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Conservation laws for the Birkhoffian system and the constrained Birkhoffian system of Herglotz type are studied. We
propose a new differential variational principle, called the Pfaff–Birkhoff–d’Alembert principle of Herglotz type. Birkhoff’s
equations for both the Birkhoffian system and the constrained Birkhoffian system of Herglotz type are obtained. According
to the relationship between the isochronal variation and the nonisochronal variation, the conditions of the invariance for the
Pfaff–Birkhoff–d’Alembert principle of Herglotz type are given. Then, the conserved quantities for the Birkhoffian system
and the constrained Birkhoffian system of Herglotz type are deduced. Furthermore, the inverse theorems of the conservation
theorems are also established.
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1. Introduction
It is well known that conservation laws play an im-

portant role in the study of complex dynamical systems.
The existence of certain conserved laws is useful for us to
find out the local physical properties and dynamical behav-
iors, even if the differential equations of motion are nonin-
tegrable. By using conservation laws, the differential equa-
tions of motion can be reduced. What is more, conserva-
tion laws are also important in the stability analysis of dy-
namical systems. Therefore, the study of conservation laws
has always been a hot topic in analytical mechanics.[1] In
fact, there are many methods to find conservation laws of
mechanical systems. The traditional method is to derive the
cyclic integral and generalized energy integral directly from
the differential equations of motion. In addition, conserva-
tion laws can be established by using the invariance of the
action functional, the differential equations of motion, and
the dynamical functions under the infinitesimal transforma-
tions, i.e., Noether conserved quantity,[2–6] Hojman conserved
quantity,[7–10] and Mei conserved quantity.[11–14] Besides, the
conservation laws can also be studied by the differential
variational principle, such as the d’Alembert principle,[15]

Jourdain’s principle,[16–19] Gauss’s principle,[19,20] and Pfaff–
Birkhoff–d’Alembert principle.[20,21] In this paper, the conser-
vation laws are constructed by the differential variational prin-
ciple of Herglotz type.

The classical integral variational principles, such as the
most famous Hamilton principle and Lagrange principle, are
all extreme value problems of the action functional for a holo-

nomic conservative system. For a non-conservative system,
however, there is generally no action functional that makes its
variation equal to zero. For example, the Hamilton principle
of a holonomic non-conservative system, i.e.,∫ t1

t0
(δT +Qsδqs)dt = 0

is not a principle of stationary action.[22] In fact, it is a quasi
variational principle.

Different from the classical variational principle above,
the Herglotz variational principle[23] gives a variational de-
scription of a holonomic non-conservative system. The Her-
glotz variational principle can describe all physical processes
that the classical variational principle can, and can be applied
to solve non-conservative problems where the classical varia-
tional principle is not applicable. The action functional of the
Herglotz variational principle is defined by a differential equa-
tion. If its Lagrangian or Hamiltonian does not depend on the
action functional, the Herglotz variational principle reduces to
the classical integral variational principle.

In recent years, the Herglotz variational principle and
its symmetries have been applied in finite and infinite di-
mensional non-conservative dynamic systems, quantum sys-
tems, thermodynamics, optimal control theory, and other
fields.[24–33] In Ref. [34], the simple and physically mean-
ingful Lagrangians of Herglotz type were constructed, which
describe a wide range of non-conservative classical and
quantum systems, for example, vibrating string under vis-
cous forces, non-conservative electromagnetic theory, non-
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conservative Schrödinger equation, non-conservative Klein–
Gordon equation, etc.

American physicist Santilli[35] pointed out that Birkhof-
fian mechanics is the most general possible mechanics, which
can be applied to hadron physics, space mechanics, statisti-
cal mechanics, biophysics, engineering, etc. Mei[36] proposed
that Birkhoffian mechanics is a new stage in the development
of analytical mechanics. Therefore, it is of great significance
to study Birkhoffian mechanics.[37–40]

The sufficient and necessary conditions that the system of
first-order differential equations

Cµν (t,aν) ȧν +Dµ (t,aν) = 0, (µ,ν = 1,2, . . . ,2n)

has a Birkhoffian representation are that the system satisfies
the self-adjoint conditions

Cµν +Cνµ = 0,

∂Cµν

∂aτ
+

∂Cντ

∂aµ
+

∂Cτµ

∂aν
= 0, (µ,ν ,τ = 1,2, . . . ,2n) .

