW (SL) solutions are plotted
in solid (dashed) lines. The red triangles have the same meaning as those
in Fig. 3.

The reason for the multi-valued situation, which is also
called as re-entrant current–phase relation,[6] is due to the
SL solution. Once the barrier is wide enough, in our case
d > 9.2ξ0 (see the blue and yellow regions in Fig. 5), a soli-
ton is localized completely within the barrier. As suggested
in Ref. [6], the phase accumulated from the peak of SL and
from the flat tail is different. The competition between these
two parts makes this kind of behavior complex. A large phase
difference γ (over π) can be found only in this wide barrier.
As shown in Fig. 3, two possible behaviors are found, called
as Type I (Fig. 4(b)) and type II (Fig. 4(c)). For Type I, the
curve may have two values of j at the same γ , while it may
have three values for Type II.

To show the current–phase relation more clearly, a phase
diagram with the rescaled barrier height (V/µ0) and width
(d/ξ0) is presented in Fig. 5, which is obtained by adjusting
nonlinear parameter η (equivalent to modify d/ξ0) and barrier
height V , by keeping d = 0.05. A large single-valued regime
is divided by a curve (blue rhombus) with j = 0 at v = vc for
PW solution. The sinusoidal regime is also called as Joseph-
son regime, wherein the barrier is higher. Since vc1 = vc, the
area of hysteresis is zero in this regime. It is interesting to note
that its border also stands for the critical Vc in the continuous
phase transition suggested in Ref. [25]. The borders of multi-
valued Type I and II are simply fixed by their definitions by
scanning V .

0 5 10

2.0

1.5

1.0

0.5

0
15 20

sinusoidal form

single-valued

multi-valued

type I

d/ξ0

V
/
µ

0

type II

Fig. 5. The phase diagram of the current–phase relation with the ratios of
V/µ0 and d/ξ0.

Finally, we would like to mention the comparison be-
tween our analytical results and the experimental results re-
ported in Ref. [12], wherein a straight line relation between
the current j and phase difference γ was found in the case of
d = 20ξ0 ≈ 0.04L and V = 0.6µ0. To compare with it,[12]

we simply make d = 0.04, η = 130000, V = 78000 = 0.6µ0,
and ℓ= 0, which makes our system have the same conditions.
Without any fitting, we plot the experimental results in Fig. 6
as light blue dots and the analytical result as a blue solid line.
The obvious deviation from the experimental results can be
seen. One of the reasons is the fact that the experiment is
not in the one-dimensional regime and not in zero tempera-
ture. The recent experiment about the area of the hysteresis
loops in the ring-trapped BEC has shown a strong temperature
dependence.[29] Lower temperature and better consistency can
be found between the experimental results and the GPE re-
sults. However, we think the loss of the total atomic number
may be another reason. The loss of the atomic number means
the decrease of η , because the nonlinearity η is proportional
to the atomic number N. As shown by the red dashed line in
Fig. 6, a proper decrease of η (about 20% considered accord-
ing to the experiment[11]) is helpful to make a good agreement
with the experimental data. This confirms our conjecture.

010303-4



Chin. Phys. B Vol. 28, No. 1 (2019) 010303
j/
↼I


h
/
m
L

↽

2

0

-2
-2 -1 0 1 2

experiment data

η=130000

η=100000

γ

Fig. 6. Comparison with the experiment data, with d = 0.04, V = 78000,
ℓ = 0, and different η . I0 is a constant in Ref. [12] and equals 2πρ(1/2)
in our case.

4. Conclusion
With the help of analytical solutions of the one-

dimensional Gross–Pitaevskii equation of a ring-trapped BEC
flowing through a rotating rectangular barrier, its current–
phase relations j(γ) are extensively investigated. The hys-
teresis in Refs. [11] and [12] can be understood in the point
of view of analytical solutions. The phase diagram for the
current–phase relations are shown with the ratios of V/µ0 and
d/ξ0. Except for the normal Josephson regime, more interest-
ing regimes, such as single and multi-valued region, are ex-
plored. Some special features induced by the periodic bound-
ary condition and finite size are pointed out. For example, the
periodic boundary condition makes only PW solution survival
and the hysteresis disappears once V is large enough. Finally,
the good consistency with the experimental results after con-
sidering the loss of atomic number hints that our analytical
results may play a crucial role to understand the relative ex-
perimental results.
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