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We investigate the fundamental limits to the achievable tripartite continuous-variable (CV) entanglement criterion
of a generalized V) criterion. Our numerical simulation results show that the non-degenerate eigenvalues do effect the
performances of the estimated minimum variances. From below the threshold to above the threshold, with the increase of
the pump parameter, the tripartite CV entanglement gradually disappears. The different off-diagonal elements seriously
distort the weights for entanglement. We can obtain a good tripartite CV entanglement by appropriately controlling the

values of off-diagonal elements &;;.
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1. Introduction

Optical parametric process is one of the most effective
techniques to realize entangled states. All bipartite entangled
states are useful for quantum teleportation, ! dense coding, !
cryptography,®! tomography,*! entanglement swapping,©!
quantum key distribution,®! quantum computation, and quan-
tum information process.!”8 Aoki et al. first theoretically pro-
posed that a tripartite continuous-variable (CV) entangled state
should be generated by combining three independent squeezed
vacuum states.[”! Jing et al. proposed a tripartite entangled
state of a bright optical field should be experimentally pro-
duced by using an Einstein—Podolsky—Rosen entangled state
and linear optics.!'?! Pfister et al. showed theoretically a tri-
partite CV entangled state in a second-order nonlinear medium
with concurrent interactions.!'!! Guo et al. theoretically pro-
duced tripartite entanglement by using a parametric down
conversion and sum-frequency process.''?! Furthermore, Pen-
narun et al. predicted tripartite CV entanglement by using cas-
caded down-conversion and sum-frequency process.!'?! Al-
levi et al. experimentally demonstrated the nonclassical pho-
ton number correlations in tripartite CV states!'*! and then
investigated the process of entanglement transfer.!'>] Wein-
stein explored the tripartite entanglement witnesses and entan-
glement sudden death.'®) Wang et al. experimentally investi-
gated tripartite entanglement in a cascaded four-wave-mixing
(FWM) system.!!”] Wang et al. experimentally demonstrated
three quantum correlated beams and quantum steering by us-
ing a phase-sensitive cascaded FWM process.[!®1°1 Zheng et
al. investigated different kinds of entanglement in an FWM
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process with a degenerate pump.? Qin et al. experimentally
produced multiple quantum correlated beams in a hot rubid-
ium vapor. [>!1 Furthermore, Daems et al. presented spatial tri-
partite entanglement. [>?]

Several schemes in which the temporal multipartite entan-
glement was realized” were proposed as result of parametric
interaction, such as cascaded, concurrent,** interlinked, !
or consecutive parametric interactions,!?®! coupled paramet-
ric down-conversions.!?”! Lv and Jing investigated quadri-
partite entanglement by using a cascaded FWM process. 28!
We investigated theoretically CV multipartite entanglement
in a non-degenerate optical parametric amplification (NOPA)

[29-311 We obtained the generalized criterion V; for

system.
multipartite entanglement. Here we set all off-diagonal ele-
ments to be equal, i.e., €12 = & = €13 = & = &3 = &, = &.
In this paper, we will take off-diagonal elements to be differ-
ent, i.e., (€12 = &) # (€13 = &) # (&3 = €&;,), which act
as the conditions under which the realistic tripartite entangle-
ment for this system takes place. We can obtain a good tripar-
tite CV entanglement by appropriately controlling the values

of off-diagonal elements &;;.

2. Criteria for tripartite entanglement

In the p representation, the Hamiltonian of the system in
the rotating frame at the driving frequency is given by the fol-

lowing expression!2°-31]

H=Hy+V+W,

*Projected supported by the National Natural Science Foundation of China (Grant No. 11504074) and the Science Fund from the State Key Laboratory of
Quantum Optics and Quantum Optics Devices, Shanxi University, Shanxi, China (Grant No. KF201601).

fCorresponding author. E-mail: zchy49@hdu.edu.cn
© 2018 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