∂Cµν

∂ t
=

∂Dµ

∂aν
− ∂Dν

∂aµ
,

Therefore, it is difficult to convert a general holonomic non-
conservative system or a nonholonomic system into a Birkhof-
fian system, while it is relatively easy to convert the system
into a generalized Birkhoffian system.[40] However, similar to
the extension of the Hamilton principle to non-conservative
systems, it is also difficult to extend the Pfaff–Birkhoff princi-
ple

δ

∫ t1

t0

[
Rµ (t,aν (t)) ȧµ (t)−B(t,aν (t))

]
dt = 0

to the generalized Birkhoffian system or to the constrained
Birkhoffian system. The generalized Pfaff–Birkhoff principle∫ t1

t0

[
δ
(
Rµ ȧµ −B

)
+Λµ (t,aν)δaµ

]
dt = 0

cannot be expressed as a variation of an action functional equal
to zero.

On the basis of the Herglotz variational principle, we pro-
posed the variational principle of the Birkhoffian system of
the Herglotz type,[41,42] and established a variational descrip-
tion of the generalized Birkhoffian system, which can system-
atically deal with the Birkhoffian system and the generalized
Birkhoffian system. When the Birkhoffian B and Birkhoff’s
functions Rµ do not depend on the action functional, this prin-
ciple reduces the classical Pfaff–Birkhoff principle.

In this paper, we propose a new differential variational
principle, the Pfaff–Birkhoff–d’Alembert principle of Her-
glotz type, which provides a simple method to give varia-
tional descriptions of holonomic non-conservative processes
and nonholonomic non-conservative processes in Birkhoffian

systems. By use of the new differential variational principle,
we will study the conservation laws for the Birkhoffian system
and the constrained Birkhoffian system. At the same time, the
inverse theorem of the conservation theorem will be given.

2. Pfaff–Birkhoff–d’Alembert principle of Her-
glotz type
The variational problem for a Birkhoffian system of Her-

glotz type can be described as follows.[41]

Determine the functions aµ (t) satisfying the given
boundary conditions

aµ (t)|t=t0 = aµ

0 , aµ (t)|t=t1 = aµ

1 , (µ = 1,2, . . . ,2n) , (1)

such that integral functional z(t) reaches its extreme at t = t1,
i.e.,

z(t1)→ extr,

where z(t) is defined by the differential equation

ż(t) = Rµ (t,aν (t) ,z(t)) ȧµ (t)−B(t,aν (t) ,z(t)) , (2)

and satisfies the initial condition

z(t)|t=t0 = z0. (3)

Here, B(t,aν (t) ,z(t)) is the Birkhoffian of Herglotz type, and
Rµ (t,aν (t) ,z(t)) are Birkhoff’s functions of Herglotz type.
aµ (t)(µ = 1,2, . . . ,2n) are Birkhoff’s variables, and aµ

0 , aµ

1 ,
z0 are constants.

The above extreme problem can be called the Pfaff–
Birkhoff principle of Herglotz type.

A new type of differential variational principle can be de-
rived from the Pfaff–Birkhoff principle of Herglotz type. To
solve the above extreme problem, we can easily obtain[41]∫ t1

t0
exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

]
×
{(

∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
−

∂Rµ

∂ t

+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν +

∂Rµ

∂ z
B−Rµ

∂B
∂ z

}
δaµ dt = 0,

(µ,ν = 1,2, . . . ,2n) . (4)

Consider the arbitrariness of the integral interval [t0, t1], so

exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

]{(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν

− ∂B
∂aµ
−

∂Rµ

∂ t
+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν

+
∂Rµ

∂ z
B−Rµ

∂B
∂ z

}
δaµ = 0, (µ,ν = 1,2, . . . ,2n) . (5)

The principle (5) is called the Pfaff–Birkhoff–d’Alembert
principle of Herglotz type, which is a new differential varia-
tional principle.
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3. Birkhoff’s equations of Herglotz type
Making use of the Pfaff–Birkhoff–d’Alembert principle

of Herglotz type, we can deduce Birkhoff’s equations of Her-
glotz type.

If δaµ (µ = 1,2, . . . ,2n) in principle (5) are independent
of each other, we have

exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

][(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν

− ∂B
∂aµ
−

∂Rµ

∂ t
+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν

+
∂Rµ

∂ z
B−Rµ

∂B
∂ z

]
= 0, (µ = 1,2, . . . ,2n) . (6)

The above equations are Birkhoff’s equations for the Birkhof-
fian system of Herglotz type.

