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Unusual quadratic dispersion of flexural vibrational mode and red-shift of Raman shift of in-plane mode with increas-
ing layer-number are quite common and interesting in low-dimensional materials, but their physical origins still remain
open questions. Combining ab initio density functional theory calculations with the empirical force-constant model, we
study the lattice dynamics of two typical two-dimensional (2D) systems, few-layer h-BN and indium iodide (InI). We found
that the unusual quadratic dispersion of flexural mode frequency on wave vector may be comprehended based on the com-
petition between atomic interactions of different neighbors. Long-range interaction plays an essential role in determining
the dynamic stability of the 2D systems. The frequency red-shift of in-plane Raman-active mode from monolayer to bulk
arises mainly from the reduced long-range interaction due to the increasing screening effect.

Keywords: flexural mode, quadratic dispersion, long-range interaction, frequency redshift, dielectric screen-
ing
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1. Introduction
Two-dimensional crystals have been attracting tremen-

dous attention in the last few decades due to its great potential
in fundamental research and multitude of applications. The
quantum confinement due to dimension reduction gives rise to
rich and novel physical properties which cannot be obtainable
in their three-dimensional (3D) counterparts. It is very essen-
tial to pinpoint and understand the novel properties before it
can be fully explored for diverse applications. So far there
have been some phenomena which have not been fully under-
stood and still await for a definitive answer, for example, the
unusual quadratic phonon dispersion of flexural mode near the
Brillouine zone center,[1–7] the counterintuitive frequency red-
shift of in-plane mode with increasing layer thickness.[8–11]

The quadratic phonon dispersion behavior (ω ∼ q2) of the
flexural (out-of-plane) acoustic mode against the linear disper-
sion (ω ∼ q) of the other acoustic phonon modes in 2D crystals
have been observed widely ever since debut of graphene.[1]

Due to the lack of a good understanding on the novel dis-
persion relation, there is a controversy on the contribution of
the flexural mode to lattice thermal conductivity.[2–5] Liu et
al.[6] studied such a quadratic dispersion relation of quasi-two-
dimensional structures based on continuum elasticity theory,

but the microscopic mechanism is still unknown. Jiang et al.
studied microscopically the effect of rotation symmetry on the
nonlinear dispersion of the flexural mode.[1,7] However, this
analysis may be only limited in graphene system, not applica-
ble to other 2D systems.

Another issue we are concerned with here is the uncon-
ventional frequency red-shift of in-plane Raman mode with
increasing number of layers. It was firstly observed experi-
mentally in MoS2 by Lee et al.[8] and also in h-BN crystals by
Gorbachev et al.[9] Molina–Sanchez et al.[10] theoretically cal-
culated the long-range screening as a function of layer thick-
ness of MoS2 and WS2 crystals, and ascribed the thickness-
reduced frequency of the in-plane E1

2g mode to the enhanced
screening effect with increasing layer number. However, Song
et al.[11] considered that so-called Davydov splitting will lift
symmetry and some degenerate mode will be split into multi-
ple modes with different frequencies. Obviously the physical
origin for this frequency red-shift is still unclear.

This study will focus on the lattice dynamics of two typ-
ical 2D systems, few-layer h-BN and indium iodide (InI), to
get an insight of the two aforementioned phenomena by com-
bining ab initio density functional calculations with the force-
constant model. We found that the unusual quadratic disper-
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sion of vibrational frequency on wave vector may be compre-
hended based on the competition between atomic interactions
of different neighbors. Long-range interaction plays an essen-
tial role in determining the dynamic stability of the 2D sys-
tems. The frequency red-shift of in-plane Raman-active mode
from monolayer to bulk is mainly due to the reduced long-
range interaction by the increasing screening effect.

2. Methods
We used ab initio density functional theory as imple-

mented in the Quantum Espresso package.[12] A periodic
boundary condition with monolayer structures represented by
a periodic array of slabs separated by a vacuum region(∼
15 Å). We used the Perdew–Zunger exchange–correlation
functional[13] within the local-density approximation (LDA)
and norm-conserving pseudopotentials.[14] The Brillouin zone
of the primitive unit cell of the 2D structures was sampled
by 13×13×1 k-points.[15] The kinetic energy cutoff for wave
functions was set at 150 Ry (1 Ry = 13.6056923 eV) and
10−10 Ry for a total energy difference between subsequent
self-consistency iterations as the criterion for reaching self-
consistency. All geometries are optimized using the conju-
gate gradient method,[16] until none of the residual Hellmann–
Feynman forces exceeds 4×10−5 Ry/Bohr.

