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A note on “Lattice soliton equation hierarchy and associated
properties”∗

Xi-Xiang Xu(徐西祥)† and Min Guo(郭敏)

College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao 266590, China

(Received 21 August 2018; revised manuscript received 1 November 2018; published online 12 December 2018)

We demonstrate that the new hierarchy of integrable lattice equations in Chin. Phys. B 21 090202 (2012) can be
changed into the integrable lattice hierarchy in Chin. Phys. B 13 1009 (2004) by using a very simple transformation.
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In Ref. [1], the authors claimed that a new hierarchy of in-
tegrable lattice equations is deduced, that is, the hierarchy (9).
In this note, we will demonstrate that this ‘new’ hierarchy of
integrable lattice equations is in fact not new and may be ob-
tained from the integrable lattice hierarchy (12) in Ref. [2]
through a very simple transformation.

For a lattice function fn = f (n), the shift operator E and
the inverse of E are defined as

E fn = fn+1, E−1 fn = fn−1, n ∈ Z.

In Ref. [1], the authors introduced the discrete matrix spectral
problem

Eψn =Un(un,λ )ψn,

Un(un,λ ) =

(
λ

qn

pn
pnλ 1+qn

)
, (1)

where pn, qn are potentials, pn = p(n, t), and qn = q(n, t). For
any integer m,

Γ
(m)

n =
m

∑
i=0

(
a(i)n λ

m−i b(i)n λ
m−i

c(i)n λ
m−i+1 −a(i)n λ

m−i

)
. (2)

Using the discrete zero curvature representation

Untm = Γ
(m)

n+1Un−UnΓ
(m)

n ,

the following integrable lattice hierarchy is deduced:

untm =

(
pn
qn

)
tm
=

 qnb(m+1)
n

1+qn
− pnc(m+1)

n+1
qn(1+qn)

−c(m+1)
n+1

 , (3)

here the initial data a(0)n = 1/2, b(0)n = 0, c(0)n = 0, and the re-
cursion relations (m≥ 1)

(a(m+1)
n+1 −a(m+1)

n )+qnb(m+1)
n+1 −

(
pn +

pn

qn

)
c(m+1)

n = 0,

(
pn +

pn

qn

)
(a(m)

n+1 +a(m)
n )+(1+ pn + pnqn)b

(m)
n+1

−b(m+1)
n = 0,

c(m)
n+1−qn(a

(m)
n+1 +a(m)

n )− (1+ pn + pnqn)c
(m)
n = 0. (4)

The typical lattice system in hierarchy (3) is

pn,t1 =
qn pn+1(1+qn+1)(1+ pn)

qn+1(1+qn)
− pnqn−1

qn(1+qn)

− (1+qn)p2
nqn−1

qn
,

qn,t1 = pn+1q2
n +

pn+1

qn+1
q2

n−qn−1. (5)

In Ref. [2], we presented the discrete spectral problem

Eφn =

(
λ λ p̃n

q̃n 1+ p̃nq̃n

)
φn, (6)

where p̃n, q̃n are the potentials, p̃n = p̃(n, t), and q̃n = q̃(n, t).
We set

Γ̃
(m)

n =
m

∑
i=0

(
A(i)

n λ
m−i B(i)

n λ
m−i

C(i)
n λ

m−i+1 −A(i)
n λ

m−i

)
. (7)

By means of the discrete zero curvature representation

Untm = Γ̃
(m)

n+1Un−UnΓ̃
(m)

n ,

we obtain

p̃ntm = p̃nA(m)
n + p̃nq̃nB(m)

n+1 +B(m)
n+1 + p̃n = B(m+1)

n , m≥ 0,

q̃tm = −q̃nA(m)
n+1− q̃nA(m)

n − p̃nq̃nC(m)
n −C(m)

n

= −C(m+1)
n+1 , m≥ 0, (8)
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with

