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We derive the well-known Coulomb correction factor for the Gordon–Volkov wave function describing an outgoing
electron in the process of ionization in an intense laser field. Although rigorous treatment would limit its use only to laser
fields much lower than the so-called barrier-suppression field, it appears that in practice the correction factor may be used
also close to and even above this critical value of the laser field. We compare predictions of several analytical expressions
describing ionization rate of the hydrogen atom in its ground state in the strong linearly polarized laser field. We also
compare ionization probabilities obtained by integrating these ionization rates over a temporal envelope of the laser pulse
with predictions based on the exact numerical solution to the time-dependent Schrödinger equation.
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1. Introduction
The S-matrix theory was used to describe the photode-

tachment or photoionization in intense laser fields many
times.[1–12] Sometimes it is called the Keldysh–Faisal–Reiss
(KFR) theory or the strong-field approximation (SFA). With
many later modifications and advanced improvements it has
been frequently used up to date (for recent reviews see, for
example, Refs. [13]–[17]). The S-matrix theory gives very re-
liable quantitative results for a wide range of intensities and
frequencies of the laser field and the problem of multiphoton
detachment from a negative ion by a linearly polarized laser
field.[12–14] More complicated situation occurs for atoms, be-
cause in the final state of the ionized outgoing electron the
Coulomb effects, due to remaining positively charged ion, can-
not be neglected. About twenty years ago it seemed that there
was no analytical theory which is accurate enough in non-
perturbative (or even the so-called barrier-suppression) laser
fields.[18] However, the authors of Ref. [18] did not mention
the Perelomov, Popov, and Terent’ev (PPT) theory,[3–8] which
gives reasonable total ionization rates also for atoms. The
PPT theory has been improved quite recently[19] by comput-
ing the Coulomb correction factor Q. The ionization rate for-
mula obtained in Ref. [19] is a product of Q and ionization
rate for electron in the short-range potential (see Eqs. (5)–
(7) therein). There exists a simplified version of the PPT
theory, namely, the Ammosov, Delone, and Krainov (ADK)
theory,[20,21] which gives quantitatively good results only in
the so-called tunneling regime (see, for instance, Refs. [22]
and [23]). The latter one is characterized by the well-known

condition: Keldysh parameter γ < 1 (see below). The multi-
photon ionization prevails if γ > 1, while tunneling dominates
in the opposite case. For optical or infrared laser frequency ω

(which is low enough), the ionization may be treated as tun-
neling through the potential barrier formed by superposition of
laser and Coulomb electric fields. If the laser field is stronger,
it can reach the so-called barrier-suppression ionization (BSI)
regime. The latter one is achieved when the peak laser field
F is so strong that the above-mentioned potential barrier is
lowered below the level E of the initial state of the atom
(E = −EB < 0, EB is the binding energy; γ = ω

√
2EB/F).

This can be expressed by the following well-known condition:

F > FBSI =
E2

B
4Z

=
Z3

16n4 , (1)

where n is the principal quantum number of the initial bound
state (n, l,m) (with the usual meaning of the quantum numbers
n, l, and m) and Z is the nuclear charge (thus EB = Z2/(2n2)).
(In the present work we use atomic units (a.u.): h̄ = e = me =

1, substituting −1 for the electronic charge. We keep any nu-
clear charge Z in all the equations given below, but finally,
in our numerical calculations, we put Z = 1 for the hydrogen
atom.) For the H(1s) atom FBSI = 0.063 a.u., approximately.
Not going into details, other considerations lead to greater
critical field strengths, for example, Fcr = 0.15 a.u.[24,25] or
F ′cr = 0.13 a.u.[26] In this work we are interested only in
the H(1s) atom ionized by the strong linearly polarized laser
field not greater than about 2.5FBSI = 0.156 a.u.[27] For the
peak laser field it corresponds to the laser intensity I = F2 =

8.6×1014 W/cm2. It appears that already for intensities above
∗Project supported by the University of Łódź.
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I ≈ 4.0×1014 W/cm2 the H(1s) atom is fully ionized for 2-10-
2 flat laser pulse (see below) of typical optical or infrared fre-
quencies. Since the azimuthal dipole selection rule is ∆m = 0
for linearly polarized radiation, m = 0 in this work and the
quantum numbers (n, l) are sufficient to describe bound states.

