http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics D

Fractional squeezing-Hankel transform based on the induced entangled state representations

Cui-Hong Lv( 3#41)T, Su-Qing Zhang(7k 7+ 7), and Wen Xu(432)
Citation:Chin. Phys. B . 2018, 27(9):094206. doi: 10.1088/ 1674-1056/27/9/094206

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Estimation of photon counting statistics with imperfect detectors

Xiao-Chuan Han(#: % )1), Dong-Wei Zhuang(J£ 4<4#), Yu-Xuan Li(Z=F %), Jun-Feng Song(R1&214), Yong-Sheng
Zhang (7KK 2E)
Chin. Phys. B . 2018, 27(7): 074208. doi: 10.1088/1674-1056/27/7/074208

Entangling two oscillating mirrors in an optomechanical system via a flying atom

Yu-Bao Zhang(7k %), Jun-Hao Liu(xI %), Ya-Fei Yu(A L §), Zhi-Ming Zhang (7K ')
Chin. Phys. B . 2018, 27(7): 074209. doi: 10.1088/1674-1056/27/7/074209

Multi-window transparency and fast-slow light switching in a quadratically coupled
optomechanical system assisted with three-level atoms

Wan-Ying Wei(Z110), Ya-Fei Yu(JAlF &), Zhi-Ming Zhang(5k % 1)
Chin. Phys. B . 2018, 27(3): 034204. doi: 10.1088/1674-1056/27/3/034204

Parallel generation of 31 tripartite entangled states based on optical frequency combs

Jing Zhang(3ki#), Yan-Fang Wang(E 11 75), Xiao-Yu Liu(XJi%72), Rong-Guo Yang(# % [F)
Chin. Phys. B . 2017, 26(12): 124205. doi: 10.1088/1674-1056/26/12/124205

Generation of squeezed vacuum on cesium D2 line down to kilohertz range

Jian-Feng Tian(H &%), Guan-Hua Zuo(/Zj&#), Yu-Chi Zhang(sk E5t), Gang Li(ZKl), Peng-Fei Zhang(kli§ &),
Tian-Cai Zhang(ik K 4)
Chin. Phys. B . 2017, 26(12): 124206. doi: 10.1088/1674-1056/26/12/124206


http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract72351.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract72352.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71697.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71697.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71070.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71195.shtml

Chin. Phys. B Vol. 27, No. 9 (2018) 094206

Fractional squeezing-Hankel transform based on the induced
entangled state representations”

Cui-Hong Lv(2 341)", Su-Qing Zhang(3K757), and Wen Xu(¥%)
Faculty of Science, Jiangsu University, Zhenjiang 212013, China

(Received 10 March 2018; revised manuscript received 11 May 2018; published online 10 August 2018)

Based on the fact that the quantum mechanical version of Hankel transform kernel (the Bessel function) is just the
transform between |g,r) and (s, 7’|, two induced entangled state representations are given, and working with them we derive

fractional squeezing-Hankel transform (FrSHT) caused by the operator e

. it it . .
ia(ajataa) g a2 - which is an entangled

fractional squeezing transform operator. The additive rule of the FrSHT can be explicitly proved.

Keywords: induced entangled state representation, entangled fractional squeezing transform, fractional

squeezing-Hankel transform
PACS: 42.50.—p, 03.65.—w, 02.30.Gp

1. Introduction

The fractional Fourier transform (FrFT), an extension of
the Fourier transform, was first developed by Kober!!! and
then rediscovered by Namias,>?! who used the FrFT in the
context of quantum mechanics as a way to solve certain prob-
lems involving quantum harmonic oscillators. However, they
were Mendlovic, Ozaktas, and Lohmann who firstly intro-
duced the FrFT to optics in 1993,1491 and the optical imple-
mentation of FrFT was recognized based on the fact that a
piece of graded-index fiber (GRIN) of proper length can per-
form a Fourier transform optically. Nowadays, the FrFT has
been developed and utilized by many researchers, and been
used in almost all applications where Fourier transforms were
used.!”#! The one-dimensional «-angle FrFT of a function g
is defined as!”!

