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Modulational instability, quantum breathers and
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The modulational instability, quantum breathers and two-breathers in a frustrated easy-axis ferromagnetic zig-zag
chain under an external magnetic field are investigated within the Hartree approximation. By means of a linear stability
analysis, we analytically study the discrete modulational instability and analyze the effect of the frustration strength on the
discrete modulational instability region. Using the results from the discrete modulational instability analysis, the presence
conditions of those stationary bright type localized solutions are presented. On the other hand, we obtain the analytical
expressions for the stationary bright localized solutions and analyze the effect of the frustration on their emergence con-
ditions. By taking advantage of these bright type single-magnon bound wave functions obtained, quantum breather states
in the present frustrated ferromagnetic zig-zag lattice are constructed. What is more, the analytical forms for quantum
two-breather states are also obtained. In particular, the energy level formulas of quantum breathers and two-breathers are
derived.

Keywords: quantum breathers, quantum two-breathers, modulational instability, frustrated ferromagnetic
chains
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1. Introduction
In recent years, many researchers have paid close atten-

tion to studies on solid based quantum computing. In or-
der to realize the transfer and storage of a quantum-state,
the spin chain system may be employed in quantum data bus
as well as quantum memory.[1–5] Physically, Heisenberg spin
chains are discrete lattice systems, which contain the intrinsic
nonlinearity caused by the spin–spin exchange coupling, on-
site anisotropy, Dzyaloshinskii–Moriya interaction, octupole–
dipole coupling, and so on.[6] It is well known that the nonlin-
earity lattice system can support a quite interesting nonlinear
excitation, i.e., discrete breather (also called intrinsic local-
ized mode).[7] Such excitations are time-periodic and space-
localized. The energy of the discrete breather is exponen-
tially localized in space for the short-range interaction be-
tween particles. Experimentally, discrete breathers have been
identified in antiferromagnetic materials.[8] In this sense, it is
quite natural to consider the application of discrete breathers
in quantum-information storage.

Until now, a lot of works on (spin) discrete breathers
in classical ferromagnetic or antiferromagnetic spin chains
have been reported.[9–22] Theoretically, the spin chain is a
pure quantum system without any classical analogue. Clas-
sical treatment may be reasonable only when the spin value is
very large. It is undeniable that those classical works discov-
ered some important properties of magnetic discrete breather

modes. For example, an isotropic spin chain cannot produce
the discrete breather.[19] Once the on-site or exchange interac-
tion anisotropy is introduced, discrete breather modes are pos-
sible in spin chain systems.[23] Furthermore, Lai et al. demon-
strated that discrete breather mode can exist in the classical
isotropic ferromagnetic chain involving the second neighbor
coupling.[10] Their results seem to show that the anisotropy[24]

or long-range coupling[25] plays a vital role in the existence of
discrete breathers in isotropic spin chains. Since the spin chain
is a quantum system, it is meaningful to investigate intrinsic
localized spin wave modes in spin chains within the frame-
work of quantum mechanics. The quantum counterpart of the
intrinsic localized mode is termed the quantum breather.[26]

In order to study quantum breathers in spin chains, dif-
ferent approaches have been employed in the relevant pub-
lished articles.[27–33] The first step in all studies is to quan-
tize the spin chain model by using the Holstein–Primakoff
or the Dyson–Maleev transformation. Thus, the correspond-
ing quantized spin chain system can be described via an ex-
panded Bose–Hubbard (EBH) model with a certain number of
bosons. When the number of bosons is small, one can consider
a numerical diagonalization approach combined with pertur-
bation theory. With this approach, Djoufack and co-workers
calculated numerically the energy spectra of some ferromag-
netic chains.[27,28] Their results showed that these ferromag-
netic chains can support 2, 4, and 6-boson quantum breather
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states. On the other hand, we have developed an analyti-
cal approach to study the spin chain system including a large
number of bosons. The basic thought for this analytical ap-
proach is the application of the (time-dependent) Hartree ap-
proximation. By applying this approach, we have constructed
the analytical forms for quantum breather states in some fer-
romagnetic spin lattice chains.[29–32] Very recently, Djoufack
et al.[33] studied quantum breathers in a weak Heisenberg fer-
romagnetic spin lattice by means of our approach. Some new
features for quantum breathers were found in this weak ferro-
magnetic spin lattice. They also checked the reliability of the
analytical results by making use of a split-step Fourier numer-
ical method.

In this study, we will consider a frustrated zig-zag fer-
romagnetic spin lattice. In recent years, strongly frustrated
low-dimensional magnets have attracted much attention.[34] A
quite interesting class of frustrated spin systems can be viewed
as chain compounds, which are constitutive of edge-sharing
CuO4 components.[35–37] In recent years, all kinds of those
copper oxides have been composited and shown to reveal par-
ticular physical features.[38–40] The aim of the present research
is to construct quantum breather and two-breather states by
making use of our analytical scheme. So far, little attention has
been paid to quantum two-breather state in spin lattice system.
Hence, the study of quantum two-breather in the frustrated fer-
romagnetic chain is a new attempt for us. In particular, a key
step in our research scheme is that quantum breather states
are constructed by using the stationary localized single-quanta
wave functions. In theory, the emergence of the bright type
stationary localized solution is compactly linked to the discrete
modulational instability of spin plane waves.[41] Based on this
consideration, the discrete modulational instability of the spin
plane wave with the invariable amplitude will be analyzed.