The phonon dispersion relation of InI and h-BN was cal-
culated based on two methods, one is density functional per-
turbation theory (DFPT)[17] and the other the force constant
model. The non-resonant Raman intensities were calculated
based on Placzek approximation as introduced by Lazzeri and
Mauri.[18]

The inter-atomic long-range interaction of polar materials
includes the non-analytic term in the lattice dynamical matri-
ces, which comes from the dipole–dipole interactions as an ef-
fect of vibration-induced polarization. Such a non-analytical

behavior is available through the knowledge of the Born ef-
fective charges tensor Z∗ and the electronic dielectric permit-
tivity tensor ε∞. The non-analytical, direction-dependent term
at the vicinity of BZ center can be expressed by the following
equation:[19,20]

DNA
kα,k′β (q−→ 0) =

4π

Ω0

(∑γ qγ Z∗k,γα
)(∑γ ′ qγ ′Z∗k′,γ ′β )

∑α,β qα ε∞

αβ
qβ

. (1)

The following ansatz of the dipole–dipole force constants or
long-range force constants can well reproduce the aforemen-
tioned non-analytical behavior:[19,20]

φ
DD
κα,κ ′β (0,a) = ∑

α ′β ′
Z∗

κ,αα ′Z
∗
κ ′,ββ ′

((
ε−1
)

α ′β ′

D3 −3
∆α ′∆β ′

D5

)

×
(

1√
detε

)
(2)

where ∆α = ∑β

(
ε−1
)

αβ
dβ is the conjugate of the vector d

relating nuclei, while the norm of the latter is D =
√

∆ ·d.
The contribution of these long-range force constants to the dy-
namical matrix can be calculated using the Ewald summation
technique.[19,20]

The force constant model is also used to calculate the
phonon dispersion relation. Within this model, interatomic in-
teractions up to the 4th neighbor are considered. The force
constant tensor φ 0nmn′

αβ
is defined as follows:

φ
0nmn′
αβ

= fn,n′
r,m εα εβ + fn,n′

ti,mε
′
α ε
′
β
+ fn,n′

to,mε
′′
α ε
′′
β
, (3)

in which f n,n′
r,m , f n,n′

ti,m , and f n,n′
to,m are the in-plane longitudinal and

transverse force constant and the out-of-plane transverse force
constant, between the n-th atom in the unit cell and the n′-
th atom at its m-th neighbor, under the in-plane longitudinal
(εα εβ ), transverse displacement (ε ′α ε ′

β
), and the out-of-plane

transverse displacement (ε ′′α ε ′′
β

), respectively.

top
view

side
view

In I B N

monolayermonolayer bulkbulk

(b)(a)

Fig. 1. (color online) Atomic structure of (a) InI and (b) h-BN in the monolayer and bulk form.
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3. Results and discussions
The atomic structures of monolayer and bulk indium io-

dide (InI) and hexagonal BN (h-BN) are shown in top view
and side view, respectively, in Fig. 1. Different from atomic
thin monolayer h-BN, monolayer InI has two sub-layers with
In and I interchanged. The structures of h-BN and InI few lay-
ers are also different. For h-BN, AA’ stacking is energetically

preferred with B(N) of one layer on top of N(B) of the other,
while in bulk InI, Indium atom in one layer sits on top of the
square center of the other layer due to repulsion between lone
pairs of indium.[21–23] Two systems with different monolayer
structures and stacking order for few layers may be represen-
tative to study long-range interaction effect on their lattice dy-
namics.
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Fig. 2. (color online) (a) Phonon dispersion relation of monolayer and bulk h-BN crystal. Black lines are from DFPT calculation, and red line of the ZA
mode is a fit by the force constant model. (b) E2g mode and its splitting as a function of layer number N. The frequency value is written in bracket.
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Fig. 3. (color online) Calculated Raman shift and intensity of the E2g mode
as a function of layer number N of h-BN crystal. The inset shows the layer
number dependence of both the peak intensity and frequency change ∆ω .
∆ω(N) is defined as the frequency difference between N-layer ω(N) and
bulk ω(∞). Raman intensity I(N) is normalized by the Raman intensity at
N = 4. Experimental data in blue filled circle are compared with the calcu-
lated ones in red filled square. The line-width of 12.00 cm−1 is used.

