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Based on the Cahn–Hilliard phase field model, a three-dimensional multiple-field coupling model for simulating the
motion characteristics of a rising bubble in a liquid is established in a gas–liquid two-phase flow. The gas–liquid interface
motion is simulated by using a phase-field method, and the effect of the electric field intensity on bubble dynamics is studied
without electric field, or with vertical electric field or horizontal electric field. Through the coupling effect of electric field
and flow field, the deformation of a single rising bubble and the formation of wake vortices under the action of gravity and
electric field force are studied in detail. The correctness of the results is verified by mass conservation, and the influences
of different electric field directions and different voltages on the movement of bubbles in liquid are considered. The results
show that the ratio of the length to axis is proportional to the strength of the electric field when the air bubble is stretched
into an ellipsoid along the electric field line under the action of electrostatic gravity and surface tension. In addition, the
bubble rising speed is affected by the electric field, the vertical electric field accelerates the bubble rise, and the horizontal
direction slows it down.

Keywords: electro-hydro dynamics, numerical simulation, phase field method, bubble
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1. Introduction
In nature and engineering applications, bubble rising in a

viscous fluid subjected to an imposed electric field is a com-
mon and abundant gas–liquid two-phase hydrodynamic phe-
nomenon, playing a crucial role in boiling heat transfer and
gas–liquid flow.[1–4] So far, the motion characteristics of the
rising bubble without electric field have been extensively stud-
ied experimentally, theoretically, and numerically. A number
of numerical methods have been proposed for complex gas–
liquid interface motion deformation and topological changes.
The existing methods can be divided into two major cate-
gories: interface tracking[5] and interface capture.[6]

The interface tracking method is based on Lagrange’s
theory and uses dynamic grid technology to determine the
phase interface by tracking the mesh on the interface. This
method has more grid reconstruction work and a large amount
of computation. Based on Euler’s theory, the interface cap-
ture method uses a fixed grid to calculate the twophase liq-
uid, and a scalar indication function is used to identify and
reconstruct the phase interface at each step in time. More ma-
ture methods of interface capture include the widespread use
of volume of fluid (VOF) method, the level set method, and
phase field methods. The VOF method[7] uses the volume of
fluid to determine the free surface to track the fluid change,
but the interface reconstruction is very complicated. The level

set method[8] determines the fluid boundary location by defin-
ing a distance function, which can easily track the topologi-
cal structure of the object. The phase field method[9,10] is the
most promising method of solving multiphase flow problems.
It uses the phase field variable to obtain the information about
the interface layer and does not directly track the change of the
interface between two fluids. The evolution of phase variable
is controlled by the 4order partial differential Cahn–Hilliard
equation. The surface tension is equivalent to the product of
the gradient of the field variable and the chemical potential,
and it is added into the Navier–Stokes equation as a volume
force.

Recently, the movement of bubble under the action of
electric field has gradually become a research focus. Marco
et al.[11] studied the influences of the electric and gravity field
on the separation and movement of bubble experimentally. It
was found that the bubble did not fall off at low gas flow rate
without electric field; at higher gas flows, even in the absence
of buoyancy, the dynamic effect was enough to cause bubble
separation. Peng et al.[12] solved the continuity equation of
incompressible fluid by adding the momentum equation and
VOF equation of electric field force, and obtained the process
of detaching single bubble from the wall under the electric
field. It was found that the bubble detachment time decreased
in the electric field and elongated along the direction of the
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electric field. Andalib et al.[13] studied the effects of uniform
and non-uniform DC electric fields on the motion and defor-
mation of a single bubble in a dielectric liquid medium. It
was found that in the case of thick bubble, the electro dynamic
force is negligible compared with the high hydrodynamic in-
stability, and the electro hydro dynamic (EHD) flow plays an
important role in controlling the motion. Based on the assump-
tion of peristaltic flow, Chen et al.[14] calculated the velocity
field distribution inside and outside the bubble under the ac-
tion of electric field, and compared it with the velocity field
without electric field but with incoming flow.

In general, most of the previous researches focused
largely on the effect of EHD on solid wall separated bubbles,
but less attention was paid to the effect of the electric field
intensity and direction on the rising bubble.