Folg(p)]
ei(oc/2—7r/4) 00

V2TsinQ J—e exp
. /_o;h(p,x)g(x)dx. (1)

FrFT satisfies the additive rule (or the compositional rule)

i(p?+x*)  ipx
2tan o

sin o

]g(X)dx

Fo o Fg[g] = Fyyp 8], i-e., two successive FrFTs with param-
eters o and f3 are equivalent to a single FrFT with parameter
o+ B. In addition, in Ref. [10], by converting the triangu-
lar functions in the integration kernel i (p,x) of the FrFT to
the hyperbolic functions, we have found the quantum mechan-
ical fractional squeezing transform (FrST) which satisfies ad-
ditivity and we derived the unitary operator responsible for the
FrST which can be seen in Ref. [10].

In Refs. [11]-[14], based on the two mutually conjugate
entangled state representations |n) and |£), Fan et al. have
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constructed the complex fractional Fourier transform (CFrFT)

of the form
rerml= [ Skmore. @
where the integration kernel Ky (17,€) is
Ko(n,8) = e;(:;n?
oo U0 6]

The additive rule satisfied by CFrFT was also proved. Later,
Dragoman has shown that the kernel of CFrFT can be clas-
sically produced with rotated astigmatic optical systems that
mimic the quantum entanglement.!'>! More applications of the
CFrFT can be found in Ref. [14]. Based on the work, %14
Chen et al. have proposed an entangled fractional squeezing
transform (EFrST) and described its fractional property by us-
ing two mutually conjugate entangled state representations |1)
and |£), which will be introduced in Section 2.

On the other hand, in mathematical physics the Han-
kel transform is very useful in dealing with many linear par-
tial differential equations with appropriate initial-boundary-
value problems which have obvious physical background,
such as the axisymmetric diffusion equation,!'®! the vibration
of a large plate,!!”) axisymmetric Cauchy—Poisson water wave
equation,!!® and acoustic radiation equation.!'”! The Hankel
transform of a function f(r) is defined as/?"’

HalF(r)] = /0 (k) f(r)dr = Fo(K), @)

where J,(kr) is the Bessel function of order n. The inverse
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Hankel tranform is
2 [0] = [ Kk (0, 5)

provided that the integral exists.

An interesting question thus naturally arises: how to in-
troduce the fractional squeezing-Hankel transform (FrSHT)?
In this work we shall set forth the FrSHT by making full use
of quantum mechanical entangled state representations the-
ory, i.e., generating FrSHT in |g,r) and |s,r’) representation,
which are respectively induced from two mutually conjugate
entangled state representations |1) and |€) (see Egs. (11) and
(12) below). In Section 2, employing the integration technique
within an ordered product!?!! of operators with which we can
directly perform integration over Dirac’s ket—bra operators, [*°!
we briefly introduce the EFrST and illustrate the unitary oper-
ator responsible for the EFrST. In Sections 3—4, we introduce
two entangled states |g,r) from |n), |s,r’) from |&), which
respectively constitute the so-called induced entangled state
representations. It is remarkable that the overlap (s, 7’| g, r) =
%Ss’qu (rr') is just the Bessel function. In Section 5, we calcu-
late the matrix element (s,r| S |g,r’) which is the integration
kernel of FrSHT. The additive rule of FrSHT is also illustrated
in Section 6.

2. The entangled fractional squeezing transform

Through converting the triangular functions in the inte-
gration kernel Ky (1,€) in Eq. (3) into hyperbolic functions,
i.e., tana — tanh ¢, sin & — sinh &, we will get the integration
kernel of an EFrST!!0]

ei(afg)

2sinh o

i(In>+161%)

2tanh

St Hén

Gu (&)= 2sinha

.(6)

From the point of view of quantum mechanics, G4 (1,&) of
the o-angle EFrST is proved to be the composite transforma-
tion including both the basis changing and unitary transforma-
tion generated by the unitary operator G

a(naé) =

G is called the EFrST operator, which has the form!!"]

