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From a two-vortex interaction model in atmospheric and oceanic systems, a nonlocal counterpart with shifted parity
and delayed time reversal is derived by a simple AB reduction. To obtain some approximate analytic solutions of this
nonlocal system, the multi-scale expansion method is applied to get an AB-Burgers system. Various exact solutions of the
AB-Burgers equation, including elliptic periodic waves, kink waves and solitary waves, are obtained and shown graphically.
To show the applications of these solutions in describing correlated events, a simple approximate solution for the two-vortex
interaction model is given to show two correlated dipole blocking events at two different places. Furthermore, symmetry
reduction solutions of the nonlocal AB-Burgers equation are also given by using the standard Lie symmetry method.
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1. Introduction
Interest in nonlocal systems has been on the rise since

Ablowitz and Musslimani[1] in 2013 introduced a nonlocal
Schrödinger (NLS) equation

iqt(x, t) = qxx(x, t)±q(x, t)q∗(−x, t)q(x, t), (1)

with ∗ being the complex conjugate and q being a com-
plex valued function of the real variables x and t. The NLS
equation (1) is parity–time (PT) symmetric and found to be
an integrable infinite-dimensional Hamiltonian equation. Be-
sides, it has a Lax pair, infinitely many conservation laws
and can be solved by using the inverse scattering transfor-
mation (IST) method. Since then, a lot of nonlocal non-
linear systems have been studied,[2–7] including the nonlo-
cal Ablowitz–Ladik, nonlocal saturable discrete NLS, cou-
pled nonlocal NLS, nonlocal Korteweg–de Vries (KdV), non-
local modified KdV (mKdV) equations. In Ref. [8], new re-
verse in space and time or time alone nonlocal nonlinear inte-
grable equations were introduced by symmetry reductions of
general AKNS scattering problems, such as nonlocal nonlin-
ear Schrödinger, modified Korteweg–de Vries, sine-Gordon,
(1+1) and (2+1) dimensional three-wave interactions, deriva-
tive NLS, loop soliton, Davey–Stewartson (DS), partially PT
symmetric DS, and partially reverse space–time DS equations.

On the other hand, in the context of Alice–Bob (AB) sys-
tems, Lou et al. constructed many nonlocal systems with
shifted parity, charge conjugation, and delayed time reversal
by using AB–BA equivalence principle and P̂s–T̂d–C princi-
ple with various exact solutions being explicitly given.[9,10]

Among the various methods for solving nonlocal equations,

the function expansion method is very powerful in obtaining

different types of exact solutions, such as soliton solutions,

cnoidal wave solutions, soliton-cnoidal interaction solutions,

etc.[3,5,11] To give possible application of these solutions, in

Refs. [3], [5], and [9], two correlated dipole blocking events

in atmosphere were derived by using the multi-scale expan-

sion method.

The paper is organized as follows. In Section 2, a general

nonlocal Burgers equation with shifted parity and delayed time

reversal is derived by using the multi-scale expansion method

from a two-vortex interaction model, which is a special case

of the nonlinear inviscid dissipative and barotropic vorticity

equation in a β -plane channel. In Section 3, to give some

concrete exact solutions of the nonlocal Burgers equation, the

function expansion method is applied to obtain some kinds of

periodic wave solutions as well as soliton solutions. In Sec-

tion 3, a special approximate solution of the nonlocal two-

vortex interaction model is obtained and analyzed to give ap-

propriate explanation of two correlated blocking events, which

is an important large-scale weather phenomenon in mid-high

latitudes in the atmosphere. In Section 4, the nonlocal Burg-

ers equation is studied by using the standard Lie symmetry

method and the general forms of symmetry reduction solutions

are obtained as well as their corresponding symmetry reduc-

tion equations. The last section is devoted to a summary and

discussion.
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2. Derivation of a nonlocal Burgers equation
In the study of atmospheric and oceanic dynamical sys-

tems, there is a fundamental nonlinear, inviscid, nondissipa-
tive, and equivalent barotropic vorticity equation in a β -plane
channel

(∂t +u∂x + v∂y)(vx−uy−λ
2
0 ψ)+βψx = 0, (2)

where ψ is the stream function, u = −ψy and v = −ψx

are the two components of the dimensionless velocity, β =

(ω0/R0)cosφ0 is the Rossby parameter with the earth’s ra-
dius R0, the angular frequency of the earth’s rotation ω0, and
the latitude ϕ0, and λ0 is related to the Coriolis force f0, the
gravitational acceleration g, and the average height of the at-
mosphere through the relation λ0 = f0/