The framework of this article is as follows. In Section
2, we present a zig-zag ferromagnetic lattice under a external
magnetic field and quantize the model Hamiltonian. In Sec-
tion 3, we obtain the equation of motion corresponding to the
single-magnon wave functions within the Hartree approxima-
tion. In Section 4, the discrete modulational instability of the
spin plane wave with invariable amplitude is investigated via
employing a linear stability analysis. In Section 5, analytical
expressions of quantum breather states are obtained. In Sec-
tion 6, we obtain the quantum two-breather state in the present
magnetic lattice. The last section is devoted to summarizing
our work.

2. The frustrated ferromagnetic lattice model
and its quantization
In this research, a frustrated zig-zag spin lattice with

anisotropic ferromagnetic first neighbor and antiferromagnetic
second neighbor exchanges is considered. When the frustrated

zig-zag lattice is in an external magnetic field, the correspond-
ing Hamiltonian reads

H = J1

f

∑
j=1

(
Sx

jS
x
j+1 +Sy

jS
y
j+1 +∆1Sz

jS
z
j+1

)
+J2

f

∑
j=1

(
Sx

jS
x
j+2 +Sy

jS
y
j+2 +∆2Sz

jS
z
j+2

)
−gµBB

f

∑
j=1

Sz
j, (1)

where Sµ

j corresponds to the µ component for the local spin
operator on the j-th site, J1(< 0) is the first neighbor coupling
parameter, J2(> 0) is the second neighbor coupling parameter,
∆1 is the anisotropy constant of the first neighbor exchange in-
teraction, ∆2 is the anisotropy constant of the second neighbor
exchange interaction, and the additional magnetic field B is
supposed to be applied along the 𝑒z direction.

For the sake of convenience, we shall restrict our research
to the system only with the anisotropy of the second-neighbor
interaction (i.e., ∆2 = 1). In this case, Hamiltonian (1) takes
the following form:

H = −J
f

∑
j=1

(
Sx

jS
x
j+1 +Sy

jS
y
j+1 +∆1Sz

jS
z
j+1

)
+λJ

f

∑
j=1

𝑆 j ·𝑆 j+2−gµBB
f

∑
j=1

Sz
j, (2)

with ∆1 = ∆ > 1. In Hamiltonian (2), we have set J1 = −J
and J2 = λJ. Here, λ ≡ |J2/J1| is known as the frustration
parameter.[42] Dmitriev and Krivnov[43] have studied magnetic
solitons in the classical frustrated ferromagnetic zig-zag spin
lattice. By that study, they have analyzed the behavior of soli-
ton in the shadow of the ground state phase transition from the
ferromagnetic to the spiral phase. In our work, we assume that
the zig-zag spin chain system is always in the pure ferromag-
netic phase. When the additional magnetic field is sufficiently
strong, this assumption should be reasonable.[44]

Taking advantage of the raising and lowering operators
S±j = Sx

j± iSy
j, then the Hamiltonian of the zig-zag spin chain

becomes

H = −J
f

∑
j=1

(
S+j S−j+1 +S−j S+j+1

2
+∆Sz

jS
z
j+1

)

+λJ
f

∑
j=1

(
S+j S−j+2 +S−j S+j+2

2
+Sz

jS
z
j+2

)

−gµBB
f

∑
j=1

Sz
j. (3)

Here, the operators S+j , S−j , and Sz
j obey the following two

commutation relations: [S+j ,S
−
j′ ] = 2Sz

jδ j j′ and [S±j , Ŝ
z
j′ ] =

∓S±j δ j j′ . To quantize the frustrated zig-zag spin lattice
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that we consider, we may make use of the Dyson–Maleev
transformation,[45,46] i.e.,

Sz
j = S− c+j c j, (4)

S+j = (2S)1/2

(
1−

c+j c j

2S

)
c j, (5)

S−j = (2S)1/2c+j , (6)

where the Planck constant h̄ has been fixed as the unit, S rep-
resents the value of spin length, and c+j and c j correspond to
Bose creation and annihilation operators, respectively. The
substitution of Eqs. (4)–(6) into Eq. (2) leads to a bosonized
Hamiltonian that reads

H = ω0

f

∑
j=1

c+j c j + JS
f

∑
j=1

[
λ (c+j+2c j + c+j c j+2)

−(c+j+1c j + c+j c j+1)
]

+
J
2

f

∑
j=1

(c+j+1c+j c jc j + c+j c+j+1c j+1c j+1

−2∆c+j+1c j+1c+j c j)

− λ

2
J

f

∑
j=1

(c+j+2c+j c jc j + c+j c+j+2c j+2c j+2

−2c+j+2c j+2c+j c j), (7)

where ω0 = gµBB + 2(∆ − λ )J. In the above bosonized
Hamiltonian, the zero-point energy of the present frustrated
zig-zag ferromagnetic chain has been set to be zero. Physi-
cally, this is equivalent to the zero point for the energy of the
ferromagnetic spin chain being reset.