The rest of this paper is organized as follows. In Section 2
we present our analytical calculations. The main result is given
in Eq. (7). Although it is very well known and simple,[28–30]

we acquire it to fill some gap in the literature in this way. More
important are our numerical results that we present in Section
3. Based on exact numerical solutions to the time-dependent
Schrödinger equation (TDSE) we compare predictions of five
earlier known theories with these ab initio results. Our numer-
ical method[31] uses a new generalized pseudospectral tech-
nique which is extended to perform an optimal spatial grid dis-
cretization, leading to a significant improvement in the quality
of the wave function over that obtained by the equal-spacing
spatial discretization techniques. Our calculations are based
on the length gauge (LG), but they give the same results as the
velocity gauge (VG) calculations from QPROP package.[32] In
the present work, both theoretically and numerically (TDSE)
we describe plane-wave laser field in the nonrelativistic dipole
approximation. This means that the magnetic field vector of
the laser is zero and the electric field vector of the laser de-
pends only on time. We discuss not only strong-field ioniza-
tion, but also the role of excited states and excitation of the
H(1s) atom. In Section 4 we discuss the comparison between
TDSE and analytical results. We also speculate on a few fre-
quently used S-matrix theories from the point of view of their
gauge dependence, accuracy and range of applicability. Fi-
nally, some conclusions are drawn from the present study in
Section 5.

2. Theory
The quasiclassical (WKB) Coulomb correction to the

Gordon–Volkov final-state wave function[33,34] was proposed
quite a long time ago[28–30] by Krainov et al. (but the treatment
is analogous to that from the well known PPT theory[3–8]). Ac-
cording to quasi-classical perturbation theory for the Coulomb
potential of the atomic nucleus U(r) = −Z/r, the Gordon–
Volkov final-state wave function should be multiplied by the
factor

I (r) = exp
(
−i
∫

U dt
)
= exp

(
−i

r2∫
r

U
(
r′
) dr′

p(r′)

)
, (2)

where the integral in Eq. (2) is over the path of under bar-
rier electronic motion (p(r′) has purely imaginary value), r is
the actual electronic position (the same as that in the Gordon–
Volkov wave function), and r2 is this position at the tunnel
exit (see below)). The potential barrier is formed on one side

of the atom as a result of superposition of two electric fields.
The Coulomb potential U (r) and the potential −Fr describe
the two fields. The latter one is quasistatic (or slowly vary-
ing in time), and F is the peak electric field of the laser plane
wave. Assuming further that only moments of the peak laser
field dominate during the ionization, one obtains the Coulomb
correction, which is constant in time (see the text just above
Eq. (2) in Ref. [30]). For the linearly polarized laser field this
is another simplification (which has been recently overcome
in Ref. [35]). For the circularly polarized laser field there is
no such simplification because |𝐹 (t)|= F = const and the re-
sult is the same as that for the case of linear polarization. The
initial bound state of the atom, described by the quantum num-
bers (n, l,m), has the total energy −Z2/(2n2). Therefore the
electron momentum p(r) can be calculated from the following
equation (conservation of energy):

p2 (r)
2
− Z

r
−Fr =− Z2

2n2 . (3)

In the above equation one assumes that the field F is weak
enough so that the maximum of the potential energy curve
E (r) =−Z/r−Fr lies above the level E =−Z2/

(
2n2
)
. One

can easily calculate that this condition is exactly the one given
in Eq. (1). The maximum of E (r) occurs for rmax =

√
Z/F .

Then the equation E (r) = −Z2/
(
2n2
)
= −EB has two solu-

tions r1 and r2, which correspond to points, where the ionized
electron enters into and leaves from the potential barrier, re-
spectively

r1 =
1

2F

(
EB−

√
E2

B−4ZF
)
,

r2 =
1

2F

(
EB +

√
E2

B−4ZF
)
. (4)

The width of the barrier is given as D = r2 − r1 =√
E2

B−4ZF/F . Of course r1 < rmax < r2, if F < FBSI. If

F = FBSI then D = 0 and r1 = rmax = r2 = 4n2/Z. To derive
our main analytical result here, we assume that

F � FBSI. (5)

From Eqs. (4) and (5), the asymptotic approximate expres-
sions are obtained to be D≈ Z2/

(
2n2F

)
, r1≈ 2n2/Z, and r2≈

Z2/
(
2n2F

)
. Solving Eq. (3) for p(r), neglecting Coulombic

term therein, one obtains p(r) ≈ i
√

Z2/n2−2Fr. The latter
approximation is justified indeed if r� r1 and F� FBSI. One
can calculate the integral from Eq. (2) as follows:

I (r) = exp

Z

r2∫
r

dr′

r′
√

Z2/n2−2Fr′


= exp

−n

ln
1+
√

1−2Fr′ (n/Z)2

1−
√

1−2Fr′ (n/Z)2

r2

r

 . (6)
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It follows from Eq. (5) that the contribution to the above
definite integral from the point r2 vanishes. Only the con-
tribution from the point r matters (r � r2). Expanding the
square root in the denominator in Eq. (6) in the Taylor series
(2Fr (n/Z)2� 1), one finally obtains

I (r) = exp

(
−n

(
0− ln

2

Fr (n/Z)2

))
=

(
2Z2

n2Fr

)n

. (7)

In the present work we use this factor in the WKB Keldysh
model (see below). This is the same as the result given (with-
out derivation) in Eq. (2) of Ref. [30] (note that, in general, n
is the effective principal quantum number of the initial atomic
or ionic state). Strictly speaking, the result from Eq. (7) is
only valid for small enough laser field and frequency. Thus, in
the S-matrix theory, for the final state of ionized electron in-
stead of the Gordon–Volkov wave function Ψ GV (𝑟, t) (see, for
example, Eq. (5) in Ref. [35]) one should use I (r)Ψ GV (𝑟, t)
to take into account Coulomb effects. Indeed, such a kind of
calculation (for both linear and circular polarization) was used
many times by one of us (see, for example, Refs. [35]–[37]). If
one is mainly interested in the total ionization rate (neglecting
angular and energy distribution), one can make another simpli-
fication in Eq. (7). Namely instead of a position of the electron
r, one can substitute its average (calculated in the initial bound
state). This was utilized in the Becker et al.’s paper,[38] where
the VG was used. Ionization rate for the H(1s) atom is then
equal to the SFA result of Reiss[10] (see Eq. (45) therein) times
the factor 1/F2.[39] Such a procedure appeared to be quite suc-
cessful for many different atoms of noble gases and both po-
larizations of incident laser radiation.[38] However, the loga-
rithmic scale covering many orders of magnitude on the axis
of abscissa is usually used to show comparison between theory
and experiment (real or numerical) for ionization rates or ion
yields.[22,23,38,40] It is therefore worth examining in more de-
tail the agreement between theory and numerical experiment.

On the other hand, if one wants to keep the exact factor
in Eq. (7) (with its r-dependence) in the VG, calculations be-
come much more complicated than analogous calculations in
the LG.[37] For the H(1s) atom the initial-state wave function
effectively becomes that of the zero-range potential (this is true
only in the LG). The respective analytical formula describing
ionization rate is given in Eq. (32b) of Ref. [36]. In Figs. 3–
6 we have called this model the WKB Keldysh model. More
accurate treatment of the linear polarization was considered in
Ref. [35], where instead of Eq. (7) we use the following factor:

I (r, t) =
(

2Z2

n2F sin(ωt +ϕ0)r

)n

, (8)

with n = 1 (and arbitrary initial phase ϕ0). We called this
model the TDWKB Keldysh model (time-dependent WKB).

The respective analytical formula describing ionization rate is
given in Eq. (19) of Ref. [35].

3. Numerical results and discussion
In Figs. 1 and 2 we show how the H(1s) atom behaves in

a flat pulse as a function of the peak laser intensity for two dif-
ferent laser wavelengths, namely λ = 800 nm (ω = 0.057 a.u.)
and λ = 400 nm (ω = 0.114 a.u.), respectively. The peak field
is constant for 10 cycles with two-cycle sin2 (of the vector
potential 𝐴(t)) turn-on and turn-off time (so the total dura-
tion of nonzero laser field is 14 cycles). Each time we present
three curves pertaining to probabilities of the ground state, ex-
citation and ionization of the atom after the end of the pulse.
There are results of exact numerical solutions to the TDSE[31]