If 2n Birkhoff’s variables aµ are not independent of each
other, they are subject to 2m (m < n) constraints

fβ (t,a
µ) = 0, (β = 1,2, . . . ,2m; m < n) . (7)

Taking the calculation of the variation to formula (7), we can
obtain the restriction of constraints (7) on the virtual displace-
ments

∂ fβ

∂aµ
δaµ = 0. (8)

From principle (5) and restriction (8), and by using the usual
Lagrange multiplier method, we obtain

exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

][(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν

− ∂B
∂aµ
−

∂Rµ

∂ t
+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν

+
∂Rµ

∂ z
B−Rµ

∂B
∂ z

+λβ

∂ fβ

∂aµ

]
= 0, (µ = 1,2, . . . ,2n) , (9)

where λβ are the constraint multipliers. The above equations
are Birkhoff’s equations for the constrained Birkhoffian sys-
tem of Herglotz type.

Remark 1 If neither the Birkhoffian B nor the Birkhof-
fian functions Rµ contain z, i.e., B = B(t,aν (t)), Rµ =

Rµ (t,aν (t)), then equation (2) can be written as

z =
∫ t1

t0

[
Rµ (t,aν (t)) ȧµ (t)−B(t,aν (t))

]
dt. (10)

Formula (10) is the classical Pfaff action. Then, equation (6)
reduces to (

∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
−

∂Rµ

∂ t
= 0,

(µ,ν = 1,2, . . . ,2n) , (11)

and equation (9) can be expressed as(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
−

∂Rµ

∂ t
+λβ

∂ fβ

∂aµ
= 0,

(µ,ν = 1,2, . . . ,2n) . (12)

Equations (11) and (12) are Birkhoff’s equations of a classi-
cal Birkhoffian system and a constrained Birkhoffian system,
respectively.

4. Isochronal variation and nonisochronal vari-
ation
The isochronal variation and nonisochronal of the vari-

ables aµ respectively are

δaµ = āµ (t)−aµ (t) , (13)

∆aµ = āµ (t +∆t)−aµ (t) . (14)

Since the variation ∆t is small enough, making expansion
āµ (t +∆t) and keeping the first order items, we have

āµ (t +∆t) = āµ (t)+ ȧµ
∆t. (15)

From formulae (13)–(15), we easily obtain

∆aµ = δaµ + ȧµ
∆t, (µ = 1,2, . . . ,2n) . (16)

Introducing the infinitesimal generators of space Fµ and
the infinitesimal generators of time f , we have

∆aµ = εFµ (t,aν) , ∆t = ε f (t,aν) , (µ = 1,2, . . . ,2n) . (17)

Thus, we can obtain

δaµ = ε
[
Fµ (t,aν)− ȧµ f (t,aν)

]
, (µ = 1,2, . . . ,2n) , (18)

where ε is an infinitesimal parameter.

5. The conditions of the invariance for the Pfaff–
Birkhoff–d’Alembert principle of Herglotz
type
Substituting Eq. (18) into Eq. (5), we obtain

ε

{
exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

][(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν

− ∂B
∂aµ
−

∂Rµ

∂ t
+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν

+
∂Rµ

∂ z
B−Rµ

∂B
∂ z

](
Fµ − ȧµ f

)}
= 0. (19)

Considering(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν ȧµ = 0, (20)(

Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν ȧµ = 0, (21)

Ḃ =
∂B
∂ t

+
∂B
∂aν

ȧν +
∂B
∂ z

(Rν ȧν −B) , (22)

Ṙµ =
∂Rµ

∂ t
+

∂Rµ

∂aν
ȧν +

∂Rµ

∂ z
(Rν ȧν −B) , (23)
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we can rewrite formula (19) as

ε

{
exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

]
×
[(

∂Rµ

∂ t
f +

∂Rµ

∂aν
Fν

)
ȧµ +Rµ Ḟµ −B ḟ − ∂B

∂aµ
Fµ

− ∂B
∂ t

f
]
− d

dt

[
exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)
×
(
Rµ Fµ −B f

)]}
= 0. (24)

On the left hand side of Eq. (24) plus and minus the function

ε
d
dt

[
Gexp

(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)]
,

we obtain

ε

{
exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)
×
[(

∂Rµ

∂ t
f +

∂Rµ

∂aν
Fν

)
ȧµ +Rµ Ḟµ −B ḟ

− ∂B
∂aµ

Fµ −
∂B
∂ t

f −
(

∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
G+ Ġ

]
− d

dt

[
exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)
×
(
Rµ Fµ −B f +G

)]}
= 0, (25)

where G = G(t,aµ ,z) is a gauge function. Equation (22) is the
transformation of the condition of the invariance for the Pfaff–
Birkhoff–d’Alembert principle of Herglotz type, or the de-
formation of the Pfaff–Birkhoff–d’Alembert principle of Her-
glotz type under infinitesimal transformations.