N6al8)- (7

—ia<a+a++a a ) _inal _inal i(x(a#a7+a a )
6a:e 192 lzelﬂazazzelﬂ:azaze 142 12,(8)

—ia (a;a;-&—alaz)

where e is a two-mode squeezing operator. Then

we can get the relationship

St — e—ia(a’{a;-k—altlz) inabay _ e—itx(u?a;-&-altlz)e—ina;az
b= =

= Gq. ©)]

(&

e~ im0 g indispensable to the EFrST which is called the core

operator to EFrST, which we emphasize as being essential to

the EFrST, since by “fractional” we mean the additive rule (or

the compositional rule) G 0 &g [f](N) = G4y p[f](N). .,

SaoGp[f1(N)

2 21
= [E5 [ s eiepn £y el (@)
/d2§ /dZ‘;’:/ 717m2a2 1a<a a2+u1uz) |€ >

ceimbngB(eleka) 1) g g)
- [2/5
. el‘*(“l“§+“‘“2> &

= (nle e expli(a+ B)(ala) +aa)] If)

= Gaplfl(n)-

In Eq. (6), |n) and |£) are the two mutually conjugate entan-
gled state representations,>*! that is,

n§’<|

dz‘i/ ﬂﬂazazela(“ a2+u1u2) |€ > é/‘ efifra;az

(10)

1
m =exp(~5 P+ nal -+l ) 1),

n=mn+in, Y

and
1 * T ToT

) —exp (5 1P +alg+ £'al ~ala] ) 00}

£ =238 +i&, 12)
which satisfy the completeness relations

d2
[Shmmi=1 [ge=1

and their overlap is also in Fourier transform type (1| &) =
zexp[(n*§ —né&*) /2] = gexpli(m& — mé&)].

In Section 3, we derive the induced entangled representa-
tion |g, r) from |n), |s,7’) from |€), respectively, and show that
the mutual transform between |g,r) and |s,r’) is just the Han-
kel transform. If we do so, the Hankel transform can be stud-
ied under the quantum mechanical background and the Han-
kel transform of quantum state vectors can be naturally intro-
duced. In the following, we propose the fractional squeezing-
Hankel transform in the two induced entangled state represen-
tations.

3. Two induced entangled representations |q,r)
from |n), |s,7’) from |) and their overlap

By taking n = rel®, £ = //e!? from |n), we can define**!

1 2T
o /
It can be proved that |g,7) is the common eigenvector of the

two-mode number-difference operator a{al — a;az and (a; —

az)(ai —ap), since {aial — a;ab (ay

lg,r) = n= rei">e*i‘19de. (14)

- a;)(a'lk — az)] =0,

(afal —@02) lg,r) = qla,r), (15)
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(a1 —a5)(a} — ) |q,r) = |q.r), (16)

and |g,r) also satisfies completeness relation and makes up a
complete-orthonormal representation, that is,

1
<Qar|q r> quz 6(7‘—7‘/), (17)

/' 42 |q.r) (g,r] = 1. (18)

q——oo

Similarly, we can also introduce |s,’) from |&) as (the symbol
| , ) is introduced for distinguishing it from | , ))

1
/—7
|s,r)f27r

where |s,r') is the common eigenvector of the two-mode
fa;az and (a’{ +ay)(a; +

/0 7 ’5 — /el ) e "0dg, (19)

number-difference operator a’{al

ag), which satisfy {a'}l.al —a;az, (a'[ +az)(a; —&—a;)} = 0. Si-

multaneously, they obey
(aIal —a§a2> |s,r') = s|s7r/) ,
(a] +a2) (@1 +a3) [s.r') = |s.7). (20)

|s,r’) is complete-orthonormal representation that

Z/dr’2|sr sr‘—l

§=—00
/
Y

From the point of view of Schmidt’s decomposition, we can

LS (r/—r”). 21

//) — 55,5’ 2r,

know that both |g,r) and |s,r) are called induced entangled
states. Noting both the integrals in Egs. (14) and (19) can be
performed throughly, the explicit forms of |s,7’) and |q,r) can
be obtained, but in this work we do not need them.

