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We demonstrate that the new hierarchy of integrable lattice equations in Chin. Phys. B 21 090202 (2012) can be
changed into the integrable lattice hierarchy in Chin. Phys. B 13 1009 (2004) by using a very simple transformation.
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In Ref. [1], the authors claimed that a new hierarchy of in-
tegrable lattice equations is deduced, that is, the hierarchy (9).
In this note, we will demonstrate that this ‘new’ hierarchy of
integrable lattice equations is in fact not new and may be ob-
tained from the integrable lattice hierarchy (12) in Ref. [2]
through a very simple transformation.

For a lattice function f,, = f(n), the shift operator E and
the inverse of E are defined as

Efn = fi’l+17 Eilfn = fnfly

In Ref. [1], the authors introduced the discrete matrix spectral

nel.

problem

Ey, = Un(uml)l//nv

2 I
Un(unal) = ( pn > 9 (1)
pad 14+¢qn

where p,, g, are potentials, p, = p(n,t), and g, = g(n,t). For
any integer m,
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Using the discrete zero curvature representation

Uy, =L"U, — U™,

M n+l1=n

the following integrable lattice hierarchy is deduced:
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here the initial data a,(lo) =1/2, bSLO) =0, CE,O) = (0, and the re-
cursion relations (m > 1)
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The typical lattice system in hierarchy (3) is
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In Ref. [2], we presented the discrete spectral problem

A Apn )
E¢, = , 6
o (%1+m% o ©
where p,, G, are the potentials, p, = p(n,t), and G, = §(n, ).
We set
(1) 4 m—i (8) 4 m—i
~m) _x~ [ An'A By’
L = z:ZO < Cr(lir)llm—i-&-l 7255)1111—1’ : )

By means of the discrete zero curvature representation

Unrm = I:r‘,g»n]) UVZ - Unlz;l('n) )
we obtain
ry = 5uAS" 4 BudnB"™ + B, + py = B, m >0,
qtm = _q~nA,(1’1>1 - anl(’lm> - ﬁrzqncigm> - Cr(zm)
=Y, m>o, ®)
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with
=172, BY=0, Y=o,
A 4 g B At et — 0, m >0,
—B" ™ 1 5, A" + 5B, +B,<1 "+ A" =0,
m>0,
C) =gl — Al — g G — " <o,
m>0. )

When m = 1, the typical lattice system in hierarchy (8) is

p:ntl :~fn _pNI%qiflv (10)
quy = 9yPn+1 —4n—-1-

Remark 1 To show clarity, p, ¢ in Ref. [2] have been
replaced by p,, g, respectively. For i € Z, AS,I;), ﬁ,?, c,ﬁ? in
Ref. [2] have been replaced by A; +)1> ,(1 +)w Cr(l +Z, respectively.

Proposition 1 Under the transformation between two sets

of potentials
Po=pat 2t Gi=aqn, (11
4dn
we can obtain
A =a", m>o,
B =p", m>o0, (12)

r(lm) = Cglm)a m> 07

and the integrable hierarchy (3) is changed into the integrable
hierarchy (8).

Proof We use the mathematical induction. When m = 1,
it is obvious that equation (12) holds. For natural number N,
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Then we have
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According to Egs. (11) and (12), the integrable lattice hier-
archy (3) is changed into the integrable lattice hierarchy (8).
Specifically, according to the transformation (11), system (5)
is changed into integrable lattice system (10). The proof is
completed.

Furthermore, in the theory of continuous integrable sys-
tems, various explicit solutions of integrable equations have
been studied, for instance, abundant lump solutions and inter-
action solutions.-%! Various explicit solutions of the lattice
equation (10) can also be discussed. These results will appear
in later papers.

References

[1] Zheng X Q and LiuJ Y 2012 Chin. Phys. B 21 090202

[2] Ding HY, Xu X X and Z X D 2004 Chin. Phys. B 13 125

[3] Ma W X and Zhou Y 2018 J. Differ. Equations 264 2633

[4] Chen S T and Ma W X 2018 Front. Math. China 13 525

[5] Ma W X 2018 J. Geom. Phys. 133 45

[6] YangJY,MaW X and Qin Z'Y 2018 Anal. Math. Phys. 8 42

010202-2


http://dx.doi.org/10.1088/1674-1056/21/9/090202
http://dx.doi.org/10.1088/1009-1963/13/2/001
http://dx.doi.org/10.1016/j.jde.2017.10.033
http://dx.doi.org/10.1007/s11464-018-0694-z

	References