in Figs. 1 and 2. The pulse 2-10-2 was probably seldom used
so far in such numerical simulations. We have chosen it be-
cause turn-on and turn-off time are much shorter than the flat
part of the pulse (of constant intensity, which is assumed to be
in S-matrix theories). The H(1s) atom starts to ionize in a sig-
nificant way below the laser intensity I ≈ 1.0× 1014 W/cm2,
which corresponds to F ≈ 0.053 a.u.< FBSI ≈ 0.063 a.u. For
the lower frequency ω = 0.057 a.u. the excitation is negli-
gible (less than 10%) for all intensities. For the higher fre-
quency ω = 0.114 a.u. (but still ω� EB = 0.5 a.u.), the exci-
tation is much higher and can reach a level of up to 30% near
I = 1.5×1014 W/cm2. Closer analysis of the bound states in-
volved in this process shows (in Fig. 2) that mainly the states
with l = 3 and l = 1 (and some spread in n) are populated.
(One should remember that the spectral width is finite even
for our quite a long flat pulse.) This denotes three or one
net photon absorbtion. Near I = 3.5× 1014 W/cm2 mainly
the states with l = 2 (and some spread in n) are populated
among some 10% of atoms which become excited. Above
I ≈ 4.0× 1014 W/cm2 (F ≈ 0.107 a.u.) the H(1s) atom be-
comes nearly fully ionized. Since we consider only total ion-
ization rates, neither nondipole nor relativistic effects are nec-
essary to properly describe the ionized electron for laser field
parameters from Figs. 1 and 2. For example, the highest quiver
velocity of the electron (v = F/ω) in the plane-wave laser
field is less than 1.9 a.u.≈ 0.014c (c is the speed of light) for
ω = 0.057 a.u. and for ω = 0.114 a.u. v is twice smaller. In
Ref. [41] the manifestation of nondipole and relativistic effect
in strong-field ionization were discussed. For ω = 0.057 a.u.
and F ≈ 0.107 a.u. the Keldysh parameter γ ≈ 0.53 > 0.1.
According to Fig. 3(a) from Ref. [41] and the relevant discus-
sion therein, the relativistic and nonrelativistic force (due to
laser field) acting on the ionized electron are identical (within
the accuracy of the plot). Thus, one could evaluate that the
influence of relativistic effect on total ionization rate would be
below 1%. A similar opinion, related to a similar range of the
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laser field parameters, is expressed in Ref. [23].
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Fig. 1. (color online) Curves of probability of ground state (black dotted
curve), ionization (blue solid curve), and excitation (red dashed curve)
of the H(1s) atom after the end of the laser pulse versus peak intensity
for ω = 0.057 a.u. (Each circle or square corresponds to a single TDSE
simulation. B-splines are used to display the curves.)

H(1s)
ω=0.114 a.u.
LP, 2 10 2 pulse

P
ro

b
a
b
il
it
y

0

0.2

0.4

0.6

0.8

1.0

excitation

ionization

ground state

0 1 2 3 4

Peak intensity/1014 WScm-2

Fig. 2. (color online) The same caption as that of Fig. 1 but for
ω = 0.114 a.u.

In Figs. 3 and 4, we show five different theoretical ion-
ization rates as a function of peak electric field of the laser
for the same wavelengths, respectively. In our opinion, based
on several studies in the literature describing total ionization
rates (and some references therein),[18,19,22,23,35–38,40,42] these
models describe the rates in the best way. The range of elec-
tric fields (displayed in Figs. 3 and 4) corresponds to the range
of intensities 3.5×1012 W/cm2 ≤ I ≤ 1.4×1015 W/cm2. All
five curves look qualitatively similar and demonstrate the fast
growth of ionization rate with the field increasing. Structures
that one sees on the curves relate to the existence of photon
thresholds. For instance, at ω = 0.114 a.u. and F ≤∼ 0.06 a.u.
at least five photons are needed to ionize the atom. With in-
creasing field the channel of five-photon ionization becomes
closed and at least six photons are necessary for F > 0.06 a.u.
Such a channel closing with increasing F usually leads to a
local minimum of the ionization rate. There is no pronounced
indication after exceeding FBSI (or some other critical field)
by F in Figs. 3 and 4. In Fig. 4, the existence of the first lo-
cal minima on five curves near FBSI relates to the fact that at
F ≈ 0.06 a.u.≈ FBSI the five photon-ionization channel turns

closed. Note that the differences among these five theoret-
ical models usually decrease with F increasing and usually
increase with ω increasing (cf. also Figs. 1–6 in Ref. [35]).
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Fig. 3. (color online) Ionization rates for H(1s) atom at laser frequency
ω = 0.057 a.u. versus peak laser field F . From top to bottom (for
most values of F) curves correspond to five different theories: WKB
Keldysh (blue), F−2×SFA(Reiss) (green), TDWKB Keldysh (red),
Popruzhenko et al. (black), and PPT (magenta).
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Fig. 4. (color online) The same caption as that of Fig. 3 but for
ω = 0.114 a.u.

