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Three-mode optomechanical system for angular velocity detection”
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We propose a scheme for measuring the angular velocity of absolute rotation using a three-mode optomechanical
system in which one mode of the two-dimensional (2D) mechanical resonator is coupled to an optical cavity. When the
total system rotates, the Coriolis force acting on the 2D mechanical resonator due to the absolute rotation will affect the
mechanical motion and thus change the phase of the output field from the cavity. The angular velocity of the absolute
rotation can be estimated by monitoring the spectrum of the output field from the cavity via homodyne measurement. The
minimum measurable angular velocity, which is determined by the noise spectrum, is calculated. The working range of the

gyroscope for measuring angular velocity is discussed.

Keywords: optomechanics, gyroscope
PACS: 42.50.Lc, 06.30.Gv, 42.50.—p

1. Introduction

Inertial navigation!!?) systems have many applications
such as guiding missiles, satellites, and so on. At a fundamen-
tal level, an inertial navigation system contains an accelerom-
eter, which is used to measure instantaneous velocity, and a
gyroscope which plays an important role as a direction sen-
sor. Different kinds of gyroscopes like mechanical gyroscopes
[e.g., gyroscopes based on microelectromachanical systems
(MEMSs) 41 utilizing the Coriolis force], optical gyroscopes
(e.g., ring-laser gyroscopes and fiber-optic gyroscopes, which
utilize the Sagnac effect,’®) and nuclear magnetic resonance

71 or atom interferometer gyroscopes!®”! which

gyroscopes!
utilize the quantum effect, have been studied extensively.

On the other hand, because of the recent advances in
nano-fabrication techniques for designing high-quality opti-
cal and mechanical resonators, optomechanics has emerged
as a rapidly developing field for exploring the coupling be-
tween optical fields and mechanical oscillations. One of the
most promising applications of optomechanics is for design-

ing highly sensitive optical detection of small forces,[%-13]

14171 or masses! 2% by manipulating the me-

displacements
chanical motion of a macroscopic object in the quantum
regime.?!~28] Hence, optomechanical systems are used to de-
tect the angular velocity of absolute rotation,>”! by optically
monitoring the Coriolis force acting on the two-dimensional
(2D) mechanical resonator.

Gyroscopes based on the Coriolis force detection were
discussed in Refs. [3] and [29].

Ref. [29] is based on classical mechanics and the effects of

The analysis provided in

DOI: 10.1088/1674-1056/27/8/084203

quantum noise, such as optomechanical back-action noise, are
neglected. Recently, we presented theoretical analysis for the
application of the optomechanical cavities for absolute rota-

30-321 by considering the effects of shot noise,

tion detection!
back-action noise, and thermal noise.*3! In this work, we pro-
pose an optomechanical gyroscope model, where one mode of
the 2D mechanical resonator is coupled to an optical cavity.
Our model is similar to that in Refs. [31] and [32] except that
here we do not use an external drive on the mechanical res-
onator. A strong external mechanical drive used in previous

s[29-31.32] and thus the driven mode

optomechanical gyroscope
of the 2D mechanical resonator is treated classically by ignor-
ing the effects of the related thermal noise and Coriolis force.
In the present work, without using such an external drive, we
treat all the three-modes of the system quantum mechanically
and provide an alternative method for measuring angular ve-

locity.

2. Model and Hamiltonian

The gyroscope is made of a three-mode optomechanical
system, shown in Fig. 1(a), consisting of two parts: a 2D me-
chanical oscillator which does simple harmonic motion along
the x axis and y axis, and a single-mode cavity field which is
used to monitor the 2D mechanical oscillator’s displacement
along the x axis via optomechanical coupling of the radiation
pressure force. The gyroscope is placed on a platform rotat-
ing with angular velocity 2. € is along the z axis and goes
through the original point, e.g., the center of the platform.

