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Newton’s gravitational constant G is the least known fundamental constant of nature. Since Cavendish made the
first measurement of G with a torsion balance over two hundred years ago, the best results of G have been obtained by
using torsion balances. However, the uncorrected anelasticity of torsion fibers makes the results questionable. We present
a new method of G measurement by using a superconducting gravity gradiometer constructed with levitated test masses,
which is free from the irregularities of mechanical suspension. The superconducting gravity gradiometer is rotated to
generate a centrifugal acceleration that nulls the gravity field of the source mass, forming an artificial planetary system.
This experiment has a potential accuracy of G better than 10 ppm.
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1. Laboratory planetary system

Since Cavendish made his first measurement of New-
ton’s gravitational constant G by using a torsion balance, over
300 new experiments have been carried out in the past 200
years to improve the accuracy. New technologies, such as mi-
crowave cavity, cold atom interferometry, and laser interfer-
ometry, have been used in the new experiments; U-31 however,
the torsion balance is still preferred. By measuring the pe-
riod of a torsion balance in the gravity field produced by arti-
ficial gravity sources (time-of-swing method), the University
of Washington gave the best result of G, of which the uncer-
tainty is 14 ppm. This makes G the least known fundamental
constant of nature.*! Worse still, a number of results claiming
uncertainty levels of 14 ppm—30 ppm disagree with each other
by up to 10 standard deviations.®! Kuroda pointed out that the
anelasticity of torsion fibers produces a systematic error in the
torsion balance experiments, which may be the reason for dis-
agreements among the G values. [®! Experiments based on new
principles other than the torsion balance are highly desirable
in the determination of G.

A superconducting gravity gradiometer (SGG) is an-
other powerful instrument for detecting weak gravity sig-
The SGG developed at the University of Maryland
(UM) did not reach a differential acceleration sensitivity of
4 %1072 m-s~2.Hz /2 until the early 1990’s.l”) A new SGG
with magnetically levitated test masses (TMs) under develop-

nals.

ment at UM will improve the sensitivity by another two orders

of magnitude and will be free from irregularities of the me-
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chanical suspension since no mechanical springs are used.®!
Paik suggested a new way of measuring G based on a labora-
tory planetary system constructed with levitated superconduct-
ing TMs. [ In this paper, we briefly describe a practical design
of such an experiment and compute the expected resolution of
the experiment. More details will be published elsewhere.

In a planetary system shown in Fig. 1(a), the gravity field
of the central mass M is balanced by the centrifugal accelera-

tion of the satellites.
GM/r* = ra?, (1)

where r and @ are the orbit radius and the angular velocity of
the planet. From the orbital motions of the moon and the LA-
GEOS satellites, GM of the earth that has been determined
to better than one part in 10°.[1%2] Figure 1(b) shows the
top view of a laboratory planetary system. The experiment
is cooled to 4.2 K in a liquid helium dewar. The tungsten (W)
sphere is the gravity source with mass M. Two magnetically
levitated superconducting TMs are located at equal distance r
from the source mass (SM). As M is moved up and down, per-
pendicular to the TM plane, we rotate the turntable with angu-
lar velocity @ to balance the change in the gravity field with
centrifugal acceleration and keep the detector output constant.
The value of G can now be determined only by measuring M,
r, and @. Measurement of the absolute gravity field is not
needed; therefore, the calibration of the scale factor is unnec-
essary. This enables precise determination of G by using a

superconducting gravity gradiometer.
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Fig. 1. (color online) (a) Two satellites orbiting the earth. (b) Two levi-
tated test masses orbiting a tungsten sphere.

tungsten sphere /4 ost mass

(b)

2. Experimental apparatus
2.1. Source mass

In the design of Fig. 1(b) and most of other G experi-
ments, the positioning requirement of the TMs with respect
to the SM is very severe. To reduce the positioning require-
ment, we design a double-ring tungsten SM as shown in Fig. 2,
which is located outside the dewar. The outer diameter, in-
ner diameter, thickness, and mass of each SM ring are cho-
470 mm, hg = 60 mm, and
MR = 54 kg, respectively, the surface-to-surface separation of

sen to be Dro = 530 mm, Dgy =

the two rings is d = 90 mm.