In this paper, a three-dimensional (3D) phase field model
is established to study the dynamic characteristics of a single
bubble in gravitational field. The floating process of bubble
under the action of electric field is simulated by the coupling
of flow field and electric field to study the shape and dynamic
evolution of the rising bubble in the electric field.

2. Mathematical model
2.1. Control equation

The compressibility of the two phases is neglected, so the
mass conservation of the whole simulation domain, including
the bulk phase and its interface, can be expressed as follows:

∇ ·u = 0. (1)

The fluid motion is described by Navier–Stokes
equations[15–17] for incompressible fluid under the action of
gravitational force, electric field force, and surface tension.
According to the Newton’s second law of motion, the momen-
tum conservation equation is

∂

∂ t
(ρ(φ)u)+ρ(φ)u ·∇u+∇p

= ρ(φ)g+∇ ·µ(φ)
(

∇u+(∇u)T
)
+Fst +F, (2)

where u is the velocity vector of the fluid, ρ (φ) is the fluid
density, t is the time, p is the pressure, µ(φ) is the dynamic
viscosity coefficient, ρ(φ)g is gravity, Fst is the source of sur-
face tension, and F is the external force, which is referred to
here in this paper as the electric field force.

2.2. Phase field equation

In the study of ascending movement of dispersed phase
bubble, the interface change between dispersed phase and con-
tinuous phase is the key to research. In this paper, the phase
field method is used to simulate and track the movement of
the gas–liquid interface. The phase field method is used to

describe the dynamics of gas–liquid twophase flow by Cahn–
Hilliard equation,[18,19] the equation is given as follows:

∂φ

∂ t
+u ·∇φ = ∇ · γλ

ξ 2 ∇ϕ = ∇ · 3γσξ

2
√

2
∇ϕ, (3)

ϕ =−∇ ·ξ 2
∇φ +

(
φ

2−1
)

φ +
ξ 2

λ

∂ f
∂φ

. (4)

In the formulas, the ϕ variable[20] is the auxiliary variable
of the phase field, the dimensionless phase field variable φ

changes from −1 to 1, ∂ f/∂ϕ is the external free energy
derivative, which is generally 0, γ is the mobility parameter,
whose value determines the time factor of the Cahn–Hilliard
equation diffusion with a given value of 1, ξ is the parameter
that determines the thickness of the diffusion interface. When
ξ → 0, ξ , the mixed energy density λ , and the surface tension
coefficient σ satisfy the following relationship:[21]

σ =
2
√

2
3

λ

ξ
. (5)

2.3. Electric field equation

For the two-phase flow interface, the electric force needs
to be specified. The bubble under the action of the electrostatic
field F can be given by the divergence of the Maxwell stress
tensor T as[22]

F = ∇ ·T. (6)

The Maxwell stress tensor T due to the difference in electrical
property at the interface of the two phases can be expressed
as[23,24]

T = ε0ε(φ)EE− 1
2

ε0ε(φ)E ·E
(

1− ρ

ε0ε(φ)

∂ε0ε(φ)

∂ρ

)
I, (7)

where ε0 is the dielectric constant of vacuum and equals
8.8542×10−12 F/m, ε(φ) is the fluid relative permittivity, E is
the electric field strength, and I is the second-order unit tensor.
In the solution domain, the Maxwell stress tensor is 0 except
for at the other positions in the two-phase interface.

Therefore, the electric field force Fcan be expressed as

F = ∇ · (ε0ε(φ)EE)− 1
2

E2
∇ε0ε(φ)+∇

(
1
2

ρ
∂ε0ε(φ)

∂ρ
E2

)
.

