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In a test of the weak equivalence principle (WEP) with a rotating torsion pendulum, it is important to estimate the
amplitude of the modulation signal with high precision. We use a torsional filter to remove the free oscillation signal and
employ the correlation method to estimate the amplitude of the modulation signal. The data analysis of an experiment
shows that the uncertainties of amplitude components of the modulation signal obtained by the correlation method are in
agreement with those due to white noise. The power spectral density of the modulation signal obtained by the correlation
method is about one order higher than the thermal noise limit. It indicates that the correlation method is an effective way to
estimate the amplitude of the modulation signal and it is instructive to conduct a high-accuracy WEP test.
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1. Introduction

The Einstein equivalence principle states that there is no
difference between a uniformly accelerated reference frame
and a homogeneous gravitational field.!?! Since Einstein de-
rived his theory of general relativity from the equivalence prin-
ciple, the weak equivalence principle (WEP) is the basis of
Einstein’s general theory of relativity.>* Many theories and
models attempting to combine the gravitational forces with
the other three kinds of interactions require that the WEP is

156 such as superstring theory!”-"! and supersymme-

10,11

violative,
try theory.[!%!1] Therefore, the theoretical research and exper-
imental test of the equivalence principle has always been a
topic of immense interest and a challenging problem for the
scientific world.

The earliest WEP test was carried out by Newton using
a simple pendulum with an accuracy of the test to E6tvos pa-
rameter 11 ~ 1073.1121 Around 1900, Eotvos used the torsion
pendulum to test the WEP and achieved 1 < 10~°.113] To over-
come the lack of signal modulation, Roll ez al.!"* and Bragin-
sky et al.!"> improved Eotvos experiment in 1964 and 1972,
respectively. They replaced the Earth by the Sun as the source
of gravity, transforming the WEP violation signal into a sinu-
soidal signal with a 24-hour period owing to the Earth’s rota-
tion. As a result, the accuracy reached 10~ and 1072 lev-
els, individually. Later, the E6t-Wash group!!®'8] raised the

DOI: 10.1088/1674-1056/27/8/080402

period of the modulation signal from 24 h to 1 h and later to
20 min using a rotating torsion pendulum, and they did not find
the violative signal of the order of 10~!3. In addition, with the
rapid development of the atom-interference technique, more
and more investigations!!?2 of the possible WEP test with
the atoms were performed, which have reached a level of 10°8
for the dual species atom interferometer, and 1077 for the dif-
ferent spin-rotation atom interferometer. In this study, we fo-
cus on analyzing the modulation signal in the WEP test with a
torsion pendulum.

In the WEP test, the modulation signal, which is a weak
signal, would be disturbed by the free torsional oscillation
and the noise. The correlation method, also called the phase
method, with its ability to suppress the influence of higher
harmonics, and its insensitivity to the linear drift and weak
damping, is one of the most efficient ways for weak signal
analysis.[?1-??! In this study, we analyze the effect of free tor-
sional oscillation and eliminate the effect by torsional filter.!”]
We use the correlation method to estimate the amplitude of the
modulation signal, and then we acquire its uncertainties based
on the white noise model and thermal noise model, respec-
tively. In addition, a corresponding simulation is performed
to verify the correctness of the theoretical derivation of the
correlation method. An analysis of a set of data from a pre-

liminary experiment of the WEP test with a rotating pendulum
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conducted by a group in Huazhong University of Science and
Technology (HUST) shows that the uncertainties of the ampli-
tude components due to the white noise are in agreement with
the uncertainties obtained by the correlation method; further,
the power spectral density of the modulation signal is about
one order more than the thermal noise limit. The results show
that it is reasonable to use the correlation method for estimat-
ing the amplitude of the modulation signal and it is significant
for the test of the high-accuracy WEP.

2. Equation of motion

In the test of the WEP with the rotating pendulum, the
turntable is rotated with a constant angular speed, @. The
equation of motion of the pendulum in the rotating frame can

be expressed as!?!
10 +k0 42176 =1, (1)

where [ is the moment of inertia of the pendulum about the
suspension fiber, k is the torsional constant of the fiber, ¥ is the
damping coefficient, and T = 7, sin @, is the external torque
on the pendulum, in which 7, denotes the amplitude of the
external torque, @, = n® and 7 is an integer.