3. Basic physical equations
By adopting the Dyson–Maleev transformation, the frus-

trated zig-zag ferromagnetic lattice has converted into a sys-

tem of (local) magnon gas in a zig-zag lattice, which is de-
scribed via an EBH model with the second neighbor coupling.
Here, the Schrödinger picture shall be utilized to analyze the
quantum dynamics in this EBH model. Physically, the tempo-
ral evolution law for the boson gas system state vector |Ψ(t)〉
has to obey the (linear) Schrödinger equation

i
d |Ψ(t)〉

dt
= H |Ψ(t)〉 . (8)

It is obvious that the expanded Bose–Hubbard Hamilto-
nian (7) definitely commutes with magnon-number operator
n̂ = ∑

f
j=1 c†

jc j (the corresponding eigenvalue is n). It is easy
to conclude that the overall number of magnons has to be con-
served. Hence, we shall adopt a Fock representation to depict
the quantum state of the present lattice system. In the Fock
representation, a general n-magnon state vector of the system
may be written as[47]

|Ψn〉 =
1√
n!

f

∑
j1=1

f

∑
j2=1
· · ·

f

∑
jn=1

Fn( j1, j2, . . . , jn, t)

×c+j1c+j2 · · ·c
+
jn |0〉 , (9)

where |0〉 = |0〉1 |0〉2 · · · |0〉 f corresponds to a quantum vac-
uum state. Physically, the term Fn( j1, j2, . . . , jn, t) is under-
stood as a n-magnon wave function satisfying the normaliza-
tion condition[48]

f

∑
j1=1

f

∑
j2=1
· · ·

f

∑
jn=1
|Fn( j1, j2, . . . , jn, t)|2 = 1. (10)

Inserting the expanded Bose–Hubbard Hamiltonian (7) and
the quantum state vector (9) into Eq. (8) and utilizing the Bose
commutation relation [b j,b+j′ ] = δ j j′ , we obtain the equation
of motion of the n magnon wave function Fn( j1, j2, . . . , jn, t),
namely,

i
dθn( j1, j2, . . . , jn, t)

dt

= ω0

n

∑
k=1

θn( j1, j2, . . . , jk, . . . , jn, t)−SJ
n

∑
k=1

θn( j1, j2, . . . , jk−1, jk−1, jk +1 . . . , jn, t)

−SJ
n

∑
k=1

θn( j1, j2, . . . , jk−1, jk +1, jk +1, . . . , j′n,t)+λSJ
n

∑
k=1

θn( j1, j2, . . . , jk−1, jk−2, jk +1, . . . , jn, t)

+λSJ
n

∑
k=1

θn( j1, j2, . . . , jk−1, jk +2, jk +1, . . . , jn,t)+
J
2

n

∑
k=1

n

∑
l 6=k

δ jl jk−1θn( j1, j2, . . . , jl , . . . , jk−1, jk−1, jk +1, . . . , jn, t)

+
J
2

n

∑
k=1

n

∑
l 6=k

δ jl jk+1θn( j1, j2, . . . , jl , . . . , jk−1, jk +1, jk +1, . . . , jn, t)−∆J
n

∑
k=1

n

∑
l 6=k

δ jl jk+1θn( j1, j2, . . . , jl , . . . , jk . . . , jn, t)

− λJ
2

n

∑
k=1

n

∑
l 6=k

δ jl jk−2θn( j1, j2, . . . , jl , . . . , jk−1, jk−2, jk +1, . . . , jn, t)

− λJ
2

n

∑
k=1

n

∑
l 6=k

δ jl jk+2θn( j1, j2, . . . , jl , . . . , jk−1, jk +2, jk +1, . . . , jn, t)+λJ
n

∑
k=1

n

∑
l 6=k

δ jl jk+2θn( j1, j2, . . . , jl , . . . , jk . . . , jn, t). (11)
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Actually, equation (11) is a time-dependent Schrödinger equa-
tion corresponding to one system of n-magnon in the zig-zag
lattice of f sites. Furthermore, we notice that the interaction
of magnonmagnon is the Kronecker δ -function. Technically,
it is quite complicated to solve the Schrödinger equation (11)
exactly for the case of large n and f ≥ 3. In this study, the time-
dependent Hartree approximation is to be considered. The
approximation approach is feasible when a given number of
magnons is sufficiently large.

Under the Hartree approximation, those n-magnon wave
functions can take a product of the form[49]

F(H)
n ( j1, j2, . . . , jn, t) =

n

∏
k=1

Φn, jk(t). (12)

Here, Φn, jk(t) is a single-magnon wave function, where jk =
1,2, . . . , f , and k = 1,2, . . . ,n labels all magnons. Taking into
consideration that such single-magnon wave functions do not
depend on the index k, so they may be directly described via
Φn, j(t), where j = 1,2, . . . , f .

By the use of the n-magnon Hartree wave functions in
Eq. (12), the n-magnon state vector (8) can be expressed as[50]

|Ψn(t)〉(H) =
1√
n!

(
f

∑
j=1

Φn, j(t)c+j

)n

|0〉 . (13)

Then, the normalization condition becomes

f

∑
jk=1

∣∣Φn, jk

∣∣2 = 1. (14)

By taking advantage of the variational principle, one can ob-
tain equations of motion for those single-magnon wave func-
tions Φ j ( j = 1,2, . . . ,n)

i
dΦ j

dt
−ω0Φ j +SJ(Φ j−1 +Φ j+1)−λSJ(Φ j−2 +Φ j+2)

+
J
2
(n−1)[2∆(Φ∗j−1Φ jΦ j−1 +Φ

∗
j+1Φ j+1Φ j)

−(Φ∗j+1Φ jΦ j +Φ
∗
j−1Φ j−1Φ j−1)

−(Φ∗j−1Φ jΦ j +Φ
∗
j+1Φ j+1Φ j+1)]

− λJ
2
(n−1)[2(Φ∗j−2Φ jΦ j−2 +Φ

∗
j+2Φ j+2Φ j)

−(Φ∗j+2Φ jΦ j +Φ
∗
j−2Φ j−2Φ j−2)

−(Φ∗j+2Φ j+2Φ j+2 +Φ
∗
j−2Φ jΦ j)] = 0. (15)

In the above equation, we have abandoned the suffix n and
substituted Φ j for Φn, j.