(8)
On the right-hand side of Eq. (8), the first term is the electric
field applied to the surface charge volume force. The second
term is the dielectrophoresis force of the electric field. This
term exists only in non-uniform medium, which is related to
its corresponding spatial position of field strength and the spa-
tial variation of the dielectric constant. The third term is the
force of electrostriction, which is caused by the change of
the medium density. If the fluid is incompressible, it can be
ignored.[1]

The relationship between the electric field strength E and
the potential V is

E =−∇V. (9)
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Since the dynamic current generated by the dynamics
is small, the effect of the magnetic effect can be neglected.
Therefore, the electric field can be regarded as a non-rotating
field. Then the potential of any point can be solved according
to the Laplace equation[25,26] with a variable permittivity

−∇ · (ε0ε(φ)∇V ) = 0. (10)

2.4. Fluid properties parameters

In this numerical simulation, there are corresponding flow
parameters that can characterize the two-phase mixture. For
the average flow density ρ (φ), viscosity coefficient µ (φ), and
relative permittivity ε (φ) in the preceding equation, the simu-
lation formulas are as follows:

ρ (φ) =
1+φ

2
ρ1 +

1−φ

2
ρ2, (11)

µ (φ) =
1+φ

2
µ1 +

1−φ

2
µ2, (12)

ε (φ) =
1+φ

2
ε1 +

1−φ

2
ε2, (13)

where ρi, µi, and εi (i = 1,2) represent the density, viscosity,
and relative permittivity of the two phases (air and fluid), re-
spectively.

2.5. Dimensionless parameters

The following dimensionless parameters are used to de-
scribe the motion characteristics of the bubble: the Eotvos
number E0, the Morton number M0, the Reynolds number Re,
and the Weber number We,

E0 =
g(ρH −ρL)d2

σ
, (14)

M0 =
g(ρH −ρL)µ

4
H

ρ2
Hσ3 , (15)

Re =
ρHud

µH
, (16)

We =
gµ4

H
ρHσ3 , (17)

where g is the gravitational acceleration, d is the bubble diam-
eter, M0 represents the characteristics of the external fluid, and
E0 characterizes the ratio of the float lift to the surface tension.
These two numbers are controllable. And Re and We describe
the bubble rise rate and bubble characteristics, respectively. Re

represents the relative size of the viscous force and the inertial
force in the fluid motion, We denotes the relative size of the in-
ertial action and the surface tension, which are available only
under the premise that the velocity is known.

3. Initial conditions
3.1. Geometric motion model

The rising bubble in the liquid is simulated and the whole
system is considered to be affected by external electric fields

(horizontal electric field EX and vertical electric field EZ). The
motion area of the bubble is shown in Fig. 1.

Z

X

Y

Fig. 1. (color online) Schematic diagram of the movement area.

3.2. Initial condition setting

The main geometric parameters of the simulation are
shown in Fig. 2. A 120 mm× 120 mm× 280 mm 3D gas–
liquid simulation model is established, in which the bubble
radius is 30 mm, the water depth is 250 mm, and the initial
velocity of the bubble is 0 m/s.

280 mm

EX

EY

30 mm

R=30 mm

liquid
(ρ2, µ2, ε2)

(ρ1, µ1, ε1)

air

air

120 mm

30 mm

Fig. 2. (color online) Schematic diagram of two-dimensional geometri-
cal model in numerical simulation.
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The flow field of the bubble is studied as a low Reynolds
number flow field with a density ratio between two phases of
1000 and a viscosity ratio of 100. The main physical parame-
ters used in the simulation are listed in Table 1.

Table 1. Material properties in the model.

Liquid Air
ρ/kg·m−3 1000 1

µ/Pa·s 1.16 0.0116
ε 81.5 1

σ/N·m−1 0.0728 —

4. Results and analysis
4.1. Rising bubble without electric field

Figure 3 shows a dynamic change diagram of the bubble
rising process as predicted by the numerical phase field model.
The bubble is ideally spherical at t = 0 s. Then the bubble
starts to rise gradually, the bottom of the bubble becomes flat
and concave, and the indentation of the bottom of the bubble
turns more and more serious over time. The shape of the bub-
ble continues to change into a ball-cap shape. The simulation
results in Fig. 3 are the same as the observations in Ref. [17] .

xy

(a) (b)

(c) (d)

z

xy

z

xy

z

xy

z

Fig. 3. (color online) Bubble rising without electric field: (a) t = 0 s,
(b) t = 0.08 s, (c) t = 0.12 s, (d) t = 0.18 s.

Figure 4 shows the flow field and pressure distribution in
the computing domain at t = 0.12 s. It can be seen from the
figure that due to the effect of gravity, the hydrostatic pres-
sure distribution gradually increases from top to bottom. The
pressure distribution in the bubble is greater than that of the
external liquid because of the effect of the surface tension.