3.1. Lattice dynamics of h-BN

To study their lattice dynamics, it is essential to calculate
the phonon dispersion relation. Figure 2 shows the phonon
dispersion relation of both monolayer and bulk h-BN and
the layer number N-dependence of Raman shifts. As seen
from Fig. 2(a), there exists an out-of-plane acoustic phonon
mode (ZA) (highlighted in red) with quadratic dispersion in
both monolayer and bulk forms of h-BN. Raman-active mode
(∼ 1380 cm−1) in zone center, as marked with blue filled dot
in Fig. 2(a), is a bond-stretching mode, as shown in Fig. 2(b).
Along with the increasing number of layers, the vibration
mode is split into multiple modes due to degeneracy lifting
by interlayer interaction (Davydov splitting). Interestingly, all
frequencies go redshift.

To have a better view of such an unusual behavior, we
show in Fig. 3 the N-dependence of Raman shift and intensity
of the E2g mode of h-BN. Not only Raman frequency, but also
Raman intensity, changes with number of stacking layers of h-
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BN. Dashed red line shows the thickness-induced redshift of
Raman shift, as well as the increasing Raman intensity. In the
inset of Fig. 3, we compare the results from the experiment[9]

(blue dots) and our calculation (red dots). Note that the inten-

sity is normalized by the intensity value of 4-layer structure,
and ∆ω is defined as the frequency difference between N-layer
ω(N) (N = 1, 2, 3, . . . ) and bulk ω(∞). A good agreement is
reached between experiment and calculation.

Table 1. Screening effect of h-BN as a function of layer number. ψlr and ψsr are long-range and short-range force constants, respectively.
Z∗ is Born effective charge.

Atom ψ ψlr ψsr Z∗xx,yy Z∗zz εxx,yy εzz

1L B 0.53294 –0.28364 0.81658 2.697 0.281 1.846 1.162
N 0.57521 –0.28364 0.85886

2L B 0.52963 –0.23612 0.76575 2.702 0.343 2.392 1.301
N 0.57201 –0.23612 0.80813

3L B 0.52909 –0.20959 0.73867 2.704 0.384 2.775 1.422
N 0.57145 –0.20961 0.78106

4L B 0.52882 –0.19262 0.72144 2.705 0.418 3.060 1.527
N 0.57117 –0.19264 0.76381

Bulk B 0.52645 –0.11070 0.63715 2.707 0.826 4.891 2.906
N 0.56894 –0.11070 0.67963

The linear N dependence of Raman intensity observed in
many 2D materials can be well understood from the quantized
optical absorption[24,25] (∼ Nπα with α = e2/hc ≈ 1/137, N
as the number of layers). The thickness-induced frequency
redshift of in-plane mode has also been observed in other 2D
systems such as MoS2, WS2, and MoTe2.[8,10,11] It is still in
argument and not clear whether this is due to enhanced screen-
ing effect on the long-range interaction[8,10] or by Davydov
splitting.[11] From our calculation results, we found that, un-
like the split frequency values which go both up and down
with increasing layer number in MoTe2, the split frequency
values all go down, which excludes the origin from the Davy-
dov splitting.

To unveil the possible origin due to the screening effect,
we obtained both long-range and short-range lattice force con-
stants, as well as dielectric constant as a function of layer num-
ber N of h-BN from ab initio calculations, as shown in Table 1.
From Table 1, with increasing layer number N, the dielectric
constant goes up, suggesting an increased screening effect on
both in-plane and out-of-plane directions due to more layers.
Meanwhile, the total force constant, which consists of both
long-range and short-range interactions, decreases. In con-
trast to TMDCs[10] in which short-range interaction increases
with N while long-range interaction decreases with N, both the
long-range and short-range parts in h-BN change in the same
way with N, indicating comparable role played by both inter-
actions.

Now we have a look at the possible origin behind the
quadratic dispersion of out-of-plane acoustic (ZA) mode in h-
BN. In Fig. 4, we show the dispersion relation of ZA mode of
h-BN as a function of out-of-plane force constant f N,N

to,2 due
to the 2nd neighbors. As discussed in details in Appendix

A, to guarantee that the quadratic dispersion of ZA, an op-
posite sign has to remain between f N,B

to,1 of the nearest neighbor

and f N,B
to,2 of the 2nd nearest neighbor, and f N,B

to,1 > −10 f N,N
to,2 .