Setting 8(0) = 6y and 6(0) = vy, the solution of Eq. (1)

can be expressed as
0(t) =Ae ™" sin(wqgt + @a) + By sin(@ut — @), (2)

where

A:(90+.BnSiH(Pn)’ 04 = /wg—yz,
s1n Qg

@4(6p + B, sin @)
B,, ®, cos @, + Y60+ YB, sin@,’

I\/ (05 — 02)? Zywn)

2y,
Wy = \/;7 ¢, = arctanr%iw%.

The first term on the right of the equality sign in Eq. (2) is the

Qg = arctan

free torsional oscillation 64(¢). The second term is the modu-
lation signal 6;(r). We need to consider the fundamental fre-
quency harmonic component of 6(z), since fundamental fre-
quency is the same as the excepted violative signal.[l:>23] In
other words, we take n = 1. Then we have

0(t) = O4(t) +6,(t) +e(r)
= Ae "sin(wgt + @q) + By sin(of +@p) +€(t), (3)
where B and w; denote the amplitude and angular frequency

of the modulation signal, respectively, and £(¢) is the random

noise.

3. The correlation method

By expansion of the trigonometric function, equation (3)

can be rewritten as

0(t) = e "[agcos(wyt) + by sin(wyt))

+ [a1 cos(@it) + by sin(w; 1)) + (1), 4)

where A = 1/a§+b2, B = ,/a%er%, @q = arctan(bq/aq),

@) = arctan(b; /ay).

To obtain the amplitude B by the correlation method, the
free torsional oscillation 64(¢) needs to be removed by a tor-
sional filter. The torsional filter is used to subtract pairs of data
points with frequency wy and separated by 27 phase. Due to
the damping coefficient 7, we need to repeat the torsional filter

numerous times. The filtered signal 8(¢) is

0(r) = B(r)+&(t)+ ()
= djcos(wt) +bysin(wgt) +&(t) + (1),  (5)

where 6(¢) denotes the filtered modulation signal, &(¢) de-
notes the filtered noise, and ¥ (¢) denotes the residual term of
04(t) after the torsional filter. This term will be discussed in
detail in the next section. The filtered amplitude components
(d@,b1) of the filtered modulation signal 6;(¢) are

a; = (2—2cosw Td)’"/z(al cosm@ + by sinme) ©)
by = (2—2cos o, Ty)"/*(by cosm@ — a; sinm¢) ’
where ¢ = arctan[sin®Ty/(1 —coswTy)], Ty = 2m/@yq

which is the period of free torsional oscillation 64(¢), and m
denotes the number of times the torsional filter is employed.
From Eq. (6), we can get the relation between the am-
plitude components (aj,b) of the modulation signal 6,(¢) and
the amplitude components (d;,b;) of the filtered modulation

signal 6(¢). The relation can be expressed as

cosm@ sinme@
—sinm@ cosm(p] { ] 7

After the filtered modulation signal 6(¢) is obtained as in

[Zi } = (2—2cos o Ty)"/?

Eq. (5), we divide the 6;(¢) sequence into some smaller com-
ponents 8;;(¢). Each small component contains one period
Ti =27 /@, of the modulation signal 6;(¢). The amplitude
components (dy;,b1;) of the filtered modulation signal () in

the i-th small component are calculated using the following

equation.
2 DT
ap= 2 / 8.(t) cos(y1)dr,
T Ji
_ 2 DT
by = 7/ 0, (t) sin(@;1)dr. (3)
T Jiry

In a similar manner, the amplitude components (dy;, by;) of the

filtered modulation signal 6, (¢) and the amplitude components
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(@11,b1;) of the modulation signal 6,(¢) follow the relation ex-
pressed in Eq. (7).

cosme@

{g:’} = (2—2cos w,Ty)"? smm(p] {a“

—sinme@ cosm@ bli:| - ©)

We can take the mean value of (a;;,b;) as the amplitude com-
ponents (ay,b)

N N
Y aii Y by

ag=" p =5 (10)
N N

where N is the number of 77 periods during the whole mea-
surement.

The standard deviation of the amplitude components (a1,
by) of the modulation signal 6(z) can be obtained from the
following expressions.

We can get the corresponding uncertainties of the amplitude
components (aj,by) from the expressions given below.