In the coordinate system fixed to the rotating platform,
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the Hamiltonian of the 2D mechanical oscillator is given as

m

Hy =7
1

+ 5 [Pt mQy) + (py—mQx)"), (D)

where x and y represent the displacements of the mechanical

(032 + @]y?)

oscillator along the x axis and y axis, respectively. m and @,
(wy) are the mass and the frequency of the mechanical oscil-
lator along the x axis (y axis), respectively. The equilibrium
position of the mechanical oscillator is placed at the original
point. The terms depending on €2 in Eq. (1) result from the
Coriolis force acting, in the x—y plane, on the 2D mechanical
oscillator.

Noteworthily, we have omitted the centrifugal force in
Eq. (1) by assuming it is much smaller than the Coriolis
force, that is mQ?+/x2 +y2 < 2mQ /32 +y2. Actually, even
though the centrifugal force is not negligible compared with
the Coriolis force, it will also not bring a significant effect on

our result of angular velocity detection. As we will show later,

e.g., in Egs. (31)—(39), the angular velocity is deduced by de-
tecting the optical output spectrum. Though the Coriolis force
will change the output spectrum in all the frequency range, we
only focus on the spectrum around @ = @, for a realistic de-
tection. In contrast, the centrifugal force will only change the
zero-frequency component of the output spectrum (for a con-
stant angular velocity) and thus will not affect the detection
result of angular velocity. For the sake of simplicity, we do
not take the centrifugal force into account in this work.

The canonical momenta conjugate to x and y are given

ag3433]

px=mxX—m&y, p,=my+mx, 2)

where mx and my represent the mechanical momenta of the
mechanical oscillator along the x axis and y axis, respec-
tively. Hence, the corresponding commutation relations are
[x,py] = ih and [y, py] = ik with % the reduced Planck con-
stant.

(b) D,
I & Aoy
4% 2 <G
1

Fig. 1. (color online) (a) Schematics of the gyroscope containing the three-mode optomechanical system. A 2D mechanical oscillator (without mechanical
drive) is placed on a platform rotating with angular velocity £ (£ is parallel to the z axis). The two mechanical modes are coupled by the Coriolis effect
due to the absolute rotation. The mechanical motion in the x direction is coupled to an optical cavity by radiation pressure. (b) Schematics of the balanced
homodyne measurement. The output field from the cavity is mixed with a much stronger classical reference laser at the input of a 50:50 beam splitter. The
output from the beam splitter is fed to two photo-detectors D and D,. The difference in the photodetector readings gives the phase of the output field from

the cavity.

The model under consideration is a three-mode optome-
chanical system involving two mechanical modes and one cav-
ity field mode. After taking the cavity field into account, the
Hamiltonian for the whole system is given as

H=H,+h(o.+gx)a'a
+ i?’z\/ﬂ(ﬁinaT e it _ &i*naeiwd') , 3)

where a is the annihilation operator for the cavity field, and
g = /L is the single-photon radiation pressure coupling
strength with L the length of the cavity and @, the eigen-
frequency of the cavity. The cavity is coupled to an exter-
nal driving field whose frequency and the driving strength are
given as gy and \/2Kain, respectively.

After making a rotating frame at drive frequency @y, the

Heisenberg—Langevin equations of motion are given as

1
X =—(px+mQy), “

m

1
i = — (py —m 5
= (py—mQx), Q)
Py = —mwix+ Q (py —m&x) —hgd'a

- %c(Perm-Qy) + &, (6)
Py = —mo)y—Q (pe+mQy) — (py —mQx)+ &, (1)
a=—i(Ay+gx)a— ka+ V2K(ayn + Sap) 8

with x being the decay rate of the cavity field and ¥; (%) being
the decay rate of the mechanical oscillation along the x axis (y
axis). Ap = @, — @y is the detuning between the cavity field
mode and the drive field. &, and aj, are the noise operators
with zero mean values, and their non-zero correlations[26-37]
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are given as

<5ain(t)5a;(t')> =5(t—1), )
(Ecy(t)Exy (1)) m 2my kg TS (t —1'), (10)

where kg is the Boltzmann constant and 7 is the bath temper-
ature. We assumed that kg7 > ha, y in Eq. (10).