√
gHλ . When taking

β = 0 in Eq. (2), it reduces to the well-known Euler equation,
which has been extensively studied.[12,13] To study the inter-
actions among multiple vortices, by neglecting higher order
small interactions among different vertices, Jia et al. estab-
lished a simplified model[14]

ωi = ψixx +ψiyy, (3)

ωit +[ψi,ωi]+ ε

N

∑
j 6=i

[ψi,ω j]−C
N

∑
j=1

[ωi,ω j]+βψix = 0, (4)

where [ψi,ω j], j 6= i denotes the i– j-th stream–vorticity (SVI)
interactions and [ωi,ω j] denotes the i– j-th vorticity–vorticity
interactions (VVI). C represents the strength of VVI, and ε is
a small parameter introduced by considering that the SVI be-
tween two faraway (both in space and time) vortices should be
small. For the special case of N = 2 in Eqs. (3) and (4), they
are changed to

ωi = ψixx +ψiyy, i = 1, 2, (5)

ω1t +[ψ1,ω1]+ ε[ψ1,ω2]−C[ω1,ω2]+βψ1x = 0, (6)

ω2t +[ψ2,ω2]+ ε[ψ2,ω1]−C[ω2,ω1]+βψ2x = 0, (7)

which describes the two-vortex interaction. The correspond-
ing nonlocal system can be obtained by the following AB re-
duction

ψ2 = P̂x
s T̂dψ1 = ψ1(−x+ x0,y,−t + t0), (8)

ω2 = P̂x
s T̂dω1 = ω1(−x+ x0,y,−t + t0). (9)

To derive a nonlocal Burgers type equation from Eqs. (5)–(9),
according to the multi-scale expansion method, the following
long wave approximation assumption is assumed:

ξ = ε(x− c0t), τ = ε
2t, (10)

where ε is a small parameter, and c0 is an arbitrary constant.
The stream function ψ1 can be expanded as

ψ1 =−c0y−
∫

u0 dy+ψ11(ξ ,y,τ), (11)

where the first two terms of the above expansion represents a
linear background westerly, u0 ≡ u0(y) is an arbitrary function
of y, and the last term can be expanded as

ψ11(ξ ,y,τ) = εφ11 + ε
2
φ12 + ε

3
φ13 +O(ε4). (12)

Meanwhile, the constants C and β can also be expanded as

C = ε
2
δ , β = ε

2
µ, (13)

which means that both the strength of VVI and the effect of
the rotation of the earth are much smaller.

Substituting Eqs. (11) with Eqs. (10), (12), (13) into
Eqs. (6) and (7) and vanishing coefficients of different powers
of ε , several different equations are obtained, among which,
the ones corresponding to O(ε) are

u0φ11yyξ −u0yyφ11ξ = 0, (14)

u0φ21yyξ −u0yyφ21ξ = 0, (15)

where φ21 = P̂ξ
s T̂ τ

d φ11 = φ11(−ξ +ξ0,y,−τ + τ0).
Suppose φ11 and φ12 in Eqs. (14) and (15) having the fol-

lowing variable separation form:

φ11 = G0(y)A(ξ ,τ)≡ G0A, (16)

φ21 = G0B(ξ ,τ)≡ G0B, (17)

with B = P̂ξ
s T̂ τ

d A. Then substitute Eqs. (16) and (17) into
Eqs. (14) and (15) to find

G0u0,yy−u0G0,yy = 0. (18)

A general form of solution for G0 is

G0 = u0

(
C1

∫ 1
u2

0
dy+C2

)
, (19)

with C1 and C2 being arbitrary constants.
Now vanishing the coefficients of O(ε2) leads to

u0φ12yyξ −u0yyφ12ξ

= φ11yφ11yyξ +(u0yy−φ11yyy)φ11ξ

+ (u0 + c0)φ21yyξ −φ11yyτ , (20)

u0φ22yyξ −u0yyφ22ξ

= φ21yφ21yyξ +(u0yy−φ21yyy)φ21ξ

+ (u0 + c0)φ11yyξ −φ21yyτ , (21)

where φ22 = P̂ξ
s T̂ τ

d φ12 = φ12(−ξ +ξ0,y,−τ + τ0).
To solve Eqs. (20) and (21), unlike the traditional y aver-

age trick, we assume

φ12 = G1B+G2A+G3A2 +G4B2 +G5AB+G6Aξ , (22)