8(ar) 5(b1)

N u(by) = N (12)

The amplitude of the modulation signal By and its uncertainty

u(ar) =

can be expressed as follows.

B = \/m, u(By) = \/[g;u(al)} 2+ [leu(bl)} 2.(13)

We can get the corresponding power spectral density of the
modulation signal from the following equation.

S(B1) =u(By)-V/NTi, (14)

where N is the number of 77 periods during the whole mea-

surement.

4. The effect of ¥(t) on amplitude estimation of
modulation signal

Due to the damping coefficient ¥, the torsional filter can-
not remove the free torsional oscillation 64(¢) completely. We
can reduce the effect of residual term ¥(¢) by repeating the
torsional filter m times.

The residual term, ¥ (¢), after employing torsional filter m

times in the i-th small component can be expressed as
(1) = (1 — e ")y e ¥ (agcos wyt + bgsinwgt).  (15)

Substituting Eq. (15) into Eq. (8), the effect of ¥;(¢) on the am-
plitude components (dl,-J;l,-) of the filtered modulation signal
6,(t) in the i-th small component can be calculated using the

following expressions.

2 (DT
Adyj = —/ ;(7) cos(ooyt)dt,
j

T] ‘Tl
- 2 UHDT .
Abyj = — / () sin( @y ¢)dt. (16)
T] T

The effects of ¥;(¢) in the i-th small component are given as

1 —e isin(iogT) + ¢1)
ag P+ (0a+o)? | +e I sin[(i+ 1 ogTi + ¢1]
) 1 —e "Misin(iogTy + )
2 " Pr(wg—a)? | +e 7 sin[(i+1)0aTi + ¢
Adyi=—(1—e May" - Y
1 Tl( ) 1 e " cos(iwgTy + ¢1) )
by P+ (wg+o)? | —e T icos[(i+ 1) aTi + ¢1]
+? e " cos(imgTh + ¢n)
+m — e~ D cos[(i+ 1) g Ty + 92,
1 e " cos(imgTy + 1)
ag P+ (oato)? |~ T cos|(i+ 1) auTi + 1]
5 1 —e "Micos(iwgTy + ¢»)
2 - Pt (wg—a)? | +e I cos[(i+ 1) oTi + ¢
Aby; = = (1 — e Ylaym ; (1%
T 1 e "Misin(iwgT) + ¢1)
ba | VP (@t | —e I sinl(i+ DaTi + 1]
_i'_i .
2 —e "Misin(iogTy + ¢>)
P+ (og—o)? | +e D isin[(i+ 1) @aTi + 92,
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where ¢ = arctan[—y/(@q + @1)], o = arctan[—y/(wg — @)].  S. Uncertainty of amplitude estimation based on
This effect would have a correction according to Eq. (9), and white noise model

then the effect (Aay;,Aby;) of %(t) on the amplitude com- In general, the noise €(r) can be modeled as the white

ponents (ai;,b1;) of modulation signal 6;(z) can be obtained  pojse, which satisfies the statistical properties given below 24

using the expressions below

(e(1)) =0, (e(n)e(n))=0%8(n—n),  (20)

. ~1
{Aali] — (2—2cos Ty) "2 { cosm@ - simnme where () is the expectation operator representing population
Aby; —sinm@ cosme mean and o is the standard deviation of the filtered noise.
% |:A{ili:| . (19) The power spectral density of the filtered noise can be ob-
Aby; tained from &(@) = o -Ar'/2,125] where Ar is the sampling

interval. From Eq. (8), we can calculate the standard devia-
From Egq. (16) and Eq. (17), it is clear that as the number of  tion (8ay;, 8by;) of the amplitude components (ay;,b1;) of the
times the torsional filter is employed increases, the effect of  filtered modulation signal for the i-th small component using
;(t) decreases. the following equations.
|

5 2 T 2 DTy
G = (2 [ ety costanman- 2 [ eteycostonn)an ).