Fig. 2. (color online) Double-ring source

Figures 3(a) and 3(b) show the plots of the change of
gravity field as a function of x and y, and as a function of x and
z, respectively, in response to the SM displacement between
levels z;, (z=0) and zg (z =4 m). The middle parts of the
plots are very flat, implying that the gravity gradients there are
nearly constant. If we locate two TMs separated by baseline L
in this area, (g,» — gx1)/L will be nearly insensitive to the TM
positions along all x, y, and z directions, where g, and g,» are
the gravity field felt by TM 1 and TM 2, respectively. To make
Agy = g — gx1 least sensitive to their positions, the TMs are
located at P;(—97.8 mm, 0, 0) and P>(97.8 mm, 0, 0), where
the spatial derivative of the gravity gradient vanishes, as shown
in Figs. 3(c) and 3(d). There we find Ag, =3.12 x 1078 m-s2.
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Fig. 3. (color online) (a) Gravity field versus x and y. (b) Gravity field versus x and z. (c) Gravity gradient at TM positions P; and P;.

(d) Gravity field at TM positions P; and P;.

With the TM positions optimized, the relative position-
ing requirements of the source and the TMs corresponding to
a G error of 3 ppm become < £6 mm along the x axis, and
< #+1 mm along the y and z axes, the relative orientation re-
quirement becomes < 4-1.5 mrad about the x and y axes. Com-

paring with the central SM design of Fig. 1(b), the positioning

requirements are relaxed by four orders of magnitudes. The
SM and TMs can now be aligned well within the required ac-
curacy.

Figure 4 shows a cross-sectional view of the basic exper-
imental apparatus. The SM position switches between height

zr and zyy, and the resulting change in the differential gravity
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between the two TMs is balanced by the centrifugal acceler-
ation generated by rotating the detector about the z axis with
the turntable. The value of G can be then determined from
angular velocity , separation between the two TMs L, and
the integrations of mass distributions of the SM and TMs over
their volumes Vg and Vr:

Agy (zr) —Agx (21)
= [gx2 (zn) — &1 (zn)] — [8x2 (zL) — &x1 (21)]

= 0’L, ()
where
&i(zj) = VETI/// [///psﬁdvs (zj)| Vi
(i=1,2; j=H,L) (3)

is the gravitational acceleration of the TM at P, when the SM is
at height z;, ps is the density of the SM, and rs and rr are the
position vectors of the volume elements of the SM and TMs,

respectively.
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Fig. 4. (color online) Cross-sectional view of experiment apparatus.

2.2. Detector

The detector consists of two superconducting TMs lev-
itated by currents induced along the levitation tube.!® Fig-
ure 5(a) shows a perspective view of each TM. Figure 5(b)
shows the TMs mounted on the Nb made detector platform,
which houses superconducting circuits and optical compo-
nents. The beam splitter and the mirror are for multicolor laser

interferometry used to measure the absolute baseline between
the TMs, which will be explained in Subsection 3.1. Each TM
block is mounted on a cantilever spring. By adjusting the mag-
netic fields produced by the alignment coils behind the TM
blocks, the sensitive axes are aligned to < 107 rad. The de-
tector is located inside a liquid helium dewar which is placed
on a turntable.

A
/

levitation tube

detector platform

cantilever

sensing coil

test mass

alignment coil beam splitter

Fig. 5. (color online) (a) Test mass. (b) Test masses and optical components
mounted on the detector platform.

To measure Ag,, the two TMs are coupled with the super-
conducting circuit as shown in Fig. 6. Sensing currents /; and
I, are stored in the coil loops for TM 1 and TM 2, respectively.
The ratio I, /I, is adjusted to make the output currents from
the two loops in response to a common-mode (CM) accelera-
tion cancel in the middle path. Only a differential-mode (DM)
acceleration causes a current to flow in that path. A super-
conducting quantum interference device (SQUID) is coupled
to this path to measure gravity gradient I;,. This way the CM
acceleration is rejected to 107>, limited by the misalignment
of the sensitive axes of the two TMs. In addition, temperature
sensing coil Lt is included to compensate for the error caused
by the temperature fluctuation of the detector. By adjusting the
persistent current I, the temperature sensitivity of the SGG is
compensated to 1073, The details of the principle and design
of the SGGs have been published in Refs. [7] and [8].
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The intrinsic gradient noise power spectral density (PSD)
of the SGG is!®!