Here in h-BN case, f N,B
to,1 = 9.82× 104 dyn/cm and f N,N

to,2 =

−0.40×104 dyn/cm (1 dyn = 10−5 N), which meets the condi-
tion. Clearly, the dispersion changes from a linear to quadratic
behavior when varying f N,N

to,2 from positive (same sign as the

f N,B
to,1 ) to negative (opposite sign from the f N,B

to,1 ). Basically the
competing relation between the different orders of neighbors
is essential for an appearance of the quadratic dispersion of
ZA mode.
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Fig. 4. (color online) (a) Definition of all the components of force constant.
f A,B
a,n with the subscript a = r, ti, to represent in-plane radial, in-plane and

out-of-plane transverse, respectively, n represent the n-th nearest neighbor
(nn) and the superscript A, B represent the element B at the n-th nn of the
element A. Color circles are used to show the n-th nn. (b) Dispersion relation
of out-of-plane ZA mode of h-BN monolayer as a function of out-of-plane
force constant f N,N

to,2 or f B,B
to,2 due to the 2nd nearest neighbors. Dispersion

from a linear to quadratic behavior is obtained as varying f N,N
to,2 or f B,B

to,2 while

keeping other parameters fixed (i.e., f N,B
to,1 = 9.82). The unit of force constant

is 104 dyn/cm (1 dyn = 10−5 N).
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3.2. Lattice dynamics of InI

Monolayer InI was theoretically predicted to be stable
by Wang et al.[23] It has two atomic layers of alternating in-
dium and iodine atoms with the In atom extruding slightly
(≈ 0.50 Å) out of the layer plane. Few-layer and bulk phase
have orthorhombic structure of Cmcm symmetry (D2h point
group). Here we studied bi-layer, tri-layer, and bulk be-
sides monolayer structure. Phonon dispersion relation for both
monolayer and bulk is shown in Fig. 5(a). The anisotropy
of phonon dispersion relation along X and Y directions in
bulk InI is due to the anisotropic interlayer stacking config-
uration, in which Indium atoms form a zigzag chain between
two sub-layers along one direction, as seen more clearly in
Fig. 1(a). Out-of-plane acoustic ZA mode is highlighted in
red. A quadratic dependence on wave vector is observed in
monolayer while a linear behavior in bulk InI. Raman active
modes are denoted by the irreducible representation Bg and
Ag, which represent in-plane and out-of-plane modes, respec-
tively.

Two typical Raman active vibrational modes are studied
here, one is the layer breathing Ag mode having the highest
frequency value and the other the shearing Bg mode having
the lowest frequency value, as highlighted in green and blue
dots, respectively, in Fig. 5(a) and also visualized in Fig. 5(b).
Since monolayer consists of two sublayers, it is reasonable to

have both layer breathing and shearing modes starting from
monolayer to few layers.

N/

N/
N/ N/∞

Bg

Ag

(b)

(a)

bulk1L

ZA
ZA

Γ X

Y M

100

75

50

25

0
Γ ΓX M Y

100

75

50

25

0
Γ ΓX M Y

ω
/
c
m
-
1

ω
/
c
m
-
1

Fig. 5. (color online) (a) Phonon dispersion relation of monolayer and bulk
InI crystal. BZ with the high-symmetry points is shown. (b) Visualization of
typical in-plane Bg mode and out-of-plane Ag mode of monolayer, bilayer,
trilayer and bulk InI.

Ag

I
/
a
rb

. 
u
n
it
s

20 40 60 80 100

(a)

(c)

T4

15 20 25 30

lo
g
I

Bg

I
/
a
rb

. 
u
n
it
s

I
/
a
rb

. 
u
n
it
s

28

26

24

22

20
0 0.2 0.4 0.6 0.8 1.0

/N

Bg

92

90

88

86

84
0 0.2 0.4 0.6 0.8 1.0

/N

Ag

(b)

(d)

1

2

3

N

ω/cm-1

ω
/
c
m

-
1

ω
/
c
m

-
1

ω/cm-1

1

2

3

N

Fig. 6. (color online) (a) and (c) Calculated N-dependent Raman spectra. The line-width used is 0.20 cm−1. Green dashed frame in
panel (a) and dashed arrow in panel (c) highlight the typical out-of-plane Ag mode and in-plane Bg mode, respectively. Raman shift
and intensity of (b) Ag and (d) Bg modes as a function of inverse layer number 1/N of InI crystal. A black dashed curve in panel (b)
is a fit to ω(1/N) data. To note that logarithmic scale is used for intensity in panels (b) an (d).