A(0)
n = 1/2, B(0)

n = 0, C(0)
n = 0,

A(m+1)
n+1 + q̃nB(m+1)

n+1 −A(m+1)
n − p̃nC(m+1)

n = 0, m≥ 0,

−B(m+1)
n + p̃nA(m)

n + p̃nq̃nB(m)
n+1 +B(m)

n+1 + p̃nA(m)
n+1 = 0,

m≥ 0,

C(m+1)
n+1 − q̃nA(m)

n+1− q̃nA(m)
n − p̃nq̃nC(m)

n −C(m)
n = 0,

m≥ 0. (9)

When m = 1, the typical lattice system in hierarchy (8) is{
p̃nt1

= p̃n− p̃2
nqn−1,

q̃t1 = q̃2
n pn+1− q̃n−1.

(10)

Remark 1 To show clarity, p, q in Ref. [2] have been
replaced by p̃n, q̃n, respectively. For i ∈ Z, A(i)

m , B(i)
m , C(i)

m in
Ref. [2] have been replaced by A(m)

n+i, B(m)
n+i, C(m)

n+i, respectively.
Proposition 1 Under the transformation between two sets

of potentials

p̃n = pn +
pn

qn
, q̃n = qn, (11)

we can obtain 
A(m)

n = a(m)
n , m≥ 0,

B(m)
n = b(m)

n , m≥ 0,
C(m)

n = c(m)
n , m≥ 0,

(12)

and the integrable hierarchy (3) is changed into the integrable
hierarchy (8).

Proof We use the mathematical induction. When m = 1,
it is obvious that equation (12) holds. For natural number N,
we assume

A(N)
n = a(N)

n , B(N)
n = b(N)

n , C(N)
n = c(N)

n .

Then we have

A(N+1)
n = (1−E)−1(q̃nB(N+1)

n+1 − p̃C(N+1)
n )

= (1−E)−1(q̃nE(p̃nA(N)
n + p̃nq̃nB(N)

n+1

+B(N)
n+1 + p̃nA(N)

n+1))− (p̃n)E−1(q̃nA(N)
n+1

+ q̃nA(N)
n + p̃nq̃nC(N)

n +C(N)
n )

= (1−E)−1
{(

qnE
[(

pn +
pn

qn

)
a(N)

n

+

(
pn +

pn

qn

)
qnb(N)

n+1 +b(N)
n+1 +

(
pn +

pn

qn

)
a(N)

n+1

])}
−
(

pn +
pn

qn

)
E−1

(
qna(N)

n+1 +qna(N)
n

+

(
pn +

pn

qn

)
qnc(N)

n + c(N)
n

)
= (1−E)−1(a(N+1)

n −a(N+1)
n+1 ) = a(N+1)

n ,

B(N+1)
n = p̃nA(N)

n + p̃nq̃nB(N)
n+1 +B(N)

n+1 + p̃nA(N)
n+1

=

(
pn +

pn

qn

)
a(N)

n +

(
pn +

pn

qn

)
qnb(N)

n+1 +b(N)
n+1

+

(
pn +

pn

qn

)
a(N)

n+1 = b(N+1)
n ,

C(N+1)
n = E−1C(N+1)

n+1

= E−1(q̃nA(N)
n+1 + q̃nA(N)

n + p̃nq̃nC(N)
n +C(N)

n )

= E−1
(

qna(N)
n+1 +qna(m)

n +

(
pn +

pn

qn

)
qnc(N)

n + cN
n

)
= E−1c(N+1)

n+1 = c(N+1)
n .

According to Eqs. (11) and (12), the integrable lattice hier-
archy (3) is changed into the integrable lattice hierarchy (8).
Specifically, according to the transformation (11), system (5)
is changed into integrable lattice system (10). The proof is
completed.

Furthermore, in the theory of continuous integrable sys-
tems, various explicit solutions of integrable equations have
been studied, for instance, abundant lump solutions and inter-
action solutions.[3–6] Various explicit solutions of the lattice
equation (10) can also be discussed. These results will appear
in later papers.
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