4. Discrete modulational instability
Theoretically, the practicability of bright type localized

solutions can be deduced by making use of the modulational
instability analysis. Here, we intend to study the discrete
modulational instability for Eq. (15) through a linear stability

analysis.[51] We begin to analyze the modulational instability
via seeking the discrete plane spin wave solution to Eq. (15),
which reads

Φ j = φ0 e i(q ja−ωt). (16)

where φ0 corresponds to a constant amplitude, q stands for the
wave number of the discrete plane spin wave, a is the system
lattice constant, and ω denotes the radian frequency of the dis-
crete plane spin wave. The insertion of the discrete plane wave
solution (16) into Eq. (15) leads to a nonlinear dispersion re-
lationship

ω = ω0−2JScosqa−2λJScos2qa

−2(∆ − cosqa)J(n−1)φ 2
0

+2(1− cos2qa)λJ(n−1)φ 2
0 . (17)

Next, one can add a small perturbation, δΦ j, in Eq. (16), and
suppose that the solution of Eq. (15) is

Φ j(t) = [φ0 +δφ j(t)]e i(qa j−ωt). (18)

Substituting the perturbation solution (18) in Eq. (15) and
abandoning those nonlinear terms on the perturbations δφ j

and δφ ∗j , one can obtain a linear differential equation

i
∂δφ j

∂ t
+ JS[δφ j−1 e−iqa +δφ j+1 e iqa−2cos(qa)δφ j]

−λJS[δφ j−2 e−2iqa +δφ j+2 e2iqa−2cos(2qa)δφ j]

+∆J(n−1)φ 2
0 (δφ j−1 +δφ j+1 +δφ

∗
j−1 +δφ

∗
j+1)

−J(n−1)φ 2
0 (δφ j−1 e−iq +δφ j+1 e iq)

−J(n−1)φ 2
0 cos(qa)(δφ

∗
j−1 +δφ

∗
j+1)

−λJ(n−1)φ 2
0 (δφ j−2 +δφ j+2 +δφ

∗
j−1 +δφ

∗
j+2)

+λJ(n−1)φ 2
0 (δφ j−2 e−2iqa +δφ j+2 e2iqa)

+λJ(n−1)cos(2qa)φ 2
0 (δφ

∗
j+2 +δφ

∗
j−2) = 0. (19)

In light of the process of the linear stability analysis, we should
suppose that equation (19) has a general solution,[52] namely,

δφ j(t) =

(
χ

ς

)
e i(Q ja−Ω t) = χ cos(Q ja−Ω t)

+ iς sin(Q ja−Ω t), (20)

where Q and Ω correspond to the wave number and the radian
frequency of the small perturbation fluctuation, respectively.
What is more, both χ and ς are arbitrary real variables. By
inserting the general solution (20) into Eq. (19), one can have(

Ω −A11 A12
A21 Ω −A22

)(
χ

ς

)
= 0. (21)

The emergence circumstance for Eq. (21) with the untrivial
solution is given via the second order equation for the pertur-
bation circular frequency Ω , which is∣∣∣∣Ω −A11 A12

A21 Ω −A22

∣∣∣∣= 0 (22)
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with

A11 = A22 =−2JS sin(qa)sin(Qa)

−2λJS sin(2qa)sin(2Qa)

−2J(n−1)φ 2
0 sin(Qa)sin(qa)

+2λJ(n−1)φ 2
0 sin(2Qa)sin(2qa),

A12 = 4λJScos(2qa)sin2(Qa)−4JScos(qa)sin2
(

Qa
2

)
,

A21 = 4λJScos(2qa)sin2(Qa)−4JScos(qa)sin2
(

Qa
2

)
+4∆J(n−1)cos(Qa)φ 2

0 −4λJ(n−1)φ 2
0 cos(2Qa)

−4J(n−1)φ 2
0 cos(Qa)cos(qa)

+4λJ(n−1)φ 2
0 cos(2Qa)cos(2qa). (23)

By doing a simple mathematical derivation, equation (22) be-
comes

[Ω −2JS sin(qa)sin(Qa)+2λJS sin(2qa)sin(2Qa)

+2J(n−1)φ 2
0 sin(Qa)sin(qa)

−2λJ(n−1)φ 2
0 sin(2Qa)sin(2qa)]2

=

[
4λJScos(2qa)sin2(Qa)−4JScos(qa)sin2

(
Qa
2

)]
×
[

4λJScos(2qa)sin2(Qa)−4JScos(qa)sin2
(

Qa
2

)
+4∆J(n−1)cos(Qa)φ 2

0 −4λJ(n−1)cos(2Qa)φ 2
0

−4J(n−1)cos(Qa)cos(qa)φ 2
0

+4λJ(n−1)cos(2Qa)cos(2qa)φ 2
0

]
. (24)