6. Conserved quantity for a Birkhoffian system
of Herglotz type
According to Eq. (25), if there exists a gauge function

G, which can make the infinitesimal generators of space Fµ

and the infinitesimal generators of time f satisfy the following
conditions:(

∂Rµ

∂ t
f +

∂Rµ

∂aν
Fν

)
ȧµ +Rµ Ḟµ −B ḟ − ∂B

∂aµ
Fµ

− ∂B
∂ t

f −
(

∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
G+ Ġ = 0, (26)

then the system has a conserved quantity, which can be written
in the following form

I = exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)(
Rµ Fµ −B f +G

)
= const. (27)

So we can draw the following conclusion.
Theorem 1 For the Birkhoffian system of Herglotz type

(6), if there exists a gauge function G, and the infinitesimal

generators Fµ , f satisfy the conditions (26), then the system
has a conserved quantity, which can be written in the form of
formula (27).

Particularly, when G≡ 0, Theorem 1 can be expressed as
follows.

Theorem 2 For the Birkhoffian system of Herglotz type
(6), if the infinitesimal generators Fµ , f satisfy the following
conditions (

∂Rµ

∂ t
f +

∂Rµ

∂aν
Fν

)
ȧµ +Rµ Ḟµ −B ḟ

− ∂B
∂aµ

Fµ −
∂B
∂ t

f = 0, (28)

then the system has a conserved quantity

I = exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)(
Rµ Fµ −B f

)
= const. (29)

Theorem 2 has been given by Ref. [31].

7. Conserved quantity for a constrained
Birkhoffian system of Herglotz type
Substituting Eq. (18) into Eq. (8), and taking note of the

arbitrariness of the parameter ε , we have

∂ fβ

∂aµ

(
Fµ − ȧµ f

)
= 0, (β = 1,2, . . . ,2m) , (30)

which are the restriction of the constraints (7) on the infinites-
imal generators Fµ and f .

By Eqs. (7) and (9), we can obtain the constraint multi-
pliers λβ , which are the functions of t, aµ , and z. Then, sub-
stituting them into Eq. (9), we have

exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

][(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν

− ∂B
∂aµ
−

∂Rµ

∂ t
+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν

+
∂Rµ

∂ z
B−Rµ

∂B
∂ z

+Λµ

]
= 0, (µ = 1,2, . . . ,2n) , (31)

where

Λµ = Λµ (t,aµ ,z) = λβ

∂ fβ

∂aµ
. (32)

Equations (31) are called Birkhoff’s equations of the free
Birkhoffian system corresponding to the constrained Birkhof-
fian system (7), (9) of Herglotz type, for short, Birkhoff’s
equations of the corresponding free Birkhoffian system. If the
initial conditions satisfy the constraint of Eq. (7), then the solu-
tion of Eq. (31) gives the motion of the constrained Birkhoffian
system.

Similar to Theorem 1, we have the following theorem.
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Theorem 3 For the corresponding free Birkhoffian sys-
tem (31), if there exists a gauge function G(t,aµ ,z), and the
infinitesimal generators Fµ , f satisfy the following conditions:(

∂Rµ

∂ t
f +

∂Rµ

∂aν
Fν

)
ȧµ +Rµ Ḟµ −B ḟ − ∂B

∂aµ
Fµ −

∂B
∂ t

f

+ Λµ

(
Fµ − ȧµ f

)
−
(

∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
G+ Ġ = 0, (33)

then the system has a conserved quantity, which can be written
in the form of formula (27).

Substituting the restriction Eq. (30) into formula (33), we
can obtain formula (26). Therefore, we derive the following
theorem.

Theorem 4 For the constrained Birkhoffian system
(7), (9) of Herglotz type, if there exists a gauge function
G(t,aµ ,z), and the infinitesimal generators Fµ , f satisfy
the conditions (26) and the generators satisfy the restriction
Eq. (30), then the system has a conserved quantity written in
the form of formula (27).