084204-1


http://dx.doi.org/10.1088/1674-1056/27/8/084204
zchy49@hdu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 27, No. 8 (2018) 084204

where
. N . .
Hy = ha)oaz)ao—&- Z ha)majnam—i-ih(Ee_‘“’”ag—E*e”"”ao)
m=1
o 1
+Y Y 7B}, Bjn,
Jj m=1
V=ny, Z kjBjndy, +1Y Z KB, am,
Jj m=1 j m=1
ih -
W = 3 ; (2£jka}az — 28kjajak)7 @))]
JjFk

a; (aj),

and az (ar) at frequencies @y, ;, and @y refer to the pump,

where the creation (annihilation) operators ag (ap),

signal, and idler field, respectively; Hy describes the Hamilto-
nian of the heat bath; V represents the interaction Hamiltonian
of the signal, idler field, and heat bath; W represents the inter-
action Hamiltonian between pump field ao (included in gain

factor €j; = xjx0p) and signal photons a , and idler photons

T
Clk .
ay Gz az
S
input 1 G2 s
—_
output
ay ayas Xij
«—
output Wo W, Wy,

Fig. 1. Input—output relation in NOPA system, the modes a;, a;, a3, and
frequencies @y, @;, y refer to pump, signal, and idler field, respectively.
Xij represents the effective second-order susceptibility of nonlinear crystal
in NOPA system.

Assuming perfect phase-matching, ignoring pump deple-
tion, and setting output loss rates to be equal, i.e., k; = k, we
will first examine a simplified analytical model for the prop-
agation of fields. Dynamical equations for a non-degenerate
optical parametric process in compound modes are

d d
o aa}: = —kaj + Y eaj. (2)

j#k

aj = 7kaj+ Z Sjka};,
J#k

In the positive-p representation, the semi-classical equations

of motion for three degenerate parametric modes ay, as, as (301

can be obtained by solving the Fokker—Planck equation. Here
€12 = & # &), €13 = & # £, €23 = &, # &0,
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Due to the fact that the eigenvalues are different from each

A3

other, we can use the eigensolution to construct a transfer ma-
trix u;;,?°! which connects the output (by,b2,b3) and input
(a1,a2,a3) and satisfies

0 —€12 —&13 /11 00
Ujj —8;1 0 —&xn u;l e 041 O R
-&, —&, 0 0 0 43
A~
(=) = — LA @)

3
Y AL (=)
=

Here A;j(—A;) is the cofactor of the determinant.

NOPA with modes ay, a, a3 can be resolved into a com-
bination of DOPA1 (k, A;) with mode by, DOPA2 (k, A;) with
mode b, and DOPA1 (k, A3) with mode b3 %!

L A L A by\
G2 (G =e (2 2) (6) =0

L A3 b3\

(£ ()

where L = d/dt +k, in the case of k =0, b; = §; +
write out the quantum fluctuations of b and b,

Xi(l)=Bi+pBi, i(l)=Bi—PBi, Xo(l) =B+ P,
Yao(l) = Bo—Ba, Xa(l) = B3+ B3, Y3(1) =Ps—Ps. (6)

Here X;(0), Y2(0), and Y3(0) are the input amplitudes, and
we have ([X1(0)]*) = ([2(0)]*) = ([13(0)]*) = 1, (X, (0)) =
(2(0)) = (13(0)) = 0, (X1(0)Y2(0)) = (X1(0)¥3(0)) = 0. For
the non-degenerate optical fields, the measurements of the
idler amplitudes Y,(/) and Y3(I) will infer the result for the
signal amplitude X; (/).

i, we

During the interaction time ¢ = I /¢, quantum fluctuation
becomes
1
(Xt) = cosh?[Ai7] + E(sinh2 [Aat] + sinh?[A37]),
(Y) = sinh?[A¢] + cosh?[Axt],
(Y$) = sinh?[A17] + cosh?[Ast], 7
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The output signal amplitude X; and idler amplitudes Y> and Y3

satisfy
1
(X1Yr) = \ﬁ(cosh[klt] sinh[A;7] 4 cosh[A,7] sinh[A,1]),
(X1¥3) = L(cosh[/'th] sinh[A;7] 4 cosh[A37] sinh[A37]). (8)