While the right-side term in Eq. (24) is negative, it has two plu-
ral solutions for the perturbation frequency Ω . In this case, it
is evident that the discrete plane wave (18) is modulationally
unstable. In general, the growth rate (gain) of the modula-
tional instability is tightly linked to the imaginary part of this
perturbation frequency Ω .[53–56] In our physical scenario, the
corresponding instability growth rate can be expressed as

G(q,Q)

= 4Im
({[

λJScos(2qa)sin2(Qa)− JScos(qa)sin2
(

Qa
2

)]
×
[

λJScos(2qa)sin2(Qa)− JScos(qa)sin2
(

Qa
2

)
+∆J(n−1)cos(Qa)φ 2

0 −λJ(n−1)cos(2Qa)φ 2
0

−J(n−1)cos(Qa)cos(qa)φ 2
0

+λJ(n−1)cos(2Qa)cos(2qa)φ 2
0

]}1/2)
, (25)

where Im signifies the imaginary part corresponding to the per-
turbation circular frequency Ω . Only when the discrete mod-
ulational instability of the plane spin wave happens, can the
bright localized solution to Eq. (15) exist.
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Fig. 1. (color online) Modulational instability regions (bright zones) on the plane (q,Q) for the frustrated zig-zag spin chain with
different frustration parameters: (a) λ = 0, (b) λ = 0.2, (c) λ = 0.3, and (d) λ = 0.4. The other parameters are chosen as J = 1,
S = 20, ∆ = 2, n = 30, a = 1, and φ0 = 0.1.
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For the nonlinear equations, the modulational instability
provides a significant mechanism to understand emergence of
the bright type localized structures. In Fig. 1, we present the
modulational instability region on plane (q,Q) correspond-
ing to the present zig-zag spin lattice with various values of
the frustration parameter λ . From Fig. 1, one can find that
configuration of the modulational instability region apparently
changes with the increase of λ . In particular, a new stability
region appears near the Brillouin zone center when λ is large
enough, as shown in Figs. 1(c) and 1(d). In Fig. 2, we plot the
growth rates of the modulation amplitude for the q = 0 plane
spin wave. It is found that the growth (gain) of the instability
can be influenced by varying λ . We can see clearly that the
q = 0 plan spin wave is not modulationally stable for small Q
when λ ≤ 0.24. Based on this fact, it is easy to predict that the
stationary bright type localized solution can occur at the Bril-
louin zone center only when λ is less than a specific value.
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λ/.

G

Q

Fig. 2. (color online) The growth rate (gain) of the instability versus the
perturbation wave number for various values of λ . The main parameters
are the same as those in Fig. 1.

5. The stationary bright localized solutions and
quantum breather states
With the aim of constructing the quantum breather state,

we need to seek the bright stationary localized solution to
Eq. (15). Here, we adopt a semidiscrete multiple-scale
method[57] to solve Eq. (15) approximately. On the basis of
this method, one first makes a transformation Φ j → εφ j. The
next step is to consider a trial solution with the modulated
wave of the form

φ j = ψ j(t1, t2,x1)exp(iθ j), (26)

where t1 = εt and t2 = ε2t correspond to two multiple-scale
time variables, and x1 = ε ja is a new spatial variable; θ j =

q ja−ωt signifies the phase of carrier (spin) waves. The key
thought for this semidiscrete approximation is a hypothesis
that the envelope function φ is considered to be continuous
meanwhile the phase θ is considered as a discrete function.
After executing a simple calculation, we have

ω = ω0−2SJ cos(qa)+2SλJ cos(2qa), (27)

∂ψ

∂ t1
=−2SJa[sin(qa)−2λ sin(2qa)]

∂ψ

∂x1
, (28)

i
∂ψ

∂ t2
+[J cos(qa)−4λJ cos(2qa)]Sa2 ∂ 2ψ

∂x2
1

+2[(∆ −λ )J(n−1)− J cos(qa)

+λJ cos(2qa)](n−1) |ψ|2 ψ. (29)

It is apparent that equation (27) is the magnon dispersion re-
lationship in the present frustrated zig-zag lattice. In Fig. 3,
we display the magnon dispersion curves for different values
of the frustration parameter. From Fig. 3, we can see that
the configuration of the magnon dispersion curve significantly
varies as λ increases. When λ is less than 0.25, the magnon
frequency exists a minimum point at the first Brillouin-zone
center q = 0 meanwhile a maximum value point occurs at
the Brillouin-zone boundary q = π/a. However, q = 0 be-
comes a local maximum point once λ is greater than 0.25.
What is more, a new maximum then appears at wave number
q = q0 = cos−1[1/(4λ )].
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Fig. 3. (color online) The magnon dispersion curves in the first Bril-
louin zone for the present zig-zag ferromagnetic chain with different
values of the frustration parameter. The corresponding parameters are
set to J = 1, a = 1, g = 1, µB = 1, S = 20, B = 50, and ∆ = 2.

Applying the dispersion relationship (27), one can calcu-
late the group velocity for carrier waves

Vg =
∂ω

∂q
= 2SaJ sin(qa)[1−4λ cos(qa)]. (30)

Actually, equation (28) contains the relation between the spa-
tial and temporal derivatives for ψ . Based on this fact, we
infer that the function ψ should take on travelling waves with
the following form:

ψ = ψ(t1,z1), (31)

where z1 = x1 −Vgt1 is also a spatial scale. Taking advan-
tages of Eqs. (28) and (30), and introducing a transformation
ψ =U/ε and z = z1/ε , one can recast Eq. (28) into the form

i
∂U
∂ t

+P
∂ 2U
∂ z2 +Q |U |2 U = 0, (32)
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with

P = [J cos(qa)−4λJ cos(2qa)]Sa2, (33)

Q = 2[(∆ −λ )J− J cos(qa)+λJ cos(2qa)](n−1). (34)

We notice that equation (32) is exactly the famed (cubic) non-
linear Schrödinger equation (NLSE).