According to Egs. (14) and (19), we can calculate

(s7r/| q,7)
1 2 . . 2 . .
= m/ depe™? <§ =re? / de ‘n = rels>e*‘q9
0 0
2n 2w . .
= W/ / e 496 exp [irr’sin (6 — )] dOdg

2
= 87t2/ / el$Peia9 Z I (rr') exp[im (6 — )]

m=—oo

~ L), @)
and we have used the following formula of J; (x):

1xsmt Z J 1?[ (23)

§=—00

where J; is the Bessel function

=)

Zk‘ s+k <z)s+2k' 24)

k=0

By taking
:g(s,r/), (25)
and employing Egs. (18) and (22), we see

Z/dr sr|q7 (q,7| &)

g=—o0

(g,rl ) =g(q,r), (s,7'| &)

Q(s,r/) = sr|g

= /0 rers (I’ﬂ)g(S,F)EH[g(S’r)L (26)

which is just the Hankel transform of g(g,r), well-defined
mathematically. We can see that the quantum mechanical ver-
sion of Hankel transform kernel is just the entangled states
transform between |q,r) and (s, 7’|. The reciprocal transform
of Eq. (26) is

g(q,r) = {(q,7| &) =

Z / dr/2 q,r|sr)(sr’g

[ )6 () = 0] 20

Thus, we can say that the Hankel transform has its represen-
tation in quantum mechanical, that is, (s,7| ¢,r) and |s,r’) is
the s-order Hankel transform of |s, r).

In the following section, based on the entangled fractional
squeezing transform operator and the form of Hankel trans-
form, we can calculate the fractional squeezing-Hankel trans-
form.

4. The fractional squeezing-Hankel transform in
the induced entangled state representation

Using the entangled fractional squeezing transform (6),
we now consider the integration

, 1 21 2n 00 i
Suas (57) = 33 [ 40 [ a6 (]84 8)

1 2 2n is0_ig 1
= — d dee™" —_—
47172/0 ? 0 ¢ ¢ Jisinha

< exp [i(nzﬂéz) Ente

.2
2tanh 2sinh o (28)

In reference to Egs. (14) and (19), we see that a transforma-
tion matrix element is essential in the induced entangled state

representation

Guags (r, r/)
= (¢,7|6qls,r)

1 2 21 100 0 ) y
= m/o do A dge'? <n =re' Ga‘é :r’e“”>e*“"’7
(29)

where

<n =rel?| S, ‘é = r'ei"’>

- 2isinh o P 2tanh o 2sinh o
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i (r2 + rlz) rr!
= —_ 1 9 J—
2isinha P | Zanhe sinh (0 @)
_ 1 i(r2+r'2) oY (7‘6 0+ )
= Zisinhe P | 2tanho 'sinha S \2 ¢
(30)
Using Eq. (23), we can get
oY (n 04 )
exp |—i sin [ — —
P sinha M\ 2 ¢
& rr’ o (x
- 1, (= im(5-6+0) 31
m:Z_m m( sinhoc)e ’ D
and we have
1 m 2m igf ,—is@
m/ d(P doe'?’e
_ ) ein(3-0+0)
im(5—6+¢
Xm;w ( smhoc)e
_ 1 2 2 igf ,—is@
/
« —im@ Lime ,im%
m_z’_m ( smha> coee
/
— Z im
47t2 e < smha)
2
> / ne(imfis)(od(p/ e(iqfim)OdG
0 0
_ L i J 71"7;"/ i"4m?8s,m8q, m
42 &= "\ sinha n0g,
rr
=J,| - Oy 417. 32
q( sinha) 54! (32)
Substituting Eq. (32) into Eq. (29) generates
(g, 5,7")
i(rz-l-r’z) rr
= I, | — 33
2isinho P | 2tanha ‘1( sinha> st 33)
and its complex conjugate is
(g, s,r')"
= (s7r/|6fx|q,r)
S22
, (P +r?)
= 9 6 9 = . . J
(S r| algr) 72151nh(xeXp l 2tanh 1
Os.q (
( smhoc) al
B 1( 2 +rl2
N 2s1nhoc P tanh o T
Os, 34
( s1nhoc> (34
SO
(s,r"6a|q,r>

1 —1 (r2+r'2)
= - ex Iy
2sinh 2tanh o
rr’
_ _ a1
” ( sinhoc) 65"1( i)
= (s7r‘606 q7”/>56a§s7CI(7ﬂ’/)- (35)
Letting
<q7r‘f>:f(‘br)a‘F>:6a|f>a (36)

and then using the completeness relations (18) and (35), we
have

(s,r| F)
(s, r‘®a‘f>

/ dr'? (s,r| S
g=—o0

RS
rr’

o (i qg—1 /
«( siM)auxo 7l
[l o[
Jo 2sinh o 2tanh o

rr' ,
. <_ sinhoc) fsr).