Remark 2 If neither the Birkhoffian B nor the Birkhof-
fian functions Rµ contain z, the conserved quantity (27) re-
duces to the conserved quantity for the classical Birkhoffian
system

I = Rµ Fµ −B f +G = const. (34)

8. Inverse theorems of conservation theorems
For the constrained Birkhoffian system (7), (9) of Her-

glotz type, assume the system has a conserved quantity

I = I (t,aµ ,z) = const. (35)

Differentiating both sides of formula (33) with respect to time
t, we obtain

dI
dt

=
∂ I
∂ t

+
∂ I

∂aµ
ȧµ +

∂ I
∂ z

(
Rµ ȧµ −B

)
= 0. (36)

Multiplying the two sides of Eq. (31) by Fµ − ȧµ f , we have

exp
[
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

][(
∂Rν

∂aµ
−

∂Rµ

∂aν

)
ȧν

− ∂B
∂aµ
−

∂Rµ

∂ t
+

(
Rµ

∂Rν

∂ z
−

∂Rµ

∂ z
Rν

)
ȧν

+
∂Rµ

∂ z
B−Rµ

∂B
∂ z

+Λµ

](
Fµ − ȧµ f

)
= 0. (37)

Add Eqs. (36) and (37), and let the coefficients of ȧµ be zero.
Obviously, the items containing ȧµ ȧν are equal to zero, so we
have

∂ I
∂aµ

+
∂ I
∂ z

Rµ + exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)
×
[(

∂Rν

∂aµ
−

∂Rµ

∂aν

)
Fν +

(
Rν

∂Rµ

∂ z
− ∂Rν

∂ z
Rµ

)
Fν

+

(
∂B
∂aµ

+
∂Rµ

∂ t
−

∂Rµ

∂ z
B+Rµ

∂B
∂ z
−Λµ

)
f
]
= 0,

(µ = 1,2, · · · ,2n) . (38)

Then, let the integral (35) be equal to the conserved quantity
(27), i.e.,

exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)
×
(
Rµ Fµ −B f +G

)
= I. (39)

Thus, we draw the following conclusion.
Theorem 5 For the constrained Birkhoffian system (7),

(9) of Herglotz type, if a conserved quantity of the system is
known, then the infinitesimal generators Fµ , f and the gauge
function G can be found by formulae (38), (39) and the restric-
tion Eq. (30).

If the constraints do not exist, from Theorem 5, we ob-
tain the inverse theorem of the conservation theorem for the
Birkhoffian system of Herglotz type as follows.

Theorem 6 For the Birkhoffian system of Herglotz type
(6), if a conserved quantity (35) of the system is known, then
the infinitesimal generators Fµ , f and the gauge function G
can be found by formula (39) and the following formula

∂ I
∂aµ

+
∂ I
∂ z

Rµ + exp
(
−
∫ t

t0

(
∂Rµ

∂ z
ȧµ − ∂B

∂ z

)
dθ

)
×
[(

∂Rν

∂aµ
−

∂Rµ

∂aν

)
Fν +

(
Rν

∂Rµ

∂ z
− ∂Rν

∂ z
Rµ

)
Fν

+

(
∂B
∂aµ

+
∂Rµ

∂ t
−

∂Rµ

∂ z
B+Rµ

∂B
∂ z
−Λµ

)
f
]
= 0. (40)

Specially, when G≡ 0, Theorem 6 gives the result of Ref. [41].

9. Example
Consider a fourth-order Birkhoffian system of Herglotz

type, whose Birkhoffian and Birkhoff’s functions are

B =
1
2

[(
a1)2

+
(
a2)2

+
(
a3)2

+
(
a4)2

]
+ γz,

R1 = a3, R2 = a4, R3 = 0, R4 = 0. (41)

Supposing the constraints of this system are

f1 = a1 +a2− c1 = 0, (42)

f2 = a3 +a4− c2 = 0, (43)

we try to study its conserved quantity.
By Eq. (9), we have

−ȧ3−a1−a3
γ +λ1 = 0, −ȧ4−a2−a4

γ +λ1 = 0,

ȧ1−a3 +λ2 = 0, ȧ2−a4 +λ2 = 0. (44)

From Eq. (44) and the constraints (42), (43), we obtain

λ1 =
1
2
(
a1 +a2)+ γ

2
(
a3 +a4) , λ2 =

1
2
(
a3 +a4) . (45)
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The conditions (26) give

F3ȧ1 +F4ȧ2 +a3Ḟ1 +a4Ḟ2

− 1
2

[(
a1)2

+
(
a2)2

+
(
a3)2

+
(
a4)2

]
f

− γz ḟ −a1F1−a2F2−a3F3−a4F4 + γG+ Ġ = 0. (46)