Considering that our task is to find the bound state solu-
tion corresponding to the single-magnon wave function in the
present physical context, hence we will only consider the case
of sign(PQ) > 0. For sign(PQ) > 0, the bright soliton solu-
tion to NLSE (41) has been constructed by some proven tech-
niques, such as the inverse scattering method,[58] the Darboux
transformation,[59–63] and the Hirota bilinear method.[64–67]

Generally, the bright soliton solution to the cubic NLSE takes
the following form:

U(t,z) = A0 sech
[√

Q
2P

A0(z− z0)

]
exp
(

i
Q
2

A2
0t
)
. (35)

Here, A0 denotes the bright soliton amplitude and z0 is the cor-
responding initial center position.

Since our idea is to use the bright stationary localized so-
lution to construct quantum breather states, we shall focus on
the case of Vg = 0. It should be mentioned that such wave
numbers corresponding to Vg = 0 appear at the extreme points
of the magnon frequency ω(q). It has been found that ex-
treme points occur at different wave numbers for λ < 0.25
and λ > 0.25. Therefore, we will discuss these two different
cases respectively.

First, we consider the case of the frustration parameter
λ < 0.25. In this case, the extreme points of the magnon fre-
quency are q = 0 and q = π/a. However, one can find that
sign(PQ) is negative at the boundary of the Brillouin zone
q = π/a. Hence, the wave number q = π/a has to be dis-
carded. Thus, we need to focus our attention on the Brillouin
zone center q = 0. At wave number q = 0, one can obtain

P = (1−4λ )JSa2, (36)

Q = 2(∆ −1)J(n−1), (37)

ω(k = 0) = ωmin = ω0 +2SJ(λ −1). (38)

With the results obtained in the above text, we can obtain the
stationary localized single-magnon wave function on lattice
site j, namely,

Φn, j(t) =
a
√

C1

2
sech

[
C1a2

2
( j− j0)

]
exp(−iΩ1t) (39)

with C1 =(Q/2P)q=0 and Ω1 =ωmin−(∆ −1)(n−1)Ja2C1/4.
Here, Ω1 is the eigenfrequency of the localized solution,
which is below the base of the magnon frequency band. Using
these stationary localized single-magnon wave functions, it is
easy to construct the following Hartree product eigenstate:

|Ψn(t)〉(H) = exp(−inΩ1t)
(a
√

C1)
n

2n
√

n!

×

(
f

∑
j=1

sech
[

C1a2

2
( j− j0)

]
c+j

)n

|0〉 . (40)

It is obvious that the above approximate Hartree n magnon
state (40) is a localized quantum (stationary) state. Utilizing
Eq. (40), one can calculate the average number of magnons on
lattice site j, which is〈

n j(t)
〉(H)

= (H) 〈Ψn(t)|c+j c j |Ψn(t)〉(H)

=
a2C1n

4
sech2

[
C1a2

2
( j− j0)

]
. (41)

From Eq. (41), we conclude that all magnons are almost lo-
calized on those lattice sites near to the central position j = j0
for the quantum state (40). Theoretically, when the quantum
breather state is present at a lattice system, the correspond-
ing result is a quantum localized (in space) excitation, which
is completely analogous to the classical counterpart of the in-
trinsic localized mode.[67] Therefore, the localized Hartree n
magnon state (40) is the quantum breather state. In Fig. 4,
we exhibit the temporal evolution for the average number
of magnons on the j-th site corresponding to the quantum
breather state (40). From Fig. 4, we can see that most magnons
are localized on those sites nearby site j = j0 and the spatial
distribution of magnons still retains over time.

Furthermore, it is easy to derive the Hartree energy for-
mula of the quantum breather state (40), which is

En = (H) 〈Ψn(t)|H |Ψn(t)〉(H)

= nω0 +n(λ −1)SJ− (∆ −1)2J
4(1−4λ )S

(n−1)2n. (42)

The above equation is evidently a discrete energy level for-
mula of the present zig-zag ferromagnetic system. This mani-
fests that the energy of the zig-zag lattice system for the quan-
tum breather state (40) is quantized.
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Fig. 4. (color online) Temporal evolution of the average number of
magnons on the j-th site

〈
n j(t)

〉(H) corresponding to the quantum
breather state (40). The relevant parameters are fixed as J = 1, a = 1,
S = 30, ∆ = 1.15, n = 20, λ = 0.2, and j0 = 300.

Now, we turn to the case of λ > 0.25. In this case,
the extreme points of the magnon frequency are q = 0, q =

q0 = π/a− cos−1(1/4γ), and q = π/a. As was pointed out
above, the wave number q = π/a has to be abandoned due to
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sign(PQ) < 0. Furthermore, sign(PQ) is also negative at the
center of the Brillouin zone. So, we only need to consider the
wave number q0. At q = q0, we have

P =
(4λ +1)(4λ −1)

4λ
, (43)

Q = 2
[

∆ −2λ − 1
8λ

]
J(n−1), (44)

ω(q = q0) = ω
′
min = ω0−2SJ

(
1

8λ
+λ

)
. (45)

When λ satisfies the relationship (∆ −
√

∆ 2−1)/4 < λ <

(∆ +
√

∆ 2−1)/4, sign(PQ) must be positive. Then, we also
obtain a stationary localized single-magnon wave function,
which has the following form:

Φn, j(t) = exp(iq0 ja)
a
√

C2

2

× sech
[

C2a2

2
( j− j0)

]
exp(−iΩ2t) (46)

with C2 = (Q/2P)q=q0
and

Ω2 = ω
′
min− [∆ −2λ −1/(8λ )]J(n−1)a2C2/4.

