
 

Nonuniform sampled angular spectrum method by using trigonometric interpolation 

Qiu-Hu Cheng(程秋虎), Shi-Yu Wang(王石语), Meng-Yao Wu(吴梦瑶), Zhen Guo(过振), De-Fang Cai(蔡德芳), Bing-Bin 

Li(李兵斌) 

Citation:Chin. Phys. B . 2018, 27(9): 094203. doi: 10.1088/1674-1056/27/9/094203 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Characteristics of photonic nanojets from two-layer dielectric hemisphere 

Yunyue Liu(刘昀玥), Xianchao Liu(刘贤超), Ling Li(李玲), Weidong Chen(陈卫东), Yan Chen(陈艳), Yuerong Huang(黄跃

容), Zhengwei Xie(谢征微) 

Chin. Phys. B . 2017, 26(11): 114201. doi: 10.1088/1674-1056/26/11/114201 

Wavefront analysis for plenoptic camera imaging 

Yin-Sen Luan(栾银森), Bing Xu(许冰), Ping Yang(杨平), Guo-Mao Tang(汤国茂) 

Chin. Phys. B . 2017, 26(10): 104203. doi: 10.1088/1674-1056/26/10/104203 

A tunable XUV monochromatic light source based on the time preserving grating selection of 

high-order harmonic generation 

Yong Niu(牛永), Hongjing Liang(梁红静), Yi Liu(刘燚), Fangyuan Liu(刘方圆), Ri Ma(马日), Dajun Ding(丁大军) 

Chin. Phys. B . 2017, 26(7): 074222. doi: 10.1088/1674-1056/26/7/074222 

Quantum-mathematical model of edge and peak point in Fresnel diffraction through a slit 

Xiao-He Luo(罗晓贺), Hui Mei(惠梅), Qiu-Dong Zhu(朱秋东), Shan-Shan Wang(王姗姗), Yin-Long Hou(侯银龙) 

Chin. Phys. B . 2017, 26(5): 054202. doi: 10.1088/1674-1056/26/5/054202 

Optical properties of Mg
2+

, Yb
3+

, and Ho
3+

 tri-doped LiNbO3 crystals 

Li Dai(代丽), Chun-Rui Liu(刘春蕊), Chao Tan(谭超), Zhe-Hua Yan(阎哲华), Yu-Heng Xu(徐玉恒) 

Chin. Phys. B . 2017, 26(4): 044207. doi: 10.1088/1674-1056/26/4/044207 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract72663.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract70957.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70740.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70261.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70261.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69947.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69646.shtml


Chin. Phys. B Vol. 27, No. 9 (2018) 094203

Nonuniform sampled angular spectrum method by using
trigonometric interpolation∗

Qiu-Hu Cheng(程秋虎)†, Shi-Yu Wang(王石语), Meng-Yao Wu(吴梦瑶),
Zhen Guo(过振), De-Fang Cai(蔡德芳), and Bing-Bin Li(李兵斌)

School of Physics and Optoelectronic Engineering, Xidian University, Xi’an 710071, China

(Received 24 January 2018; revised manuscript received 29 June 2018; published online 10 August 2018)

The angular spectrum method (ASM) is a popular numerical approach for scalar diffraction calculations. However,
traditional ASM has an inherent problem in that nonuniform sampling is precluded. In an attempt to address this limitation,
an improved trigonometric interpolation ASM (TIASM) is proposed, in which the fast Fourier transform (FFT) is replaced
by a trigonometric interpolation. The results show that TIASM is more suitable to situations in which the source field has
a simple and strong frequency contrast, irrespective of whether the original phase distribution is a plane wave or a Fresnel
zone plate phase distribution.
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1. Introduction

The research of numerical methods for optical wave
propagation in homogeneous and isotropic media has been
an active area of research since the advent of the personal
computer.[1] Developments in computational holography have
also driven this investigation.[2–6] Although there are several
existing numerical methods for different specific situations
respectively,[7] researchers are urged to develop faster, more
efficient, and more accurate algorithms, in order to satisfy new
requirements.[8–11] The angular spectrum method (ASM) is
one of the most popular approaches for achieving these ob-
jectives. In order to improve the calculation speed, the ASM
requires the application of the fast Fourier transform (FFT) and
inverse fast Fourier transform (IFFT) instead of traditional nu-
merical integration. However, FFT requires sampling points
in an equidistant grid, which may not be satisfied in the case
of nonuniform sampling.[12,13]

In this study, an improved ASM algorithm is proposed.
The core innovation of this method is that FFT is substi-
tuted by trigonometric interpolation (TI). The TI-based ASM
(TIASM) is found to be better suited to nonuniform sampling
than traditional FFT based ASM (FFTASM). Calculation re-
sults also show that TIASM is more amenable to situations
where the source field has a simple and strong frequency con-
trast. For this reason, a billiard + tablecloth is selected as the
source field image for the simulation. Irrespective of whether
the original phase distribution is a plane wave or a Fresnel
zone plate phase distribution, TIASM always produces more
accurate results than FFTASM.