Note that the present optomechanical gyroscope model
is different from the ones used in previous works(>*31:321 in
the following way. In the previous works, >332 a classi-
cal external drive is applied on the mechanical resonator along
the y axis. In the presence of such a strong classical external
drive, the mechanical motion along the y axis is treated classi-
cally (e.g., the classical motion with sinusoidal velocity!?%-3]

1311 along the y direction) by ignoring the

or constant velocity
effects of the related thermal noise and Coriolis force. Thus,
the corresponding Heisenberg—Langevin equations of motion
contain only a single cavity mode and a single mechanical
mode in the x axis. In the present work, due to the absence of
such a classical external drive in our model, the Heisenberg—
Langevin equations of motion for the complete system in-
cludes the motion of all the three modes (one cavity mode and

two mechanical modes) as given in Eqgs. (4)—(8).

3. The spectrum of fluctuation and homodyne
measurement

Equations (4)—(8) can be linearized by writing all the op-
erators as A = A+ 8A (A = a,x,y, px, py), where A and 8A are
the classical mean value and quantum fluctuation of A. Thus
the steady state solutions for the mean value equations of mo-
tion of Egs. (4)—(8) can be obtained by setting dA/dt = 0 as

X = =
mw/\? ) y )
_ _ —ngQlal?
pe=0, pyz%, (12)
g= Y2 (13)
1IA+K
where the effective detuning is
A = Ay +gx. (14)

As can be seen from Eq. (13), the mean photon number, which

is given by |a|?, inside the cavity is independent of £. Hence

we cannot estimate €2 by monitoring the mean intensity of
the cavity output field. Thus, we shall focus on the equations
of motion of the fluctuation operators in order to measure 2.
When Q # 0, the Coriolis force coupling between the two me-
chanical modes modifies the spectrum of the fluctuations in

the output optical field via radiation-pressure optomechanical

coupling. Thus the absolute rotation of the platform can be
monitored from the spectrum of the fluctuations in the output
optical field.

The linearized equations of motion for the fluctuation op-
erators in Egs. (4)—(8) are

5 — %(5px+m95y), (15)
5y = %(5pyfm.(25x), (16)
8py = —mal8x+ Q2 (5py —mQ8x) — hG (8a+8a')

— %(8py + mQBy) + &, (17)
8py = —mw} 8y — Q(8p, +mQ8y)

= %(8py —m&6x) + &, (18)
Sa=—iAba—iGéx— kda+\V2Kk8ay, (19)

where the effective coupling strength G = ga has been as-
sumed to be real without loss of generality. Note that in writ-
ing Egs. (15)—(19), the higher-order terms like dxda are ne-
glected. This is reasonable since we can make |a| > 1 by
changing the intensity of the driving laser, @j,.

By defining the Fourier transform of operator A as

foo
A(o) :/ IO A(1)di

with AT (@) = [A(—a))] " we obtain the solution to the lin-
earized equations (15)—(19) in the frequency domain as

Sa(w) = 11(@)ain(®) + x2(@)d}, ()
+ 13(0)&:(0) + 2a(@)&,(0) (20)
with
1o)== e @) -1l e
12(0) = V2k1G? 1 (0) 1,( @), (22)
13(0) = Gn(o)x(w) 2y (o), (23)
xa(0) =20QG6n(0)x(0). (24)

Here we defined

Ay (@) = Yoy — i(0®— w)iy))
n(w)=i(o+A)—x,
[x(@)] ! =2iG*hAz, (@) —mn(0)n* (- )
[te(0)2(0) + 407 Q7).
Making use of the input—output relationship®¥! aqy + aj, =

v2Ka, we can obtain the fluctuation and steady-state mean
value of the output cavity field as

Oagu = V2kba— bajy, (25)
K—1iA
dout = K__|_ﬁdin (26)
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with ajn = a@in + 0ain and dgut = dout + Odout.