iTy 1 T4
21
5 N Ga A ) 2 DT ' 2D
(b)) =( = / £(t1) sin(ayt))dtr - — / £(t2) sin(@y)ds )
T Jiy I Jiry
|
Combining Eq. (20) with Eq. (21), the results are given as  properties given below!%8]
follows: [20]
2kgT1ax
262 A1 262(0) (Ta(2)) =0, (Tn(t1)Tin(r2)) = Q0 3(t1 —1), (24)
Son = (8ar)” = (8b1)’ = —— ==-—", (22
1 1 where kg is the Boltzmann constant, 7 is absolute temperature,
where Oy, represents the standard deviation of amplitude com- and Q is the quality factor. The autocorrelation function of the
28]

ponents (a;,b;) caused by the white noise and the £(®) is the torsion pendulum response to thermal noise is as follows:!
power spectral density of the noise. Finally, the uncertainties ,
Ro(T) = (6 (1) 6 (r +1'))

of the amplitude components (a;,b;) caused by white noise
ksT / Y o /
Te y|t(COSCOd|t "‘v‘;dslnwd‘[ | s (25)

can be expressed as

uwh(a1) = uwh(b1) = 6\}%, (23)  where 6y(r) is the torsion pendulum response to thermal
noise, t' denotes the lag time.
where N is the number of 7} periods during the whole mea- The power spectral density of the thermal noise limit can
surement. be expressed as >
6. The thermal noise limit in the test of WEP O (@) = \/ kT 1 . ©6)
kogQ (1 - of /0F)* + [0/ (@Q)]?

Thermal noise originates from Brownian motion, where
the white noise model is usually used,*’?8 and is one of the According to Eq. (10) and Eq. (11), the standard devia-
most fundamental limits to the sensitivity in the test of the tion (Spay;, Owbi;) of the amplitude components (ay;,by;) of
WEP with a rotating torsional pendulum. T (¢) is the ther-  the modulation signal for the i-th small component can be ob-
mal torque on the torsion pendulum. It satisfies the statistical  tained using the following expressions:

4 (i+1)T1 (H—l)Tl
2< /T (80 (11) cos(ei1)] dry /T [Gth(tz)cos(a)ltz)]dt2>,

1

<5thb%i> = T </(i+l>Tl [G[h(tl)sin(a)ltl)]dtl /(i+l)Tl [ch(lz)sin(a)llz)}dl2>.
I i

T] 1 T]

<5tha%i> =

~

27

3 &
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On substituting Eq. (25) into Eq. (27), the standard deviations

are given as shown below.

5t%17a = <5tha%i> ~

y [(3(1);‘ +203 + 6070} wi/0
2
040
(25 + @0y
2T1(Dg

28
0 (28)

200t -0 a3/0)|
2kgT

TZk [ ( wde' )2 + (@} - wﬁ)z]

y [(3(0;‘ +203 + 6070} w}/0

2
040
(252 + @20y

2T (Dg

0

5t%1—b = <6thb%i> ~

2(of —w§+w§/Q>], (29)
where &y, and Oy, represent the standard deviations of ther-
mal noise on the amplitude components (a;,b;), respectively.
The final uncertainties of (a;, by) caused by thermal noise can

be expressed as follows.

un(ar) = 8%1, um(br) = 5\%——\;7

where N is the number of 7| periods during the whole mea-

(30)

surement.

7. Data processing

7.1. Numerical simulation

In order to verify the correctness of the theoretical deriva-
tion above, a corresponding numerical simulation is per-
formed. In this simulation, we set the total time and the sam-
pling interval as 3 days and 1 s, respectively. The parameters
for Eq. (4) are set as follows: Y= 1.8 x 107 rad/s, ag = 3.0 x
107 rad, by = 4.0 x 107 rad, wq = 1.1 x 1072 rad/s, a; =
1.9x 107 rad, by = 2.7 x 107 rad, @ = 5.2 x 1073 rad/s,

and the basic noise level as 3.5 x 10~ rad/Hz!/2, based on the
preliminary experiment of the WEP test by the HUST group.
In their preliminary experiments, a gradiometer pendulum was
used to measure the gradient of the gravitational field.>3] The
power spectral density of the simulation signal is shown in
Fig. 1.

power spectral density of 6 (logarithmic form)

100

fi fo

10-2}

10-4}

10—

Amplitude/(rad/Hz!/?)

10-8 -
0 10-3 10-2
Frequency/Hz

Fig. 1. The power spectral density of the simulation signal of angu-
lar deflection, 6(¢), of the pendulum. The peak f is the free torsional
oscillation 84(7). The peak f is the modulation signal.