2. Traditional angular spectrum method
The Rayleigh–Sommerfeld integral is a rigorous formula

for solving a scalar diffraction problem.[14] When the source
plane is parallel to the destination plane as shown in Fig. 1,
if the input field is monochromatic, the Rayleigh–Sommerfeld
integral is given explicitly by

g(x,y,z) =
∫∫

g
(
x′,y′,0

) exp(i2πr′/λ )

r′
z
r′

×
(

1
2πr′

+
1
iλ

)
dx′dy′, (1)

where g(x′,y′,0) is the distribution of the input field on the
source plane, g(x,y,z) is the distribution of the output field on
the destination plane, z is the distance between the two planes,

r′ =
[
(x− x′)2 +(y− y′)2 + z2

]1/2
, and λ is the wavelength.
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Fig. 1. (color online) Illustration of scalar diffraction.

Instead of integration, equation (1) can be expressed in an
alternative concise way based on convolution

g(x,y,z) = g(x,y,0)∗h(x,y,z) , (2)
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where ∗ represents a convolution, and h(x,y,z) is the propaga-
tion kernel expressed as

h(x,y,z) =
exp(i2πr/λ )

r
z
r

(
1

2πr
+

1
iλ

)
, (3)

where r =
[
x2 + y2 + z2

]1/2. The equation (2) can be rewritten
using the convolution theorem

G(u,v;z) = G(u,v;0)H (u,v;z) , (4)

where G and H represent the Fourier spectrum of functions
g and h respectively, and u and v are the Fourier frequencies
along the x-axis and y-axis, respectively. Since u and v are not
the wave number (2π/λ ) of the optical field, they can be in-
terpreted as the two-dimensional (2-D) signal frequency of the
optical field. With the aid of Eq. (4), g(x,y,z) can be calcu-
lated by

g(x,y,z) = f−1 [ f [g(x,y,0)] f [h(x,y,z)]] , (5)

where f [·] represents a Fourier transform and f−1 [·] repre-
sents an inverse Fourier transform. Equation (5) is the ba-
sic equation of the ASM, which is directly derived from the
Rayleigh–Sommerfeld integral without any approximation. In
numerical simulations, f [·] and f−1 [·] are replaced by FFT
and IFFT respectively, because it is impossible to calculate in-
finite sampling points from the input field. Owing to this sub-
stitution, ASM is often preferred to the Rayleigh–Sommerfeld
integral, because computation can be accelerated by using an
FFT based algorithm.

3. Trigonometric-interpolation-based angular
spectrum method
Although the ASM is a popular approach, there is an in-

herent limitation in this method. For standard ASM, the sam-
pling points are commonly in an equidistant grid in order to
facilitate FFT. However, in more general situations, the sam-
pling points may be distributed nonuniformly. For example, a
region of the input field may contain local detail with high fre-
quency, while the rest of the field may contain regions of low
frequency. It makes FFT not efficient enough due to FFT’s
uniform sampling rate through the whole input field.

In this study, a generalized ASM that can deal with
nonuniform sampling is proposed. The core idea is that the
original FFT process is substituted by a TI. Therefore, this
new algorithm is robust to the situation where an input field
has variable local frequencies.

In our method, it is assumed that there are N sampling
points (xn,yn;gn) in the source field plane, which are nonuni-
formly distributed. Next, f [g(x,y,0)] is determined via all
these nonuniform sampling points. At this point, trigonomet-
ric interpolation is implemented. A 2-D function is assumed

as p(x,y), which is the sum of trigonometric polynomials

p(x,y) =
U

∑
u=−U

V

∑
v=−V

cu,v e i2πux+i2πvy, (6)

where±U and±V are the upper and lower bounds of frequen-
cies u and v, respectively. The frequency intervals ∆u and ∆v
are determined by the size of the sampling window as

∆u =
1
A
, ∆v =

1
B
. (7)

For the common ASM, the sampling window is actually
the source field, which means that both of them have the same
size. Both FFT and trigonometric interpolation involve the
inherent periodicity of functions in both the Fourier and real
space, so there must be errors around the edges of the des-
tination field. In order to eliminate these errors, the area of
the sampling window has to be expanded along both the x-
and y-axes. For additional areas, extra sampling points must
be padded with zeros. In this study, the source field and the
sampling window occupy the same center, while the size of
the sampling window is twice as long both along the x- and
y-axes of the source field. As shown in Fig. 2, we call the
additional area around the source field the margin area. After
propagation calculations, the output sampling window should
be clipped and reduced to the original size again.

y

B

A

x

Fig. 2. Illustration of margin area.