086301-5



Chin. Phys. B Vol. 27, No. 8 (2018) 086301

The N dependence of both Ag and Bg modes of InI is
studied in Fig. 6. For the out-of-plane layer breathing Ag

mode, it has relatively large Raman intensity, as seen from
Fig. 6(a). Both Raman shift ω and intensity increase with in-
creasing layer number N, which is summarized in Fig. 6(b).
Similar phenomena have been seen in layered structures with
unit cell thicker than one atomic layer, such as TMDCs.[8,10]

Interestingly, the curve of ω versus inverse N can be fitted
well by a function of A

√
1+ cos(B/N) (with A = 92.15 cm−1

and B = 0.578, as plotted by a black dashed line in Fig. 6(b)),
which is reminiscent of the linear-chain model [26,27] and sug-
gests a short-range interaction. Note that “B = π” appears
in the inter-layer mode (ω ∼

√
1+ cos(π/N)) in h-BN and

graphene, while in InI, B 6= π for the layer breathing mode.
We may ascribe this behavior to the unit-cell structure of InI
which has two sub-layers other than one single atomic layer in
h-BN and graphene. This structural difference may invalidate
the simple chain model.

Table 2. Screening effect of InI as a function of layer number. ψlr and ψsr are long-range and short-range force constants, respectively. Z∗ is
Born effective charge.

Atom φ φlr φsr Z∗xx,yy Z∗zz εxx εyy εzz

1L In 0.01607 –0.01074 0.02681 2.504 0.368 4.116 4.116 1.459
I 0.02073 –0.01038 0.03111

Bulk In 0.01262 –0.00812 0.02074 2.700 2.778 11.187 11.788 14.330
I 0.02235 –0.00473 0.02707

In contrast, the N dependence of the lowest Bg shearing
mode in Figs. 6(c) and 6(d) shows that Raman shift goes down
while Raman intensity goes up with the increasing N, similar
to that of E2g mode in h-BN crystals and TMDCs,[8,10] sug-
gesting a suppressed long-range interaction due to thickness-
enhanced dielectric screening effect. This can be seen more
clearly from Table 2.
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to2 or f In,In

to2 at the 2nd nn. Dispersion from a linear to quadratic behavior is
obtained with varying f In,In

to2 or f I,I
to2.

We further studied the source of quadratic dispersion of
ZA mode frequency of InI monolayer. As shown in Fig. 7,
a conversion from linear to a quadratic dispersion is realized
once a sufficiently large force constant due to the 2nd neigh-
bors competes with next nearest interaction with a negative
sign. In the meantime, a concave shape of dispersion at the
edge corner of Brillouine zone appears, which is coherent with
what is obtained from ab initio DFT calculation, as seen from
Fig. 5(a).

4. Conclusion

In summary, we have studied the N dependent lattice
dynamical properties of indium iodide (InI) and h-BN crys-
tals, by combining ab initio density functional theory calcu-
lations with the empirical force-constant model. Unconven-
tional thickness-induced frequency red-shift of in-plane vibra-
tional modes (E2g in h-BN and Bg in InI) has been found from
our calculations, and the theoretical results agree quite well
with the experimental results available. This behavior can be
well comprehended based on the dielectric screening effect,
which is enhanced with increasing layer number and there-
fore can suppress long-range interaction responsible for those
in-plane Raman active modes. Meanwhile, unconventional
quadratic dispersion of the out-of-plane flexural ZA modes
appears due to the sufficient competition between interaction
among different nearest neighbors.

Appendix A: Force constant model

In this appendix, we use h-BN as an example to demon-
strate how the dynamical matrix is deduced with the force
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constants properly defined and to show the condition for the

quadratic dependence of ωZA on wave vector of the out-of-

plane ZA mode.

Fig. S1. (color online) Definition of index for force constant.