In order to better observe the direction and change of ve-
locity caused by bubble motion, the velocity vector around the

magnified bubble is shown in Fig. 5. The arrow shows the di-
rection of the velocity vector and the length of the arrow shows
the magnitude of the velocity vector. The flow line of the bub-
ble and its surrounding are obtained by the average rising ve-
locity of the bubble, and the whole flow field is symmetrical.
As the bubble density is less than that of the liquid, the bubble
rises gradually from the rest and drives the liquid movement
under the action of buoyancy, gravity, and other forces. The
flow around the bubble is relatively dense, and a backflow zone
is produced at the end of the bubble, with a vertically upward
component of velocity.

X/mm

Z
/
m
m

Fig. 4. (color online) Distributions of stream of flow field and pressure
at t = 0.12 s.

X/mm

40 50 70

130

120

140

100

90

80

70

60

110

90 110 13060 80 100 120

Z
/
m
m

Fig. 5. (color online) The velocity vector at t = 0.12 s.

The conservation of mass in the process of bubble move-
ment is an important basis for studying the reliability and ac-
curacy of numerical results. Since there is no reaction nor
flow passing through the boundary, the total mass of each fluid
should be constant. Figure 6 shows the total mass of the bub-
ble as a function of time during the bubble movement. It can
be seen from the figure that the bubble mass loss is less than
1% during the movement of the bubble, which indicates that
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the conservation of the bubble mass holds during simulation
and also proves that the model is reliable and accurate.
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Fig. 6. (color online) Total mass of the bubble as a function of time.

4.2. Effect of electric field intensity on bubble dynamics
4.2.1. Vertical electric field

The effect of the vertical electric field (the electric field
applied in the Z direction) on the rising bubble is studied. The
bubble of radius R = 30 mm under each of three different volt-
ages (250000 V, 350000 V, and 500000 V) is simulated by
the combination of buoyancy, electrodynamics, and gravity in
fluid, and the bubble deformation and velocity field are numer-
ical simulated.

In order to quantitatively study the effect of electric field
on the rising bubble, figure 7 shows the effects of the vertical
electric field intensity on the top position of the bubble under
three different voltages. It can be seen that in the vertical elec-
tric field, the position of the bubble rising at the same time is
higher than that in the case of non-electric field. As the in-
tensity of the vertical electric field increases, the position of
the bubble rises: the bigger the intensity of the vertical elec-
tric field is, the higher position the bubble reaches. This shows
that the vertical electric field helps to accelerate bubble rising
in hydrostatic water.

0.05
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0.15

0.20

0.25
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Time/s

U=0 V
U=250000 V
U=350000 V
U=500000 V

Fig. 7. (color online) Time-dependent bubble top positions under dif-
ferent vertical electric fields.

We define the aspect ratio of the bubble as α = W/H as
shown in Fig. 8, where W is the long axis (width) of the bub-
ble, and H is the short axis (height) of the bubble.

W

H air

O
X

Z

Fig. 8. (color online) Illustration of bubble measurement dimensions.

Figure 9 shows the bubble deformation under verti-
cal electric field voltage of 0 V, 250000 V, 350000 V, and
500000 V at t = 0.2 s, and the bubble shape parameters at
the same time are shown in Table 2. As shown in the table, the
length of the horizontal axis of the bubble gradually decreases,
the length of the vertical axis increases, and the horizontal-to-
vertical deformation ratio decreases. The table shows that the
electric field is directly proportional to the tensile strength of
the bubble and the applied electric field strength.

Table 2. Bubble shape parameters at t = 0.2 s under different vertical
electric fields.

U/V 0 250000 350000 500000

W/mm 83 76 73 70

H/mm 29 29 30 35

W/H 2.86 2.62 2.43 2.00
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Fig. 9. (color online) Bubble deformation diagram at t = 0.2 s under differ-
ent vertical electric field voltages of (a) 0 V, (b) 250000 V, (c) 350000 V, and
(d) 500000 V.

094704-5



Chin. Phys. B Vol. 27, No. 9 (2018) 094704

4.2.2. Horizontal electric field

The dynamic process of bubble rising under the horizon-
tal electric field (the electric field applied in the X direction)
is studied. The voltage parameters are set to be 250000 V,
350000 V, and 400000 V, respectively.