In Figs. 5(a) and 5(b) we show ionization probabilities af-
ter the end of the above mentioned 2-10-2 pulse, as a function
of the peak laser intensity for ω = 0.057 a.u. Figures 6(a) and
6(b) are analogous to Figs. 5(a) and 5(b), but ω = 0.114 a.u.
We compare the exact numerical solutions to the TDSE (the
same as in Figs. 1 and 2) with predictions based on five differ-
ent theoretical models (the same as in Figs. 3 and 4) describ-
ing total ionization rates. The difference between Figs. 5(a)
and 5(b) is as follows: in Fig. 5(a) the abscissa and ordinate
are both logarithmic, but in Fig. 5(b) the abscissa and ordinate
are both linear. Theoretical ionization probabilities are ob-
tained by numerical integration of respective ionization rates
over the exact laser pulse profile. This procedure takes into
account the depletion effect of the initial state of the atom. In
this case the ground state probability and the ionization prob-
ability sum up to unity (of course, no excitation can be taken
into account here). Logarithmic scales better present numer-
ical data for very small values of ionization probability. One
can see that the WKB Keldysh and F−2×SFA (Reiss) ion-
ization probabilities are in better agreement with the TDSE
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results than those from the other three models in Figs. 5(a)
and 6(a). For higher peak intensities and ionization probabili-
ties, the agreement between theory and numerical experiment
is the best for Popruzhenko et al. and PPT theoretical mod-
els (cf. Figures 5(b) and 6(b)). Recently introduced TDWKB
model usually gives intermediate ionization probabilities and
ionization rates (cf. also Figs. 3 and 4).
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Fig. 5. (color online) Plots of probability of ionization of H(1s) atom after
the end of the laser pulse versus peak intensity for ω = 0.057 a.u. Gray solid
curve denotes exact numerical TDSE results. Other five curves are obtained
by integrating over time ionization rates. Colors of respective curves are the
same as in Figs. 3 and 4. There are exactly the same data in Figs. 5(a) and
5(b), where (a) both axes are logarithmical and (b) both axes are linear. TDSE
data are the same as those in Fig. 1.

However, for some laser frequencies, the excitation prob-
ability may be higher than the ionization probability. In Figs. 7
and 8 we compare these probabilities as a function of fre-
quency for two peak intensities, namely F = 0.02 a.u. and
F = FBSI = 0.063 a.u. under the condition of the same 2-10-2
laser pulse, respectively. In Fig. 7 (for F = 0.02 a.u.) both ex-
citation and ionization have comparable values (much smaller
than 1) for most laser frequencies. And the ground state proba-
bility is almost always very close to unity. The barrier width is
D≈ 20.6 a.u., hence it is quite large (much larger than the av-
erage radius of the atom). In this situation one may neglect the
effect of excitation and try to describe the process by simple
ionization rate formula. But near ω = 0.375 a.u. the exci-
tation is much stronger than the ionization because this laser
frequency is in resonance with one-photon transition between
the states (n, l) = (1,0) and (2,1). The energy difference is

E2−E1 = 0.375 a.u. for these states. One observes a visible

hump in excitation probability and a dip in ground state prob-

ability. There is another hump for ω = E3−E1 = 0.444 a.u.

Again, one-photon transition between the states (1,0) and

(3,1) is much more probable than ionization here. In Fig. 8

(for F = 0.063 a.u.) the excitation is significant in a frequency

range of ∼ 0.37 a.u.≤ ω ≤∼ 0.47 a.u., where the states (2,1)

and (3,1) are mainly populated. For these frequencies the ion-

ization is much weaker than the excitation. One also observes

two other visible humps in the excitation curve for lower
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Fig. 6. (color online) The same caption as that in Fig. 5 but for
ω = 0.114 a.u. TDSE data are the same as those in Fig. 2, where (a)
both axes are logarithmical and (b) both axes are linear.
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Fig. 7. (color online) Curves of probability of ground state (black dotted
curve), ionization (blue solid curve) and excitation (red dashed curve)
of H(1s) atom after the end of the laser pulse versus laser frequency ω

for F = 0.02 a.u. There are exact numerical TDSE results presented
here (with the help of B-splines).
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Fig. 8. (color online) The same caption as that in Fig. 7, but for
F = 0.063 a.u.