In order to arrive at a relation between the number of
times the torsional filter is employed and the effect of the free
torsional oscillation signal 64(¢) on the amplitude estimation,
the noise is temporarily not considered. The simulation re-
sults are shown in Table 1. The theoretical value is calculated
using the theoretical derivation above and the actual value is
obtained using the simulation. It is seen from Table 1 that
the theoretical value calculated using Eq. (19) is in agreement
with the actual value calculated using Eq. (11). When m = 4,
the theoretical value is different from the actual value; this dif-
ference resulted from the limited computation accuracy that
can only reach an order of 10~!7 rad. With the increase in the
number of times, m, that the torsional filter is employed, the
effect of 64(¢) on the estimation of the amplitude components
(ay,by) is smaller. In this simulation, when m = 3, the effect of
the 64(¢) is found to be less than 1 ppm, which is small enough

to be ignored.

Table 1. The effect of the 64(¢) on the estimation of the amplitude components (a;, ;) without noise.

Number of Aalrad

Ab/rad

torsional filter m .
Theoretical value

Actual value

Theoretical value Actual value

0 2.5%x1073 2.5%x107° 1.2x1073 1.2x1073
1 1.3x1078 1.3%x1078 6.2x107° 6.2x107°
2 6.8x10712 6.8x10712 3.3x10712 3.3%x10712
3 3.5x1071 3.5x1071 1.8x10°15 1.8x10°15
4 1.8x10718 1.6x1017 9.5%x10°1 1.1x107Y7
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After checking the theoretical derivation of the effect of
64(1), the influence of white noise on the amplitude estima-
tion of the modulation signal is simulated. The power spectral
density of the white noise, £(®), is 3.5x 1070 rad/Hz!/? in this
simulation. In order to control the variables, only the modula-
tion signal and the white noise should be considered regardless
of the free torsional oscillation signal. Except the white noise,
the thermal noise would have an effect on the amplitude esti-
mation of the modulation, which sets a fundamental limit to it.
Similarly, only the modulation signal and the thermal noise are
considered, when we study the effect of the thermal noise. For

0 =3000, k =6.2 x 10~° N-m/rad, we can get the standard
deviation of the amplitude components (a1,b;) caused by the
white noise and the thermal noise using Eq. (22) and Egs. (28)
and (29), respectively, which should be in agreement with the
value calculated by Eq. (11). Since the white noise and the
thermal noise are random, we randomly generate 1000 sets of
white noise data and thermal noise data each to avoid the con-
tingency. The results are presented in Table 2. As expected,
the theoretical value is consistent with the actual value. That
is to say, the theoretical derivation above is correct and the
correlation method is effective for the simulation data.

Table 2. The effect of the white noise and the thermal noise on the estimation of the amplitude components (ay,by).

Noise Ba/rad

Op/rad

Theoretical value

Actual value

Theoretical value Actual value

1.4x1077
1.1x10°8

‘White noise
Thermal noise

1.4x1077
2.2x1078

1.4x1077
1.6x1078

1.4x1077
1.1x10°8

7.2. Experiment data processing

Since the HUST group have not finished their experi-
ments for the WEP test, to check the effectiveness of the
correlation method, a set of data from their preliminary ex-
periments of measurement for the gravitational field gradient
is used. One typical angle-time data set of the pendulum is
about 2 days, the sample interval At = 1 s, the free oscilla-
tion period Ty =~ 580 s, and the period of the modulation signal
71 =1200s.

The power spectral density of the angular deflection of
the pendulum 6 () is shown in Fig. 2(a). The short peak f| in
the figure is the modulation signal, which is due to the grav-
itational gradient effect. The peak f is the free torsional os-
cillation signal. According to the above simulation, the free
torsional oscillation signal has an effect on the amplitude esti-
mation of the modulation signal, which should be eliminated
before we use the correlation method to estimate the amplitude
of the modulation signal. An earlier simulation highlights that
when the time of torsional filter m = 3, the effect of 6,4(¢) can
be reduced to a level of 107 nrad from which we can con-
clude that the effect of the free torsional oscillation is small
enough to be ignored. The power spectral density of 64(¢), af-
ter removing the free torsional oscillation signal, is shown in
Fig. 2(b). As figure 2(b) depicts, the free oscillation signal is
removed by the torsional filter three times and the peak fi is
higher than it is in Fig. 2(a), which is caused by the torsional
filter. Therefore, the amplitude components (aj;,by;) in each
small component estimated by the correlation method should
have a correction in accordance with Eq. (9). The results are
displayed in Fig. 3. The amplitude components (a;,b;) are
192.31(3) prad and 272.22(2) urad, respectively, as calculated
using Eq. (10) and Eq. (12).