According to the restriction Eq. (30), we have

F1− ȧ1 f +F2− ȧ2 f = 0, (47)

F3− ȧ3 f +F4− ȧ4 f = 0. (48)

The solution of Eq. (46) is

f = 0, F1 =−F2 =
γ

2
(
a1−a2)+ (a3−a4) ,

F3 =−F4 =−
(
a1−a2)− γ

2
(
a3−a4) ,

G =
1
2
(
a1−a2)2− 1

2
(
a3−a4)2

. (49)

Obviously, the generators Fµ and f given by formula (49) sat-
isfy Eqs. (47) and (48). Therefore, we obtain the conserved
quantity by Theorem 1 as

I =
1
2

exp [γ (t− t0)] [
(
a1−a2)2

+ γ
(
a1−a2)(a3−a4)+ (a3−a4)2

]

= const. (50)

Next, by Theorem 5 and a given conserved quantity, we
can obtain the corresponding infinitesimal generators. Assume
there is a quantity (50) of this system, from formula (38), we
obtain

exp [γ (t− t0)]
[(

a1−a2)+ γ

2
(
a3−a4)]+ exp [γ (t− t0)]

×
{

F3 +

[
a1 +a3

γ− γ

2
(
a3 +a4)− 1

2
(
a1 +a2)] f

}
= 0,

exp [γ (t− t0)]
[
−
(
a1−a2)− γ

2
(
a3−a4)]+ exp [γ (t− t0)]

×
{

F4 +

[
a2 +a4

γ− γ

2
(
a3 +a4)− 1

2
(
a1 +a2)] f

}
= 0,

exp [γ (t− t0)]
[

γ

2
(
a1−a2)+ (a3−a4)]+ exp [γ (t− t0)]

×
{
−F1 +

[
a3− 1

2
(
a3 +a4)] f

}
= 0,

exp [γ (t− t0)]
[
−γ

2
(
a1−a2)− (a3−a4)]+ exp [γ (t− t0)]

×
{
−F2 +

[
a4− 1

2
(
a3 +a4)] f

}
= 0. (51)

Formula (39) gives

exp [γ (t− t0)]
{

a3F1 +a4F2−
1
2

[(
a1)2

+
(
a2)2

+
(
a3)2

+
(
a4)2

]
f − γz f +G

}
= I. (52)

Equations (51) and (52) have the solutions

f = 0, F1 =
γ

2
(
a1−a2)+ (a3−a4)=−F2,

F3 = −
(
a1−a2)− γ

2
(
a3−a4)=−F4,

G =
1
2
(
a1−a2)2− 1

2
(
a3−a4)2

; (53)

f = −2, F1 =
γ

2
(
a1−a2)=−F2,

F3 =
γ

2
(
a3−a4)=−F4,

G = −2γz− 1
2
(
a1 +a2)2− 1

2
(
a3 +a4)2

; (54)

f =

(
a1−a2

)2−
(
a3−a4

)2

(a3−a4)2−B
,

F1 = −F2 =
γ

2
(
a1−a2)+ (a3−a4)+ 1

2
(
a3−a4) f ,

F3 = −F4 =−
(
a1−a2)− γ

2
(
a3−a4)

−
[

1
2
(
a1−a2)+ γ

2
(
a3−a4)] f ,

G = 0. (55)

Taking note of constraints (42) and (43), generators (53), (54),
and (55) all satisfy the restriction of Eqs. (47) and (48). There-
fore, they are the infinitesimal generators and the gauge func-
tion for the constrained Birkhoffian system of Herglotz type.

10. Conclusion
The Pfaff–Birkhoff–d’Alembert principle of Herglotz

type, a new differential variational principle, is proposed.
Birkhoff’s equations for the Birkhoffian system (6) and the
constrained Birkhoffian system (9) of Herglotz type are ob-
tained, respectively. Not only are the conservation theorem
and its inverse theorem for the Birkhoffian system of Her-
glotz type (6) established, but also the ones for the constrained
Birkhoffian system of Herglotz type (9) are given. When the
gauge function G = 0, the conservation theorems and inverse
theorems become the conclusions of Ref. [41]. On the other
hand, according to the relationship among Lagrangian sys-
tems, Hamiltonian systems, and Birkhoffian systems, the con-
servation theorems of this paper can reduce to the ones for the
Lagrangian system or the Hamiltonian system of Herglotz type
when Birkhoffian B and Birkhoff’s functions Rµ are taken to
some special values. Consequently, the results of this paper
are more general and can even solve the problems of nonholo-
nomic systems.
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