Next, we need to calculate coefficients cu,v by using all
these nonuniform sampling points. To determine cu,v, every
sampling point must satisfy Eq. (6). Therefore, we obtain a set
of linear algebraic equations with N individual equations as

U
∑

u=−U

V
∑

v=−V
cu,v e i2πux1+i2πvy1 = g1,

. . .
U
∑

u=−U

V
∑

v=−V
cu,v e i2πuxn+i2πvyn = gn,

. . .
U
∑

u=−U

V
∑

v=−V
cu,v e i2πuxN+i2πvyN = gN .

(8)

Every individual equation above is a trigonometric polynomial
and has M items, where M satisfy the relation

M =

(
2U
∆u

+1
)(

2V
∆v

+1
)
. (9)

094203-2



Chin. Phys. B Vol. 27, No. 9 (2018) 094203

In Eq. (8), the only remaining unknown is coefficients
cu,v. If N > M, there may or may not be a solution of cu,v, de-
pending upon the particular set of sampling points (xn,yn;gn).
If N < M, there are infinite sets of solutions of cu,v. If and
only if N = M, there is a unique solution of cu,v which satisfies
Eq. (8), meaning that the trigonometric polynomials p(x,y)
just go through all the sampling points. So we need additional
sampling points padded with zeros to fulfill N = M. Further-
more, these additional points must be arranged in the margin
area.

At last, a set of solutions of cu,v is obtained, which
is equivalent to f [g(x,y,0)]. By Eq. (5), we can calculate
g(x,y,z) using the set of cu,v.

4. Calculation results and discussion
In this study, we use an image “billiards” as the amplitude

distribution of the source plane as shown in Fig. 3(a). This
image with 841×841 pixels has a simple background, a table-
cloth, so it is suitable for testing our proposed new algorithm.
In Fig. 3(b), a Fresnel zone plate is prescribed as the phase dis-
tribution, where the pixel value 0 corresponds to a phase value
of −π and the pixel value 255 corresponds to a phase value of
+π . Its analytic expression is exp

[
20π i

(
x2 + y2

)
/(A/4)2

]
.

The numerical simulation parameters are that the wavelength
λ is 1064 nm and the size of the image is 100λ × 100λ . The
distance z between the source plane and destination plane is
changeable.

(a) (b)

Fig. 3. (a) Amplitude and (b) phase of the original source field.

In Fig. 4, inside of the two rectangular zones are billiards,
which are the main information carriers of the image. So the
sampling rate in these two zones is higher than that outside.
For the rest of the outside area, the tablecloth, the sampling
rate will be reduced by variable scales δ .

When z = 50λ and δ = 5, we calculate the field on the
destination plane in Fig. 5. Figures 5(a) and 5(b) are results
calculated using numerical integration of Eq. (1) as the correct
criteria. To ensure that the errors of the numerical integration
are sufficiently small, we make it that one pixel corresponds
to one sampling point. Figures 5(c) and 5(d) are results calcu-
lated using TIASM. Although TIASM samples fewer points in

the tablecloth area than the numerical integration method, both
results are very similar, which can be interpreted as that the
major information in the image is associated with the billiards
and not the tablecloth. Figures 5(e) and 5(f) are results calcu-
lated using FFTASM. The sampling rate is five times smaller
than Figs. 5(a) and 5(b). From these images, we can find that
there is a significant difference between Fig. 5(f) and Fig. 5(b),
especially in the center area. We can conclude that the reduc-
tion of the sampling rate of the billiards influences the final
results. The more points that are sampled in the billiards area,
the more accurate the results will be. By adjusting the sam-
pling resolution, we can economize the finite sampling points,
and achieve more accurate simulation results.

Fig. 4. Illustration of information carrier of image.