The phase of the output field, represented by agy, from
the cavity is measured using a homodyne setup as shown in
Fig. 1(b). The output field a,, is mixed with a classical refer-
ence laser field,?! whose amplitude is ag, at a 50:50 beam
splitter as shown in Fig. 1(b). The output from the beam
splitter is fed onto photo-detectors D and D;. The readings
in D; and D, are given as d;d 1 and d;dz, respectively, with
dy = (aou +i0R)/V2 and dy = (idou + OR)/V/2. The differ-
ence in the photo detector readings is given as

I=1 —b = ior(a), — aou), 7)

where ar has been taken to be real.
We rewrite I as a sum of its mean value and fluctuation
by writing I = I+ 81. So we obtain

I = i0R (@) — Gout), (28)
which is independent of Q. The fluctuation 67 in [ is given as
81 =iog(8a, — Saou). (29)

The spectrum of 81 is given as

Su(w) = /fw el (81(1)81(0)) dr. (30)

o

By using Egs. (9), (10), (20), (25), and (29), we can obtain the
spectrum

Si(®) = |ar|* [Saaa (@) + Sxe(@) + Spy(@)] (31
with

Sada(®) = [{4K1G? 1, (@) + 2km1 (0) [ 2:(@) 1y (@)

+ 402 Q) x(0) 1%, (32)
Sw(@) = 16KmYksT |G(io — K)x(w)xy(w)|2, (33)
Sy (@) = 64xkmykgTQ? |Go(io — )y ()*.  (34)

In Eq. (31), Saqq includes both the optical shot noise and the
optomechanical back-action noise, Sy, gives the thermal noise
in the mechanical oscillator’s motion along the x axis, and Sy,
gives the effect of the Coriolis force on the mechanical oscil-
lator’s motion along the x axis due to the thermal vibrations
along the y axis. Note that y(w) is dependent on 2, which
means Sy, and Sy, (as well as S,qq4) include the effect of the
Coriolis forces.

4. Estimation of angular velocity and its mini-
mum detectable value

In principle, the fact that all the three parts (Saqq, Sxr, and
Syy) in the spectrum Sy depend on £, allows one to measure
£ by monitoring the optical output spectrum. Here, we will

just focus on the following simple case

(@)1 (@) > 40* Q2. (35)

When equation (35) is satisfied, y () is independent of 2 and

is given as

[x(@)] " = 2iG°hA —mn ()" (—0) x:(0)]2(@). (36)

Thus, both Syqa(®) and Sy (w) are independent of Q, and
Syy(@) can be rewritten as

Syy(0) = 2?c*(w) (37)
with the transmission coefficient

o(w)=8\/kmyksT |Go(iow—Kx)x (). (38)

The fact that Sy, is proportional to Q2 provides us
with a method to estimate the angular velocity as Q2 =
\/Syy(@)/0(w), from the homodyne measurement results of
the optical output spectrum. The other two parts in the spec-
trum Sy (@), i.e., Sagq and Sy, determine the noise in the opti-
cal output spectrum. Hence the minimum measurable angular
velocity Qyise 1S given as

1
o(w)

In principle, the above minimum measurable angular velocity

-Qnoise(w) = Sadd(w) + Sxx(w)' (39)

will be obtained when the measurement time #,, — o. Note
that the signal spectrum Sy, (@) as well as the transmission co-
efficient o(w) is a Lorentz peak with full width at half maxi-
mum being of the order of ¥,. In a realistic detection, when the
measurement time is long enough such that t, > 1/%,, one can
obtain approximately the minimum measurable angular veloc-
ity Qnose-

In what follows, we will only consider two limiting cases:
Sadd (@) < Sxx(@) and Spaa (@) > Sxe(@).

When

Sadd (@) < Sye(@), (40)

the minimum detectable angular velocity

Se(@
Qnoise (@) ~ o(ag) )
_ Ipo—i(0®— o) T @b
20 Y

is independent of 7', A, and @,.