Ω2 is the corresponding eigenfrequency that is located below
the base of the magnon frequency band. Similarly, with the
localized solution (46), we can also construct the following
quantum breather state:

|Ψn(t)〉(H)

= exp(−inΩ2t)
(a
√

C2)
n

2n
√

n!

×

(
f

∑
j=1

exp(iq0 ja)sech
[

C2a2

2
( j− j0)

]
c+j

)n

|0〉 . (47)

For the quantum breather state (47), we can easily calcu-
late the corresponding Hartree energy, which is

En = nω0−2n
(

1
8λ

+λ

)
SJ

−
λ

(
∆ −2λ − 1

8λ

)2

J

(4λ +1)(4λ −1)S
(n−1)2n. (48)

6. Quantum two-breather states
In this section, we shall use the same method to construct

the quantum two-breather state in the present ferromagnetic
zig-zag lattice system. Since two groups of magnons with
overlap are fully similar to a group of magnons in the Hartree
approximation, we only need to consider the two indepen-
dent groups of magnons. Despite magnon–magnon interac-
tion in the same group, each magnon may be assumed to have
the single-magnon wave function with the same form. More-
over, magnons in distinct groups act differently and thus, their

wave functions have different forms. Based on these consider-
ations, we may construct a quantum two-breather state for the
ferromagnetic zig-zag lattice system containing n = n1 + n2

magnons, where n1 and n2 magnons are bound together, re-
spectively. In the Hartree approximation, the total wave func-
tion for the present ferromagnetic zig-zag lattice system can
be written as

Fn1,n2( j1, j2, . . . , jn1+n2 , t)

= ∑
{N}

n1

∏
k=1

Φn1, jN(k)(t)
n1+n2

∏
k=n1+1

Φn2, jN(k)(t). (49)

In Eq. (49), the summation extends all over the set {N}, which
implies all possible arrangements of [1,2, . . . ,n1 + n2] with
the grouping of magnons into [1,2, . . . ,n1] and [n1 + 1,n1 +

2, . . . ,n1+n2] unchanged. Since the many-magnon wave func-
tion Fn1,n2 is symmetric for the index jk, the summation is
present. By utilizing the variational approach, one can obtain

i
dΦnγ , j

dt
−ω0Φnγ , j +SJ(Φnγ , j−1 +Φnγ , j+1)

−λSJ(Φnγ , j−2 +Φnγ , j+2)

+
J
2
(n−1)[2∆(Φ∗nγ , j−1Φnγ , jΦnγ , j−1

+Φ
∗
nγ , j+1Φnγ , j+1Φnγ , j)

−(Φ∗nγ , j+1Φnγ , jΦnγ , j +Φ
∗
nγ , j−1Φnγ , j−1Φnγ , j−1)

−(Φ∗nγ , j−1Φnγ , jΦnγ , j +Φ
∗
nγ , j+1Φnγ , j+1Φnγ , j+1)]

− λJ
2
(n−1)[2(Φ∗nγ , j−2Φnγ , jΦnγ , j−2

+Φ
∗
nγ , j+2Φnγ , j+2Φnγ , j)

−(Φ∗nγ , j+2Φnγ , jΦnγ , j +Φ
∗
nγ , j−2Φnγ , j−2Φnγ , j−2)

−(Φ∗nγ , j+2Φnγ , j+2Φnγ , j+2 +Φ
∗
nγ , j−2Φnγ , jΦnγ , j)] = 0,

(γ = 1,2). (50)

In the above calculation, we have considered that those single-
magnon wave functions Φn1, j and Φn2, j have to be well-
splitted. From the results obtained in the above section, the
solution to Eq. (50) depends on the value of λ . Here, we
first use the case of λ < 1/4 as an example to construct the
quantum two-breather state in the present zig-zag ferromag-
netic lattice. For the case of λ < 1/4, the bright stationary
localized solutions to Eq. (50) are given by

Φnm, j(t) =
a
√

Cm

2
sech

[
Cma2

2
( j− j(m)

0 )

]
× exp(−iΩ (m)

b t), (m = 1,2), (51)

with

Cm =
(∆ −1)J(nm−1)
(1−4λ )JSa2 , (52)

Ω
(m)
b = ω0 +(λ −1)SJ− (∆ −1)2J

4(1−4λ )S
(nm−1)2. (53)
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Using these bright stationary localized solutions, it is easy to
construct an n magnon Hartree state, which reads

|Ψn(t)〉(H) = Nn1,n2

f

∑
j1=1

f

∑
j2=1
· · ·

f

∑
jn=1

∑
{M}

n1

∏
k=1

Φ
(1)
n1 ( jM(k), t)

×
n1+n2

∏
k=n1+1

Φ
(2)
n2 ( jM(k), t)c

+
j1c+j2 . . .c

+
jn |0〉

=
(n1 +n2)!

n1!n2!
Nn1,n2

(
f

∑
j=1

Φ
(1)
n1 ( j, t)c+j

)n1

×

(
f

∑
j=1

Φ
(1)
n2 ( j, t)c+j

)n2

. (54)

Taking into consideration the normalization condition
(H) 〈Ψn(t) |Ψn(t)〉(H) = 1, we can determine the normalization
constant Nn1,n2 , that is

Nn1,n2 =

√
n1!n2!