φ22 = P̂ξ
s T̂ τ

d φ12, (23)

where Gi ≡Gi(y) (i = 1, . . . ,6) are functions to be determined
later. By substituting Eqs. (22) and (23) into Eqs. (20) and (21)
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and requiring all the coefficients of different derivatives of A
and B proportional to each other up to a constant, we obtain
the desired nonlocal Burgers equation

Aτ +(e2A+ e3B+ e4)Aξ

+ (e3A+2e5B− e6)Bξ + e1Aξ ξ = 0, (24)

B = P̂ξ
s T̂ τ

d A, (25)

with

G1 = u0

(
m11 +

∫ −m12 +
∫
(u0G′′0 + c0G′′0− e6G′′0)dy

u2
0

dy
)
,

(26)

G2 = u0

(
m7 +

∫ m8 +
∫
(u′′0G0 + e4G′′0)dy

u2
0

dy
)
, (27)

G3 = u0

(
m3−

1
2

∫ G0G′′0−G′20 − e2G′0−m4

u2
0

dy
)
, (28)

G4 = u0

(
m9 +

∫ m10 + e5G′0
u2

0
dy
)
, (29)

G5 = u0

(
m5 +

∫ m6 + e3G′0
u2

0
dy
)
, (30)

G6 = u0

(
m1 +

∫ m2 + e1G′0
u2

0
dy
)
, (31)

where mi (i = 1, . . . ,12) are arbitrary constants.

3. Exact solutions of the nonlocal Burgers equa-
tion and their applications
To obtain exact solutions of the nonlocal Burgers equa-

tion (24), a direct and simple way is to apply the function ex-
pansion method to it. After some routine calculations, two
periodic wave solutions are obtained, the first one is

A = −a2e4 +a2e6 +b2

2a2(e3−2e5)

+ c · sn
[

a2

(
ξ − 1

2
ξ0

)
+b2

(
τ− 1

2
τ0

)
,m
]
, (32)

with

e1 = 0, e2 = 2e3−2e5, (33)

and the other one is

A = a1 + c · cn
[

a3

(
ξ − 1

2
ξ0

)
+b3

(
τ− 1

2
τ0

)
,m
]
, (34)

with

a3 =
−b3

e4− e6
, e1 = 0, e2 =−2e3−2e5, (35)

where a1, a2, b2, b3 are arbitrary constants, and sn and cn are
Jacobi elliptic sine and cosine functions, respectively, with
modulus m. Figure 1(a) shows the solution of Eq. (32) with
B = P̂ξ

s T̂ τ
d A, and the parameters are fixed as

a2 = b2 = e3 = e4 = e6 = c = 1, e5 = 2,

a1 =
1
2
, e2 =−2, ξ0 = τ0 = 0, m = 0.9, (36)

at a specific time τ = 1. Figure 1(b) shows the solution of
Eq. (34) with B = P̂ξ

s T̂ τ
d A, and the parameters are fixed as

a1 = a3 = b3 = e3 = e4 = e5 = c = 1, e1 = 0,

e2 =−4, e6 = 2, τ0 = 2, ξ0 = 0, m = 0.9, (37)

at the same specific time τ = 1. From Figs. 1(a) and 1(b), it is
obvious that solution (32) is P̂ξ

s T̂ τ
d symmetry breaking while

solution (34) is P̂ξ
s T̂ τ

d symmetry invariant. When the modu-
lus m in Eqs. (32) and (34) approaches to unity, they reduce
to kink and bright solitons, respectively, which are shown in
Figs. 2(a) and 2(b).

-10 -5 0 5 10

-10-15 -5 0 5 10 15

1.5

1.0

0.5

-0.5

2.0

1.5

1.0

0.5ξ

ξA B

(b)(a)

Fig. 1. Two specific solutions of the nonlocal Burgers equation (24) with (25) expressed by (a) Eq. (32) and (b) Eq. (34) at a specific time τ = 1. The
parameters are fixed as (a) a2 = b2 = e3 = e4 = e6 = c = 1, e5 = 2, a1 = 1/2, e2 = −2, ξ0 = τ0 = 0, m = 0.9; (b) a1 = a3 = b3 = e3 = e4 = e5 = c = 1,
e1 = 0, e2 =−4, e6 = 2, τ0 = 2, ξ0 = 0, m = 0.9.
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Fig. 2. Two soliton solutions of the nonlocal Burgers equation (24) with
(25) expressed by (a) Eq. (32) and (b) Eq. (34) at a specific time τ = 1.
The parameters are fixed as (a) a2 = b2 = e3 = e4 = e6 = c = 1, e5 = 2,
a1 = 1/2, e2 =−2, ξ0 = τ0 = 0, m = 1; (b) a1 = a3 = b3 = e3 = e4 = e5 =
c = 1, e1 = 0, e2 =−4, e6 = 2, τ0 = 2, ξ0 = 0, m = 1.