According to Eq. (41), Qpeise(®) reaches its minimum
value |/%%/2 when @ = @,. For simulation, we consider
the parameters:[40] m=69x10* kg, a)y/27r = 84.8 Hz,
%/2% = ¥%,/2m = 1.9 x 1073 Hz, k/27 = 4 x 10° Hz, and
g/2m = 1.46 x 10" Hz/m. Temperature is as T = 300 K
and the effective optomechanical coupling strength is G/27w =
2.19 x 10?2 Hz/m (with the corresponding @ = 1.5 x 10°). The

minimum detectable angular velocity is shown in Fig. 2(a)
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with the optimal value Qpise (@y)/27 = 9.5 x 10~* Hz. The
corresponding transmission coefficient o (w,) is optimized
when A = 0 as shown in Fig. 2(b).

Note that the above analysis for estimating the minimum
detectable angular velocity as well as the optimal transmission
coefficient is valid only when equations (35) and (40) are sat-
isfied. As shown in Fig. 2(c), the condition in Eq. (35) is not
fulfilled for the resonance case of @, = @, when £ is larger
than the optimal minimum detectable angular velocity ise-
For the non-resonance case of @, = 2, or ®, = 0.5w,, the

10°
(a)
3;’1
=
\3 100 F
c}:
10-° :
0 1 2 3
w/wy
1010
_ (c)
3 )
S 10°
g
65
=~ 10°
o~
’NC:P:
3 10
r =0, (@) e =2
10— X !
106 10 102
2/w

condition in Eq. (35) is satisfied well when Q /27 is less than
about 0.1 Hz (~ 10_3a)y). Since the condition of Eq. (40) is al-
ways fulfilled for the above parameters [see Fig. 2(d)], we can
know that for the typical simulation parameters as given in the
caption of Fig. 2 and the non-resonance case of w, ~ 2@y, the
optimal minimum detectable angular velocity of our optome-
chanical gyroscope is Qpoise(®y)/27 = 9.5 x 10~ Hz with
the corresponding working range of the angular velocity being
Qnoise /2w < Q /21w < 0.1 Hz.

1012 I
(b) ——
101 : -=w,=w,
i —— wz:2wy
e
? 108 :
Y
106
10*
2
S x10*
2.470
6
2.468
2y 2.466
3
2.464
2 2.462
2.460

0 1 2 3 4
(2/w,)/10°3

Fig. 2. (color online) (a) The minimum detectable angular velocity in Eq. (41). (b) The corresponding transmission coefficient (@) versus A for different
values of @y. (c) Simulation of the condition given in Eq. (35) with @ = o, for different w,. (d) The ratio of Syqq(@y) in Eq. (32) to Sy (®y) in Eq. (33) as a
function of @, and Q with fixed A = 0 and T = 300 K. The other parameters are:*0l m = 6.9 x 10™* kg, @, /27 = 84.8 Hz, %,/21 =%, /2x = 1.9x 1073 Hz,
k/27 = 4 x 10° Hz, and g/2m = 1.46 x 107 Hz/m. The effective optomechanical coupling strength is taken as G/27 = 2.19 x 10?2 Hz/m (with the
corresponding @ = 1.5 x 10%). For these parameters, the optimal value of Qnoise(@y) /2w =9.5 x 10~ Hz, also see the vertical line in panel (c).

Now we consider the second limiting case: when

Sadd(w) > Sxx(a)). 42)

In this case the minimum detectable angular velocity reduces

to
1

-Qnoise ((D) ~ m

Sada(@), (43)

which is dependent on 7', A, and .

In Fig. 3(a), we plot the minimum detectable angular ve-
locity in Eq. (43) for the parameters:*!1 m = 1.9 x 1077 kg,
w,/21 = 8 x 10° Hz, % /21 = /27 = 80 Hz, /27 =
1 x 10% Hz, and g/27 = 1.17 x 10'7 Hz/m. Temperature is
T =300 K and the effective optomechanical coupling strength
is G/2m = 3.51 x 10*° Hz/m (with the corresponding a =

3 x 10%). The optimal minimum detectable angular velocity
appears at @ = @, [as similar to the case in Fig. 2(a)] with
Qnoise /27 = 92.6 Hz, 40.0 Hz, and 336.4 Hz for @, = 0.5,
wy, and 2y, respectively. The corresponding transmission co-
efficient o (@,) is shown in Fig. 3(b) with its optimal value
appearing at A = 0.