frequencies. The first one is near ω = 0.114 a.u., where the
states (n, l) with l = 3, l = 1, and n = 6,7,8 dominate after
the end of the pulse. The second hump is near ω = 0.228 a.u.,
where the state (3,2) dominates. A local hump in excitation is
usually associated with a local dip in ionization, but the exci-
tation and ionization have comparable probabilities. The ion-
ization probability would be difficult to describe exactly by
a single ionization rate formula without taking the excitation
into account. One might expect that for frequencies close to
the above mentioned values, neglecting the excitation of the
atom would overestimate ionization probabilities.

4. Remarks on analytical methods vs. TDSE
In the present work we have compared total ionization

probabilities (after the end of the laser pulse) obtained from
exact numerical solutions to the TDSE with analogous the-
oretical predictions based on approximate analytical theo-
ries. Such theories give total ionization rates. Under some
conditions, by the numerical integration of ionization rates
over time, theoretical ionization probabilities can be obtained.
There are two possible causes of discrepancies between prob-
abilities computed in these two ways. First of all, using theo-
retical ionization rates, we have to assume that the excitation
is negligible (this does not always hold true, cf. Figs. 7 and 8).
Taking into account the presumed theoretical excitation rates
would make our description of the process much more compli-
cated. Secondly, the theories that we consider are strong-field
or tunneling theories. They have a lower limit of applicabil-
ity for the field F . For typical visible or near-infrared radia-
tion in the limit F → 0 one goes into (nonresonant) multipho-
ton ionization regime, where the mechanism of ionization is
different.[43] Our work is devoted to the range of laser field
parameters where the tunneling mechanism dominates or is at
least comparable to the mechanism of multiphoton ionization.
Thus, the Keldysh parameter γ changes from values much
lower than unity to values of the order of unity. In Figs. 3 and
4 γ � 1 for F = 0.01 a.u. (on the left-hand side of the plots).
However, for our 2-10-2 pulse, the H(1s) atom starts to ionize
in a visible way (1% or so) for I ≥∼ 5× 1013 W/cm2 (F ≥∼

0.038 a.u.) for ω = 0.057 a.u. and I ≥∼ 2.5× 1013 W/cm2

(F ≥∼ 0.027 a.u.) for ω = 0.114 a.u. When it happens γ ≈ 1.5
and γ ≈ 4.3, respectively (probably this is why the agreement
between theory and numerical experiment is better in Fig. 5(a)
than in Fig. 6(a)). Thus, the tunneling mechanism dominates
indeed for most of laser intensities that we consider in Figs. 1
and 2 (particularly for ω = 0.057 a.u.). According to Ref. [44],
the dynamic resonances due to Stark level shift in laser fields
begin to play a role above ω = 2 eV = 0.074 a.u. This is not
taken into account in theoretical models which we compare
with TDSE results.

The S-matrix theories describing photoionization in in-
tense laser fields usually can be divided into VG and LG the-
ories. They are only approximate and give ionization rates
which may differ depending on the gauge. For the TDSE the
situation is the opposite. The ionization probabilities which
are computed after the end of the pulse, are gauge invariant.
In the simplest case, when Coulomb effect is neglected in
the final state of the outgoing electron, the ionization proba-
bility amplitudes in the above-mentioned two gauges are (cf.
Eqs. (8), (9), and appendix B in Ref. [45] and Ref. [36]) as
follows:

(S−1)LG
fi = i

∞∫
−∞

dtΦ̃i

(
𝑝+

1
c
𝐴(t)

)

×
(

1
2

(
𝑝+

1
c
𝐴(t)

)2

+EB

)

× exp
[

i
2

t∫
−∞

(
𝑝+

1
c
𝐴(τ)

)2

dτ + iEBt
]
, (9)

(S−1)VG
fi = i

∞∫
−∞

dtΦ̃i (𝑝)

(
p2

2
+EB

)

× exp
[

i
2

t∫
−∞

(
𝑝+

1
c
𝐴(τ)