Atmospheric blocking is an important large-scale weather
phenomenon in mid-high latitudes in the atmosphere that has
a profound effect on climates.[15] In the local case, using
the multiple-scale method, many various nonlinear systems,
such as KdV, mKdV, and NLS equations, have been obtained,
meanwhile their exact solutions were used to simulate the dy-
namical behavior of dipole blocking and monopole blocking
events.[16–19] Inspired by these works, we seek physical ap-
plications of exact solutions of the nonlocal Burgers equa-
tion (24) with (25). To this end, up to O(ε), we first obtain
the approximate solution of Eqs. (6) and (7) from Eqs. (12)
and (16)

ψ1 =−c0y−
∫

u0 dy+ εG0(y)A(ξ ,τ), ψ2 = P̂ξ
s T̂ τ

d ψ1, (38)

with ξ = ε(x− c0t), τ = ε2t, and G0 is given by Eq. (19).
When taking A(ξ ,τ) in Eq. (38) as the solution in Eq. (34)
and fixing the arbitrary functions and parameters as

u0 = sin
y
4
, (39)

e1 = c0 =C1 = τ0 = ξ0 = 0,

a1 = b2 = c = e3 = e5 = e6 = τ = 1, C2 = 200,

a2 =−1, e2 =−4, e4 = 2, ε = 0.1, (40)

two correlated dipole blocking events are obtained, which are
shown graphically in Figs. 3(a) and 3(b).

It should be noted that the existence of an arbitrary func-
tion u0 in Eq. (38) provides potential explanations for related
atmosphere phenomena, not only the dipole blocking events
mentioned here, but also, for example, monopole blocking
events. Furthermore, the approximate solution of Eqs. (6) and
(7) can also be taken to the O(ε2) order, which can be applied
to find more complicated physical applications.

-40 -20 0 20
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40

x
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5
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120

x

y

(b)

(a)

Fig. 3. Two correlated theoretical dipole events given by Eq. (38): (a) ψ1,
(b) ψ2.

4. Symmetry reduction solutions of the nonlocal
Burgers system
It is well known that symmetry analysis plays an impor-

tant role in simplifying and even completely solving compli-
cated nonlinear problems.[20,21] In this section, using the stan-
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dard Lie group method, we study the Lie symmetry of the non-
local Burgers system (24) with (25) in the form

V = X
∂

∂ξ
+T

∂

∂τ
+ Ā

∂

∂A
+ B̄

∂

∂B
. (41)

In other words, the nolocal Burgers system (24) and its coun-
terpart

Bτ +(e2B+ e3A+ e4)Bξ +(e3B+2e5A− e6)Aξ

+ e1Bξ ξ = 0 (42)

with (25) are invariant under the transformation

{ξ ,τ,A,B}→ {ξ + εX ,τ + εT,A+ εĀ,B+ εB̄} (43)

with the infinitesimal parameter ε . Equivalently, the symmetry
in the form (41) can be written as a function form as

σA = XAξ +TAτ − Ā, (44a)

σB = XBξ +T Bτ − B̄, (44b)

where σA and σB satisfy the linearized equations of Eqs. (24),
(42), and (25), i.e.,

(e2σA + e3σB)Aξ +(e3σA +2e5σB)Bξ + e1σA,ξ ξ +σA,τ

+ (e2A+ e3B+ e4)σA,ξ +(e3A+2e5B− e6)σB,ξ = 0, (45a)

(e2σB + e3σA)Bξ +(e3σB +2e5σA)Aξ + e1σB,ξ ξ +σB,τ

+ (e2B+ e3A+ e4)σB,ξ +(e3B+2e5A− e6)σA,ξ = 0, (45b)

σB = σA(−ξ +ξ0,−τ + τ0). (45c)