The above analysis of the minimum detectable angular
velocity as well as the optimal transmission coefficient is only
valid when equations (35) and (42) are satisfied. It is shown
in Fig. 3(c) that the condition in Eq. (35) is not fulfilled for
the resonance case of @, = @, when £ is larger than the op-
timal Q,,ise. However, this condition is satisfied well for the
non-resonance case of @, = 2w, or @, = 0.5®, when Q/2rx
is less than 800 Hz (~ 1073 ®y). It is shown in Fig. 3(d) that
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the condition of Eq. (42) is always fulfilled for the above con-
sidered parameters. Thus we know for the typical parameters
as given in the caption of Fig. 3, and under the non-resonance

10°
3§
N
\3/@ 100}
Q:
10—°1
0 1 2 3
w/wy
10°
3
XF" 100 L
)
=
a>~
NC}) 1075
X
<
10-1 :
106 10— 102
2/w

case oy ~ 0.5@,, the optomechanical gyroscope works well
when Qise (@) /21 < Q /27 < 800 Hz and the optimal min-
imum detectable angular velocity Qy4ise(®y)/27 = 92.6 Hz.

100 -t ~

10—10

20

0 0.005
/w

0.010

Yy

Fig. 3. (color online) (a) The minimum detectable angular velocity in Eq. (43) for different values of @,. (b) The corresponding transmission coefficient
o(wy) versus A for different ®,. (c) Simulation of the condition given in Eq. (35) with @ = o, for different ®,. (d) The ratio of Syq(®,) in Eq. (32) to
Sy(@y) in Eq. (33) as a function of @, and . Here A = 0 in panels (a) and (d). The other parameters are:* m=1.9x%x10""7 kg, 0,/2w =8 x 10° Hz,
%/2% = ¥%,/2% = 80 Hz, k/2x = 1 x 10° Hz, T = 300 K, and g/27 = 1.17 x 10'7 Hz/m. The effective optomechanical coupling strength is taken as

G/2m = 3.51 x 10% Hz/m (with the corresponding @ = 3 x 10%).
5. Discussion and conclusion

In conclusion, we studied the application of a three-mode
optomechanical system as a gyroscope for detecting absolute
rotation. Our model of an optomechanical gyroscope, where
a cavity field mode is coupled to one of the two mechanical
modes of a 2D resonator, is similar to the previous ones[29-311
except that here we do not use any additional external mechan-
ical drive on the mechanical resonator. When our optome-
chanical system is placed on a rotating platform, the mechani-
cal oscillation modes of the 2D mechanical oscillator are cou-
pled due to the Coriolis force. Using the Heisenberg—Lengivin
equations of motion, the dynamics of all the three modes (one
cavity field mode and two mechanical oscillator modes) are
studied. The angular velocity of the absolute rotation is es-
timated by monitoring the spectrum of the output field from
the cavity via homodyne measurement. The noises in the out-

put spectrum, which determine the minimum detectable angu-

lar velocity, include the thermal noise of the mechanical os-
cillator (Syy), and the additional noise (S,qq) from the optical
shot noise and optomechanical back-action. We further ana-
lyzed the cases when Sy >> S,qq and Sy < Saqd, and estimated
the optimal minimum detectable angular velocity. The corre-
sponding working ranges of the angular velocity in these two
cases are also discussed.

We would like to remark that our analysis is based on the
condition in Eq. (35), which requires that the angular velocity
should not be too strong. That is, the noises in the optical out-
put spectrum are required to keep approximately unchanged
when the system rotates. This limits the maximum value of
the angular velocity to be detected in our model. Actually,
similar conditions also exist in the previous optomechanical
gyroscopes.[?>31-321 Tn future, we will further investigate the
application of an optomechanical gyroscope in the case of
large angular velocity which does not satisfy the condition in
Eq. (35).
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