Comparing with the Hankel transform in Eq. (4), we see that

q,7"){q,”| f)

—i (r2 + r’z)
2tanh

2sinh o P l

(37

equation (37) represents fractional squeezing-Hankel trans-
form of f (s,r’).

5. The additive rule of FrSHT

Now we need to demonstrate the additive rule of FrSHT.
Using Egs. (35) and (37), we can express FrSHT as

Z / dr//ZGﬁqq / //)f(q r )

,7 —00

Z / dr//2 q7 |6B|q/ //> <q/7r//’f>'

/7 —00

(3%)

It then follows the two successive FrSHT's
GooGglf](s,r)

Z / dr’? Guasyg rr)

g=—o0"
. Z /wdruzgﬁ:q‘q’ (") £ (d ")
g=— 0 '

_a-1
d /2 ( 1)
_m/ " “’2s1nha

i (r2 + r’z) I rr!
2tanh @ q sinh o
q-1

dr //2 _i
x ;m/ 8yt ZSth

q=

X exp [—
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i(r'z +r//2) r/r//

e LD N SN AL ron
" exp 2tanhf |7 < sinhﬁ)f(q ")
) R S

= Jsinhasinh P | 2tanha

//2

< [ 0o | s 16)

/dr’ze [_w’ztanha—l—tanhﬁ}

tanh o tanh 8
" rr’ I rr’
sinha ) **\_ sinhf )’

where we have used the integration formula

and

(39)

/0 drzefhzls (vr)Js (ur)

Ga o Ggf](s,r)

(=11 2tanh ctanh 3

X exp {—
(=1

_ N d /2
4sinh asinh 3 i(tanh & + tanh ) P ( 2tanh o ) /0 roexp

1 r 2 n
7 (L
2i(tanh & + tanh B) (sinhza * sinh2B> J”Sz} s (
i /"2

ir? = cx rr’
I e o d 2 o ! 157J o
2isinh(a+ﬁ)eXp< 2tanha>/0 " eXp( 2tanh[3>f(s’r Je ‘( sinh(a+[3)>

1
= —exp

! (7 +12)

. T
+1s2] Js (—

1 tanh f tanh o 1
tanha ' (tanho + tanh B) sinh? o
1
~ tanh (o + B)

1vu> . (40)

C4A 21

Further, using

(41)

1 1
sinh cccosh B +sinh Bcosha  sinh (o + )
B 1 tanh o tanh 8
~ sinhasinh B (tanh o + tanh B),

(42)

equation (39) becomes

< 2;::121[3) fls:r")

tanh o tanh 8 rr’
tanh ¢ + tanh 8 sinh ¢ sinh 3

r? 1 N 1 P’
2i \ tanh(a+pf)  tanho 2i

Sil / dr"zex I: (r —|—r”2)

xexp[

251nh OtJrﬁ

<_tanh(;+B) +tan1hﬁ)]
st | (g ) 76 = Garp 1G5

(43)

\
which is the additive rule for the fractional squeezing-Hankel
(1]
2]
[3]

transform.

6. Conclusion "
[5]
Stemming from the entangled fractional squeezing trans- {g}
form in the entangled state representation, we have shown
that the integral kernel of a fractional squeezing-Hankel trans- S}
form is equivalent to the matrix element of the operator S, = [10]
efia(a-:-a;ﬂlaz) e im93% in the induced entangled state repre- Hg
sentations (s, 7| and |g,7), and (s, 7’| ¢,r) = 18 4J; (rr’) is es- ﬁﬂ
sential to our derivation. Additionally, the additive rule of [15]
the fractional squeezing-Hankel transform is also presented. [16]
The FrSHT obtained above may be used to solve the Laplace Hg
equation to calculate the capacitance between two plates with [19]
a medium in mathematical physics. Besides, we consider [20]
that the zero order FrSHT and its integration properties may [21]
be useful to solve the axisymmetric stress system of three- Eg
dimensional band cracks. [24]
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