(n1 +n2)!
. (55)

With Eqs. (51) and (55), the n magnon Hartree state (54) can
be written as

|Ψn(t)〉(H) =

(
a
2

)n1+n2

√
Cn1

1 Cn2
2√

n1!n2!
exp[−i(n1Ω

(1)
b +n2Ω

(2)
b )t]

×

(
f

∑
j=1

sech
[

C1a2

2
( j− j(1)0 )

]
c+j

)n1

×

(
f

∑
j=1

sech
[

C2a2

2
( j− j(2)0 )

]
c+j

)n2

. (56)

Physically, the classical two-discrete breather is the bound
state of two single discrete breathers.[69] When the quantum
two-breather state superposes, the result is a localized ex-
citation that is fully analogous to the classical two-discrete
breather.[70] Hence, it is not difficult to conclude that the n
magnon Hartree state (56) is a quantum spin two-breather
state. Furthermore, in Fig. 5, we show the temporal evolu-
tion of the average number of magnons on the j-th site corre-
sponding to the quantum two-breather state (56). From Fig. 5,
one can observe that two independent groups of magnons are
localized on some sites in two different areas.
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Fig. 5. (color online) Temporal evolution of the average number of
magnons on the j-th site

〈
n j(t)

〉(H) corresponding to the quantum two-
breather state (49). Those relevant parameters are fixed as J = 1, a = 1,
S = 40, ∆ = 1.15, n1 = 20, n2 = 30, λ = 0.2, j(1)0 = 300, and j(2)0 = 900.

Furthermore, it is easy to calculate the Hartree energy of
the quantum two-breather state (56). The result is

En1,n2 = [ω0 +(λ −1)SJ](n1 +n2)−
(∆ −1)2J

4(1−4λ )S
(n1−1)2n1

− (∆ −1)2J
4(1−4λ )S

(n2−1)2n2, (57)

which clearly indicates that the energy of the present ferro-
magnetic zig-zag lattice system is quantized when the quan-
tum two-breather state (56) emerges.

For the case of λ > 1/4, we can also construct the quan-
tum two-breather state in the same way. The corresponding
quantum two-breather state has the following form:

|Ψn(t)〉(H)

=

(
a
2

)n1+n2

√
C′n1

1 C′n2
2√

n1!n2!
exp[−i(n1Ω

′(1)
b +n2Ω

′(2)
b )t]

×

(
f

∑
j=1

exp(iq0 ja)sech
[

C′1a2

2
( j− j(1)0 )

]
c+j

)n1

×

(
f

∑
j=1

exp(iq0 ja)sech
[

C′2a2

2
( j− j(2)0 )

]
c+j

)n2

, (58)

where

C′m =
2[8λ (∆ −2λ )−1]J(nm−1)

(4λ +1)(4λ −1)
,

Ω
′(m)
b = ω

′
min− [∆ −2λ −1/(8λ )]J(nm−1)a2C′m/4,

(m = 1,2). (59)

When the system is in the quantum two-breather state (58), the
corresponding Hartree energy is

En1,n2 = (n1 +n2)ω0−2(n1 +n2)

(
1

8λ
+λ

)
SJ

−
λ

(
∆ −2λ − 1

8λ

)2

J

(4λ +1)(4λ −1)S
(n1−1)2n1

−
λ

(
∆ −2λ − 1

8λ

)2

J

(4λ +1)(4λ −1)S
(n2−1)2n2. (60)

7. Conclusion
In this research, we have constructed quantum spin

breathers and two-breathers in an easy-axis ferromagnetic zig-
zag chain in the Hartree approximation. Because the bright
stationary localized single-magnon wave functions are applied
to constructing quantum spin breather state within the Hartree
approximation, the (discrete) modulational instability for the
corresponding equation of motion was analyzed. We found
that the configuration of the (discrete) modulational instabil-
ity area apparently varies with the increase of λ . Accord-
ing to the result from the modulational instability analysis,
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we forecasted that the stationary bright type localized solu-
tion can emerge at the Brillouin zone center only when the
frustration parameter is smaller than a specific value. To seek
the analytical expression for the stationary bright type local-
ized solution, a semidiscrete multiple-scale approach was em-
ployed to solve the equation of motion analytically. When
λ is smaller than 0.25, a stationary localized bright local-
ized solution appears at the Brillouin zone center. However,
if λ > 0.25, then the stationary bright type localized solution
occurs at wave number q = q0. Using these stationary bound
single-magnon wave functions, we first constructed quantum
spin breather states for two different cases, i.e., λ < 0.25 and
λ > 0.25. For these quantum breather states obtained, we cal-
culated the corresponding Hartree energy of the present zig-
zag ferromagnetic, which suggests the energy of our quantum
spin breathers is quantized. Furthermore, we constructed ana-
lytical forms of quantum spin two-breather states in the present
frustrated ferromagnetic zig-zag in the Hartree approximation.
With progress of the experimental technology,[71–78] our theo-
retical predictions are expected to be identified in experiments.
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