)2

dτ + iEBt
]
, (10)

where Φ̃i (𝑝) is the initial-state wave function in the mo-
mentum representation. Note that the probability amplitude
(S−1)LG

fi is only a function of the kinetic momentum 𝜋 (t) =
𝑝+𝐴(t)/c of the outgoing electron. The probability am-
plitude (S−1)VG

fi depends on the kinetic momentum 𝜋 (t)
in the exponential factor and on the canonical momentum
𝑝 in the pre-exponential factor. (Equation (9) refers to the
Keldysh-type theory[1,2] and equation (10) refers to the Reiss
theory.[10]) Therefore, a form of the VG amplitude is some-
how inconsistent. The VG amplitude is also a result of some
hybrid procedure from the gauge standpoint.[46,47] There are
at least two meaningful consequences of the qualitative differ-
ence between calculations based on ionization amplitudes in
the LG and in the VG. First, in Ref. [48] it was shown that one
obtains qualitatively conflicting answers in both gauges for the
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ionization of negative ions with a ground state of odd parity.
And this is the LG that matches the exact (gauge-invariant)
numerical solution to the TDSE in this case. It was explained
that making the same approximation in two gauges may corre-
spond to different approximations physically and they opt for
𝜋 (t) rather than 𝑝 in the pre-exponential factor of the ioniza-
tion amplitude.[48] Secondly, when F = const (F denotes the
field amplitude for any polarization) and ω → 0 for the hy-
drogen atom in the initial state with n = 1 or n = 2 (n is the
principal quantum number) one obtains ionization rate which
goes to zero if Eq. (10) is used.[49–51] This is true both for
the linear[49] and circular polarization[50] of incident radiation.
However, the limit ω→ 0 (when the field amplitude F = const
and γ → 0) does not mean that there is no electric field. This
limit in the theory which is nonrelativistic and uses the dipole
approximation, corresponds to quasistatic electric field (the
magnetic field is zero). Obviously, any atom does break up
with nonzero ionization rate in such a field. Thus, the predic-
tion of the VG S-matrix theory is unphysical in this case. In
practice, the lower the value of ω , the higher the discrepancy
between the VG ionization rate and the real ionization rate will
be. A striking example of such a discrepancy is presented in
Fig. 5 of Ref. [36]. The above-mentioned facts (see also Sec-
tion VI in Ref. [36] for a broader discussion) leads us to prefer
LG S-matrix theories.

Different predictions of both gauges in S-matrix theory
may be less pronounced if Coulomb effect in the final state
of the outgoing electron is taken into account. Note that in
Figs. 3, 4, 5(a), and 6(a), the curves showing WKB Keldysh
(blue ones) and F−2×SFA (Reiss; green ones) are very close
to each other. These two models utilize the same simple
Coulomb correction (in the Gordon–Volkov wave function) in
the LG and in the VG, respectively (although the latter model
uses some further simplification[38]).

With the help of imaginary time method, Coulomb ef-
fect for the ionization in quasistatic laser field has been taken
into account in PPT theory.[3–8] The latter uses the quasiclassi-
cal wave function for describing the electron in the tunneling
domain and matches this wave function to the exact bound-
state wave function. The PPT theory (a gauge-invariant ap-
proach) is both deeper and more general than the KFR theory,
but the former is technically more complicated.[52] According
to the authors of Ref. [44] for ω = 1.55 eV= 0.057 a.u. the
PPT well describes (both qualitatively and quantitatively) to-
tal ionization rate of the H(1s) atom up to γ ≈ 1.5− 2, which
is equivalent to F ≥∼ 0.03 a.u. and I ≥∼ 3× 1013 W/cm2.
Our results shown in Fig. 5 confirm this statement. Little bet-
ter agreement with TDSE in Fig. 5 is found for improved PPT
theory.[19] It seems that the advantage of PPT, Popruzhenko
et al.,[19] and recently introduced TDWKB[35] theories over
the remaining two models relies also on the fact that the lat-

ter two ones use Coulomb corrections, which are constant in
time. Therefore, in the WKB Keldysh and F−2×SFA (Reiss)
models the Coulomb effects are all the time the same as in the
moments of peak laser field. The PPT (original or improved)
ionization rates are much easier to calculate numerically than
the TDWKB ones, which require the computation of general-
ized Bessel functions for large orders or arguments (particu-
larly if ω � 0.1 a.u.).