V2
Equations (7) and (8) correspond to the case of k — 0. Con-

sidering the case of loss k > 0 and adding the vacuum fluctua-
tions, the quantum fluctuations are

(x3) = H;[z(lilll)uexp[z(k/h)t])
_ 2(1;11/11)(] — exp[—2(k+ A )1])]
N i[z(k%b) (1= exp|—2(k— Ao)1])
2(kl+2/12) (1—exp[—2(k + A2)1])]
+ i[z(;f@“ —expl—2(k—A3)1))
Z(k}:)%)(l expl—2(k+A3)i])];
(v3) = 1+;[2(k{2w(1 exp[~2(k—A2)1])
~ 2(135/12) (1—exp[—2(k+A2)1])]
N ;[Z(k):l;h)(l —exp[=2(k—1)1])
_ z(killl)(l—exp[ 2(k+ 1)),
(r5) = 1*;[2(&/13)(1 Pl )
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The correlations between X; and Y3, and between X; and Y3
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1 A3
Py Ly G —2(k+A3)t
" 2ﬁ[2(k+k3)( exp[—2(k+43)1])
A3
oy (el -2k = Ay (10)
We can use the solutions of X, Y>, and Y3 to find the quadra-
ture variances 2]
Vi = Vi(g2- - gn)|min
<X1Y2>2 <X1Y3>2
= <X2> - ( + . an
1 <Y22> <Y32>

The key point is that the entanglement exists among the signal
amplitude X; (located at position 1), the idler phase ¥, (located
at position 2), and Y3 (located at position 3). The amplitude
and phase components Xj, Y, and Y3 are generated through
the NOPA system interaction involved in W of Eq. (1). Now
we use Eq. (11) to monitor the evolutions of signal and idler
modes of the NOPA system and regard the violation of V| > 1
as the sufficient condition of entanglement.

3. Numerical calculation

The variations of minimum variance V| with interaction
time ¢ for €1 = 1.5&y, €13 = 0.6y, &3 = & are investigated
and shown in Fig. 2.

1.0
0.8
0.6
0.4

0.2

0

Fig. 2. (color online) Plots of variance V; versus ¢ with (a) & = 0.5 and
(b) 2 for k = 0 (solid curve), 0.5 (narrow dashed curve), 0.9 (wide dashed
curve), and 1.1 (dotted-dashed curve).

From below the threshold to above the threshold, the
curves gradually merge, the position of the minimum variance
turns gradually toward the left, and the value of minimum vari-
ance V| decreases. With the increase of loss k, two curves
satisfy the condition Vjyn; 0.82 < 1, and the entanglement
disappears gradually. While four curves satisfy the condition
Vimin; 0.6 < 1, the entanglement always appears.
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Given pump parameter & = 2, the value of mini-
mum variance Vi changes with off-diagonal elements g;;.
In Figs. 3(a)-3(c), four curves satisfy the condition Vjp;n;
0.58,0.7,0.76 < 1, respectively, so the entanglement always
appears.

Fig. 3. (color online) Plots of variance V; versus ¢ with & =2 for k =0
(solid curve), 0.5 (narrow dashed curve), 0.9 (wide dashed curve), and 1.1
(dashed—dotted curve), for the cases of panel (a): €1, = 1.5&), €13 = 0.6&),
&3 = & (b) €12 = 1.2&), &13 = 0.4&), &3 = 0.8&); (c) €12 = &), €13 = &),
&3 = &).

4. Conclusions

In this paper, we use the minimum variance criterion to
monitor the evolutions of signal and idler modes of a NOPA
system with different off-diagonal elements, as these are the
conditions under which there exists the realistic tripartite en-

tanglement for this system. Our result is suitable for the
whole region from below the threshold to above the thresh-
old. For above the threshold, we can obtain a good tripartite
CV entanglement by appropriately controlling the values of
off-diagonal elements &;;.
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