(a)

(c) (d)

(e) (f)

(b)

Fig. 5. Diffracted results of the amplitude and phase distribution (Fres-
nel zone plate). (a) Amplitude by integration. (b) Phase by integration.
(c) Amplitude by TIASM. (d) Phase by TIASM. (e) Amplitude by FF-
TASM. (f) Phase by FFTASM.
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In Fig. 6, we measure the error of TIASM and FFTASM
to Rayleigh–Sommerfeld diffraction which is the accurate cri-
teria, using the signal-to-noise ratio (SNR)[15,16]

SNR =

∫∫
∞
|g(x,y,z)|2 dxdy∫∫

∞
|g(x,y,z)−agRS (x,y,z)|2 dxdy

, (10)

a =

∫∫
∞

g(x,y,z)g∗RS (x,y,z)dxdy∫∫
∞
|gRS (x,y,z)|2 dxdy

, (11)

where gRS(x,y,z) is the calculation results by Rayleigh–
Sommerfeld integration as accurate criteria.

We can see that TIASM is always better than FFTASM,
irrespective of the length of the propagation distance.

TI based ASM

FFT based ASM

0 400 800 1200 1600 2000

Distance/λ

0

400

800

1200

1600

2000

S
N

R
/
d
B

Fig. 6. (color online) Diagram of SNR verses propagation distance
(Fresnel zone plate).

In Fig. 7, the original phase distribution of the Fresnel
zone plate in Fig. 3(b) is substituted by a plane wave phase
distribution, where the pixel value 0 corresponds to a phase
value of −π and the pixel value 255 corresponds to the phase
value of +π . Its analytic expression is exp(2π ix/10λ ).

Fig. 7. Pattern of plane wave phase distribution.

When z = 50λ and δ = 5, we calculate the field on the
destination plane in Fig. 8, according to the plane wave phase
distribution of Fig. 7. Figures 8(a) and 8(b) are results cal-
culated using a numerical integration of Eq. (1) as the cor-
rect criteria. Figures 8(c) and 8(d) are results calculated us-
ing TIASM. Figures 8(e) and 8(f) are results calculated using
FFTASM. The sampling rate is five times smaller than that

of Figs. 8(a) and 8(b). From Figs. 5 and 8, we can conclude
that irrespective of whether a plane wave or Fresnel zone plate
phase distribution is considered, TIASM always yields more
accurate results than FFTASM.

(a) (b)

(c) (d)

(f)(e)

Fig. 8. Diffracted results of the amplitude and phase distribution (plane
wave phase distribution). (a) Amplitude by integration. (b) Phase by
integration. (c) Amplitude by TIASM. (d) Phase by TIASM. (e) Am-
plitude by FFTASM. (f) Phase by FFTASM.

In Fig. 9, we also measure the error of TIASM and FF-
TASM to Rayleigh–Sommerfeld diffraction when the original
phase distribution is a plane wave phase distribution. We can
see that TIASM is always better than FFTASM, irrespective of
whether a plane wave or Fresnel zone plate phase distribution
is considered.
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TI based ASM

FFT based ASM

Fig. 9. (color online) Diagram of SNR versus propagation distance
(plane-wave phase distribution).
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5. Conclusion

In this paper, a new algorithm, TIASM, is proposed and
compared with traditional FFTASM. TIASM is especially tar-
geted at nonuniform sampling, which means that the source
plane has a variable local sampling resolution. In order to ob-
tain a unique set of solutions for cu,v, we make N = M, so
the additional zero sampling points are deployed in the mar-
gin area. Therefore, the resulting set, cu,v, is equivalent to
a Fourier spectrum for the next calculating process. In the
simulation, we use a billiard + tablecloth image. The bil-
liard area represents high local frequency, whereas the table-
cloth represents low local frequency information. The results
show that TIASM is similar to direct numerical integration of
the Rayleigh–Sommerfeld formula. However, traditional FF-
TASM has significant differences from numerical integration.
When the distance is increased, the SNR of TIASM increases
at a faster rate in comparison with that of FFTASM. This im-
plies that the advantage of TIASM lies in its suitability for long
distance calculation, irrespective of whether the original phase
distribution is a plane wave or a Fresnel zone plate distribu-
tion. Because TIASM can support variable local resolution,
it can capture the local detail of the source field. Therefore,
TIASM can increase accuracy in important areas of an image,
and reduce the cost of extraneous calculations in trivial areas.

However, there are also two disadvantages for TIASM
compared to FFTASM. First, it takes more time to calculate
Eq. (8) than traditional FFT. Second, for a different source
field, a different artificial area partition is needed, which
means that TIASM is not a general approach.
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