Substituting Eq. (44) with Eqs. (24) and (42) into Eq. (45)
and vanishing all the coefficients of the independent partial
derivatives of variables A and B, a system of over determined
linear equations for X ,T, Ā, B̄ is obtained. Calculated with a
computer, we obtain the desired solitons

X =
c1

2
ξ +

c1(e2e6 + e3e4 + e3e6 +2e4e5)

2(e3 +2e5)
τ,

T = c1τ, Ā =−c1

2
A+

c1e6

2(e3 +2e5)
,

B̄ =−c1

2
B+

c1e6

2(e3 +2e5)
, (46)

with c1 being an arbitrary constant and ξ0 = τ0 = 0.
Substituting Eq. (46) into Eq. (44), one obtains

σA =

[
c1

2
ξ +

c1(e2e6 + e3e4 + e3e6 +2e4e5)

2(e3 +2e5)
τ

]
Aξ

+ c1τAτ +
c1

2
A− c1e6

2(e3 +2e5)
, (47)

σB =

[
c1

2
ξ +

c1(e2e6 + e3e4 + e3e6 +2e4e5)

2(e3 +2e5)
τ

]
Bξ

+ c1τBτ +
c1

2
B− c1e6

2(e3 +2e5)
. (48)

The group invariant solutions of the nonlocal Burgers system
can be obtained by solving Eqs. (47) and (48) under the sym-
metry constraints σA = σB = 0, alternatively, solving the cor-
responding characteristic equation

dξ

c1

2
ξ +

c1(e2e6 + e3e4 + e3e6 +2e4e5)

2(e3 +2e5)
τ

=
dτ

c1τ

=
dA

−c1

2
A+

c1e6

2(e3 +2e5)

=
dB

−c1

2
B+

c1e6

2(e3 +2e5)

. (49)

By solving Eq. (49), the symmetry reduction solutions of
the nonlocal Burgers system (24) with (25) are

A =
Ã√
τ
+

e6

e3 +2e5
, (50)

B =
B̃√
τ
+

e6

e3 +2e5
, (51)

where Ã and B̃ are invariant functions of

Ξ =
ξ√
τ
−
√

τ(e2e6 + e3e4 + e3e6 +2e4e5)

e3 +2e5
.

Substituting Eqs. (50) and (51) into the nonlocal Burg-
ers system (24), (42) with (25) yields the symmetry reduction
equations

(2e2Ã+2e3B̃−Ξ)ÃΞ +(2e3Ã+4e5B̃)B̃Ξ

+ 2e1ÃΞΞ − Ã = 0, (52)

(2e2B̃+2e3Ã−Ξ)B̃Ξ +(2e3B̃+4e5Ã)ÃΞ

+ 2e1B̃ΞΞ − B̃ = 0, (53)

B̃(Ξ) =−iÃ(iΞ), (54)

with i being the imaginary unit number.

5. Discussion and conclusion
In summary, a nonlocal Burgers equation with shifted par-

ity and delayed time reversal is derived from a two-vortex in-
teraction model in atmospheric and oceanic systems. Some
exact solutions of the nonlocal Burgers equations are obtained
by using the function expansion method, which include peri-
odic wave solutions and soliton solutions. As an illustration
of applications of these solutions, an approximate solution of
the nonlocal two-vortex interaction model is obtained and used
to simulate two correlated dipole blocking events graphically.
To study the nonlocal Burgers system from a symmetry per-
spective, we also apply the standard Lie symmetry method to
giving the general symmetry reduction solutions and symme-
try reduction equations.

From the derivation of the nonlocal Burgers equation, it is
clear that the multi-scale expansion method is powerful in ob-
taining the desired nonlocal nonlinear equations. In this sense,
it is hoped to derive other types of nonlocal equations from
many physically important models and use their approximate
solutions to analyze correlated phenomena, which deserve to
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be studied in the future. In the other aspect, finding symme-
tries and conservation laws for any nonlinear differential equa-
tions has important meaning, which is a challenging task for
nonlocal nonlinear systems because of the nonlocal property.
To solve this difficulty, a direct and simple way is to introduce
new dependent variables to enlarge the nonlocal equation to a
localized coupled nonlinear system. Then the symmetries and
conservation laws of the original nonlocal system can be de-
rived from the counterparts of the localized coupled system.
Furthermore, symmetry reduction solutions of nonlocal equa-
tions can also be given by the similar procedure. All of these
ideas will be carried out in our future works.
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