In this experiment, the torsional constant of the fiber,
k=6.2 x 1072 N-m/rad and Q = 3000. According to Eq. (30),
both the u (a;) and ug (b1 ) due to the thermal noise are about
1.7 x 10~° rad, where the number of the time period of the
modulation signal is N = 132. Equation (14) yields the power
spectral density of the modulation signal amplitude S(B)) as
about 8.3 x 107 rad/Hz'/2, which is about one order higher
than the power spectral density of the thermal noise limit
O (®) ~3.7x 1077 rad/Hz'/? as calculated using Eq. (26).

power spectral density of 6 (logarithmic form)
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? fl 2\ Ve fo (a)
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& power spectral density of 6 (logarithmic form)

~ 100 T

=

g h fa (b)

= 10-°

=

Z=

2 10-10 .
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Fig. 2. Power spectral density of the angular deflection of the pendulum
0(t). (a) The power spectral density of the raw angular deflection. The
peak f is the free torsional oscillation 64(r). The peaks fi and f> are the
fundamental frequency and second harmonic components of the modulation
signal while the other peaks are higher harmonic components of the modu-
lation signal. (b) The power spectral density of the angular deflection after
removing the free torsion oscillation, where the peak f is gone.

The basic noise spectral level at the modulation signal is
about 4.3 x 100 rad/Hz'/2 as shown in Fig. 2(a). The autocor-
relation function of the basic noise is shown in Fig. 4 and it can
be considered as the white noise. In other words, the power
spectral density of the noise is about 4.3 x 10~° rad/Hz'/2.
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According to Eq. (23), the uncertainties of both the amplitude
components (ay,b;) caused by the white noise are 0.02 prad,
which is in agreement with the uncertainties 0.03 prad and
0.02 prad calculated using Eq. (12). It proves that the corre-
lation method is an effective approach to determine the am-
plitude of the modulation signal, and the white noise model is

reasonable.
- amplitude component a;
£ 1.935 . : : : : :
v S (a)
E o ., -, 4
S 1.915 L . L L L L
<E 0 20 40 60 80 100 120 140

7

2 amplitude component b;
=~ 2.730 T T T T T T
T 2D
EO2720F e, o e 1
g 2.715% -
<t 7 50 20 40 60 80 100 120 140

i
Fig. 3. Each point denotes the amplitude component of a small component
estimated by the correlation method. The top panel (a) and bottom panel
(b) are the cosine component and sinusoidal component of the modulation
signal in each part, respectively. The asterisks denote the final value of the
amplitude components.
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Fig. 4. The autocorrelation function for the basic noise of the experi-

mental data. It can be confirmed that the basic noise satisfies the statis-

tical properties of white noise generally, which can be regarded as the

white noise model.

8. Summary

In the experiment of the WEP test with a rotating torsion
balance, a high accuracy estimation of the amplitude of the
modulation signal is highly important. The correlation method
is often used for weak signal analysis and it can suppress the
influence of higher harmonics, linear drift, and weak damp-
ing. The free torsional oscillation signal would influence the
accurate extraction of the modulation signal amplitude while
using the correlation method to estimate the amplitude of the
modulation signal. We analyze the effects of free torsional os-
cillation, white noise, and thermal noise on the amplitude esti-
mation of the modulation signal and verified the corresponding

theoretical derivation using simulation. Later, the experimen-
tal data of the WEP test carried out by the HUST group is an-
alyzed and the free oscillation signal is removed using the tor-
sional filter three times. With the effect of the free oscillation
has been eliminated, we estimate the amplitude of the modula-
tion signal with its uncertainties using the correlation method
and find that the power spectral density of the modulation sig-
nal amplitude is about one order higher than the thermal noise
limit. The results prove that the correlation method is effective
in determining the amplitude of the modulation signal, and it
is instructive of the high accuracy of the WEP test. Except for
the noise, the modulation signal would be disturbed by many
factors including the change in the environment temperature
and the electromagnetic field. Much work still needs to be
carried out in this field.
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