We have also examined numerical values of ionization
rates of the H(1s) atom for two VG S-matrix theories. The first
one was published some time ago by one of us (J.H.B.[37] for
both circular and linear polarization (cf. Eq. (9b) therein for
the respective ionization rate formula). The second one was
published recently in this journal[53] (cf. Eq. (21) therein).
It appears that for laser field parameters from Figs. 3 and 4
our result is numerically very similar to that from the WKB
Keldysh and quite similar to that from the F−2×SFA (Reiss)
theories (see blue and green curves in these figures). The re-
markably simple formula from Ref. [53] is numerically usu-
ally quite close to the PPT theory. However, it appears that
Eq. (21) from Ref. [53] cannot be used when B ≥ 1 (cf.
Eqs. (16) and (21) therein) and the applicability range of this
model is smaller than the models from Ref. [37] . For the H(1s)
atom the condition B < 1 is equivalent to 1.5F

(
1+ γ2

)2
< 1.

When γ � 1 one obtains F <∼ 2/3 from the latter inequal-
ity, which does not give a new limitation for F since already
one knows that F ≤∼ FBSI. But, for larger value of Keldysh
parameter γ , a lower limit appears for the peak field F . For
example, for ω = 0.057 a.u. one obtains F >∼ 0.03 a.u. and
for ω = 0.114 a.u. one obtains F >∼ 0.085 a.u. from the
condition B < 1.

5. Conclusions
Note that for infrared linearly polarized laser radiation of

wavelengths longer than about 1064 nm, ionization probabil-
ity of the H(1s) atom may be quite well described by inte-
grating static electric field ionization rates over the laser pulse
profile through using simple empirical formula of Tong and
Lin (cf. Fig. 5 in Ref. [27]). This can be called the adia-
batic approximation. In the range of shorter laser wavelengths:
250 nm≤ λ ≤ 1000 nm the adiabatic approximation is valid,
but only for peak laser fields F ≥∼ 0.1 a.u.,[54] where ex-
act numerical static electric field ionization rates have been
used.[55,56]

In this work we have investigated ionization (mainly) and
excitation (only to some extent) of the H(1s) atom in typical
visible or near-infrared radiation. The range of laser field in-
tensities that we have taken into account is related to the proba-
bility of ionization for cw laser pulse (with 10-cycles flat part).
In our case the ionization probability changes from at least
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10−5 (or less) to 1. Thus, the laser field changes from perturba-
tive to nonperturbative field. If one considers only ionization
probability, nonrelativistic dipole approximation is sufficient.
Before reaching the intensity of about 4.0× 1014 W/cm2, the
H(1s) atom becomes fully ionized for the above-mentioned
laser pulse and wavelengths. The results from the well-known
theoretical models describing the ionization rate are in satis-
factory qualitative and sometimes also quantitative agreement
with the exact numerical results. Better agreement with TDSE
is achieved for lower frequencies (greater wavelengths). For
higher frequencies, particularly for such a frequency that the
resonant excitation is probable, the excitation may be stronger
(even much stronger) than the ionization. For lower intensi-
ties (and ionization probabilities much lower than 1) the best
theoretical models, providing simple ionization rate formula,
are WKB Keldysh and F−2×SFA (Reiss) theories. For higher
peak intensities, near IBSI = 1.37×1014 W/cm2 and above, the
model of Popruzhenko et al. and the model of PPT better de-
scribe ionization probabilities when the real ionization prob-
ability is significant (≥∼ 0.1). Application of TDWKB the-
ory typically leads to the underestimation of ionization prob-
abilities when they are small, and the overestimation of them
when they are significant. The TDWKB ionization rates usu-
ally lie between the smallest and the highest theoretical ion-
ization rates, but they are closest to the model of Popruzhenko
et al.
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[16] Milošević D B, Paulus G G, Bauer D and Becker W 2006 J. Phys. B:

At. Mol. Opt. Phys. 39 R203
[17] Popruzhenko S V 2014 J. Phys. B: At. Mol. Opt. Phys. 47 204001
[18] Bauer D and Mulser P 1999 Phys. Rev. A 59 569
[19] Popruzhenko S V, Mur V D, Popov V S and Bauer D 2008 Phys. Rev.

Lett. 101 193003
[20] Ammosov M V, Delone N B and Krainov V P 1986 Zh. Eksp. Teor. Fiz.

91 2008
[21] Ammosov M V, Delone N B and Krainov V P 1986 Sov. Phys. JETP

64 1191
[22] Fu Y Z, Zhao S F and Zhou X X 2012 Chin. Phys. B 21 113101
[23] Zhao S F, Le A T, Jin C, Wang X and Lin C D 2016 Phys. Rev. A 93

023413
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