φ
0nmn′
αβ

= f n,n′
r,m εα εβ + f n,n′

ti,m ε
′
α ε
′
β
+ f n,n′

to,mε
′′
α ε
′′
β
, (A1)

φ
0111 =


f N,B
r,1 0 0

0 f N,B
ti,1 0

0 0 f N,B
to,1

 ,

φ
0112 =


1
4 f N,B

r,1 + 3
4 f N,B

ti,1 −
√

3
4 ( f N,B

r,1 − f N,B
ti,1 ) 0

−
√

3
4 ( f N,B

r,1 − f N,B
ti,1 ) 3

4 f N,B
r,1 + 1

4 f N,B
ti,1 0

0 0 f N,B
to,1

 ,

φ
0113 =


1
4 f N,B

r,1 + 3
4 f N,B

ti,1

√
3

4 ( f N,B
r,1 − f N,B

ti,1 ) 0
√

3
4 ( f N,B

r,1 − f N,B
ti,1 ) 3

4 f N,B
r,1 + 1

4 f N,B
ti,1 0

0 0 f N,B
to,1

 ,

φ
0211 =


1
4 f B,N

r,1 + 3
4 f B,N

ti,1

√
3

4 ( f B,N
r,1 − f B,N

ti,1 ) 0
√

3
4 ( f B,N

r,1 − f B,N
ti,1 ) 3

4 f B,N
r,1 + 1

4 f B,N
ti,1 0

0 0 f B,N
to,1

 ,

φ
0212 =


f B,N
r,1 0 0

0 f B,N
ti,1 0

0 0 f B,N
to,1

 ,

φ
0213 =


1
4 f B,N

r,1 + 3
4 f B,N

ti,1 −
√

3
4 ( f B,N

r,1 − f B,N
ti,1 ) 0

−
√

3
4 ( f B,N

r,1 − f B,N
ti,1 ) 3

4 f B,N
r,1 + 1

4 f 1
ti 0

0 0 f B,N
to,1

 .
Plug them into the dynamical matrix,

Dαβ

(
k
n n′

)
=

1√
MnMn′

∑
m

φ
0nmn′
αβ

e−ikRm
, (A2)

D(k) =


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(
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N N
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N B
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(
k
N N

)
Dxz
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(
k
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(
k
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(
k
N B

)
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(
k
N N

)
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(
k
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)
Dzz

(
k
N N

)
Dzz

(
k
N B

)
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(
k
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)
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(
k
B B

)
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(
k
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)
Dzy

(
k
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)
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(
k
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(
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

, (A3)

det
[
D(k)−ω

2I
]
= 0.

Focusing on the dispersion relation of the z-component vibration mode with k→ 0, we then get∣∣∣∣∣3 f N,B
to,1 +6 f N,N

to,2 −
√

MNMBω2
z −bk −ak

−a∗k 3 f N,B
to,1 +6 f N,N

to,2 −
√

MNMBω2
z −bk

∣∣∣∣∣= 0 (A4)

with

ak = f N,B
to,1

(
e−iakx +2exp

(
1
2

iakx

)
cos
(√

3
2

aky

))
,

bk = 2 f N,N
to,2

(
cos
(

3
2

akx +

√
3

2
aky

)
+ cos

(
3
2

akx−
√

3
2

aky

)
+ cos(

√
3aky)

)
.
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We arrive at

3 f N,B
to,1 +6 f N,N

to,2 −
√

MNMBω
2
z −bk =± f N,B

to,1

√
5+4cos

(
3
2

akx

)
. (A5)

With Taylor expansion, we have

5+4cos
(

3
2

akx

)
≈ 9
(

1− a2k2
x

2
+

32a4k4
x

32

)
, (A6)

6 f N,N
to,2 −bk ≈

(
15a2k2

x

2
− 51a4k4

x

32

)
f N,N
to,2 , (A7)

we finally arrive at the following equation of phonon dispersion relation of ZA mode for monolayer h-BN:

ω
2
ZA =

1√
MBMN

((15a2 f N,N
to,2

2
+

3a2 f N,B
to,1

4

)
k2

x −
(9a4 f N,B

to,1

64
+

51a4 f N,N
to,2

32

)
k4

x

)
. (A8)

Obviously it is a quartic equation. To guarantee a
quadratic dispersion (ω ∼ k2) of ZA mode,the quartic term
(k4) has to remain,and the coefficients for the quadratic term
(k2) and the quartic term (k4) have to be positive and negative,
respectively, namely, the relation between the nearest neighbor
f N,B
to,1 and the f N,N

to,2 follows

15a2 f N,N
to,2

2
+

3a2 f N,B
to,1

4
> 0 (A9)

or

f N,B
to,1 >−10 f N,N

to,2 . (A10)

Basically the quadratic dependence of frequency on wave
vector arises from the competition between the first nearest
neighbor (nn) and 2nd nn, in which both of them have oppo-
site sign and at least one-order-of-magnitude difference.
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