In order to quantitatively study the effect of electric field
on rising bubble, as previously described, figure 1 shows the
effect of the horizontal electric field intensity change on the
top position of the bubble. Obviously, the effect of the hori-
zontal electric field is opposite to that of the vertical electric
field, which slows the rise of the bubble. At the same time, the
rising position of the bubble decreases with the increase of the
voltage.
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Fig. 10. (color online) Time-dependent bubble top positions under hor-
izontal electric fields.

In order to better compare the influence of electric field
direction on rising bubble, the time taken for the bubble to rise
to the top of the region is shown in Fig. 11. From the fig-
ure, we can clearly see that the bubble rises faster under the
vertical electric field, taking a shorter time to reach the top of
the bubble; in the case of horizontal electric field, the bubble
rises more slowly and takes longer time to reach the top.
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Fig. 11. (color online) Time taken for the bubble to rise to the top.

Figure 12 illustrates the deformation of bubbles for each
of the horizontal electric field voltages of 0 V, 250000 V,
350000 V, and 400000 V, the bubble shape parameters at the
same time are given in Table 3. Compared with the case of a

vertical electric field, the length of the horizontal axis of a bub-
ble increases with the increase of the electric field intensity in
the horizontal electric field, and the length of the vertical axis
decreases, and the ratio of the horizontal to vertical deforma-
tion increases. A large value of W/H corresponds to the high
resistance, which hinders the rising of the bubbles. The bub-
ble directly deforms into an oblate ellipsoid. The reason is that
the horizontal electric field tends to stretch the bubble into an
oblate shape, which is beneficial to the action of the flow jet.
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Fig. 12. (color online) Bubble deformation diagram at t = 0.2 s under hori-
zontal electric field.

Table 3. Bubble shape parameters at t = 0.2 s under horizontal electric
field.

U/V 0 250000 350000 400000
W/ mm 83 87 91 93
H/ mm 29 29 27 26
W/H 2.86 3.00 3.37 3.58

We know that during the rising of the bubble, the exces-
sive movement of the lower gas will squeeze the upper gas
and cause it to move to the left and right sides to form two arc-
shaped bulges. The bubble forms a crescent arc as a whole.
This study finds that when the voltage intensity is particularly
high, the tail of the bubble is dragged to form a wake. As
time goes on, the left and right two gas snare bags will even-
tually split out of the mainbody air bubble, becoming two sep-
arate small bubbles, while the remaining mainbody part of the
bubble will continue to move upwards at a certain speed as
shown in Fig. 13. Figure14 shows the shape of the bubble at
U = 500000 V and t = 0.12 s: when the bubble buoyancy force
is almost negligible compared with the electric field force, the
bubble does not rise and is deformed in place due to the mag-
nitude of the electric field force, and it is elongated in the di-
rection of the field.
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Fig. 13. (color online) Bubble shape at U = 250000 V and t = 0.44 s.
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Fig. 14. (color online) Bubbles that do not rise but deform in place at
U = 500000 V and t = 0.12 s.

5. Conclusions

It is difficult to solve the problem by using the traditional
method, and the computational efficiency is low when the bub-
ble rises in the liquid under the action of electric field. In
this paper, the phase-field method is used to simulate the gas–
liquid two-phase flow. The coupling effect of electric field and
phase field on the bubble deformation and dynamic behavior
in static liquid is studied. From the present study, some con-
clusions can be drawn as follows.

(i) A series of dynamic processes of bubble rising and

deforming in liquid is simulated and the external flow field in-
duced by the bubble rising process is obtained.

(ii) The feasibility of the model is verified by the conser-
vation of the bubble mass in the rising process, and the effect
is better.

(iii) The presence of a vertical electric field increases the
rate at which bubbles rise in the liquid, and causes the bubbles
to deform into a flat shape with a smaller width/height ratio,
whereas a horizontal electric field is reversed.

(iv) The study of bubble rising under the action of hori-
zontal electric field shows that the bubble does not rise when
the bubble rising buoyancy force is almost negligible com-
pared with the electric field force, and it is deformed due to
the electric field force at the original place.
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