2 2
w (07—
ksT ( 0)

Sr(f)= 1 EJFWE

where m is the mass of each TM, L is the baseline, kg is
the Boltzmann constant, 7 is the temperature, @y and Q are
the DM (angular) resonance frequency and quality factor re-
spectively, Bn is the test-masses-to-SQUID energy coupling
constant, E5(f) is the SQUID input energy resolution, and
f = ®/27 is the signal frequency. With Q = 100, m=27g,
L=1956 mm, fy =03 Hz, T =42 K, fn = 0.25, and
Ex(f) = 1 x 10739(1 4 0.5 Hz/f) J/Hz, we obtain S/*(f) =
4.8x10712572.Hz /2 at f = 0.046 mHz.

Fig. 6. (color online) Schematic circuit diagram of the SGG.

3. Experimental procedure

3.1. Measurements of absolute distances

To determine G, we need to measure the absolute lengths
of the SM and TMs, as well as the length of the baseline be-
tween the two TMs.

The gravity signal is very sensitive to the average diam-
eter and separation between the SM rings. With a coordinate

131 the SM dimensions Dgo,

measurement machine (CMM),
Dgr1, Hr, and d can be determined to 0.83 pum, 0.77 pm,
0.36 um, and 0.39 pum, respectively. These SM metrology
errors make a dominant contribution to the G error: AG/G =
3.6 ppm. For the TMs, since their dimensions are small and
the gravity gradient is uniform (see Fig. 3), the TM metrology
errors make a negligible contribution: AG/G < 0.01 ppm.

The detector baseline is given by
L:Lss+dV1/2+d\/2/2; (5)

where Lg is the surface-to-surface distance between the two
central vanes of the TMs, dy and dvy; are the thickness val-
ues of the two central vanes (see Fig. 7). We use the synthetic

wavelength laser interferometry!!'4!

to determine L. By re-
peating the measurement four times with three different wave-
lengths generated by a tunable laser, and comparing the fringe
patterns, we are able to determine Lg to 0.34 pm. Combin-

ing the uncertainties of Lg, dv; and dy,, we find the error in

the baseline measurement: 6L = 0.4 pwm. This corresponds to
AG/G =2 ppm. The baseline error caused by the deviation of
the central vane positions from the midplane can be averaged
out by repeating the experiment with both TMs flipped about

the z axis and averaging the results.

L |

Lss

™ TMa

—1

~| e
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«—25 mm—»
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Fig. 7. (color online) Test mass dimensions and the baseline.

3.2. Determination of density inhomogeneities

Density inhomogeneities of the SM and TMs result in er-
rors in the computation of the gravity signal. To estimate these
errors, the SM and TMs are divided into 1 mmx 1 mmx1 mm
cubes, each with a randomly generated density with standard
deviation 6(Ap/p) = 1 x 1073, which is a very conservative
estimate.'>) We find that the density inhomogeneity of the
SM causes an uncertainty of 7.2 nm in the average SM di-
ameter and an uncertainty of 14 nm in the separation between
the two SM rings, corresponding to AG/G of 0.027 ppm and
0.098 ppm, respectively.

For the TMs, the density inhomogeneity causes uncer-
tainties in mass center position of dxr = 82 nm along the x
axis and 6yt = Oz = 91 nm along the y and z axes. Oxr
can be averaged out by repeating the experiment with the
TMs flipped about the z axis and averaging the results. Fur-
ther, I}, = Iy = 0 in the geometry center of the TMs and
< 2x 1072 s72 over the entire space occupied by the TMs
(see Section 2). The residual AG/G caused by the TM density
inhomogeneity is < 0.01 ppm.

3.3. Measurement of angular velocity

Due to the weak gravity signal, the turntable rotates so
slowly that signal frequency f; is deep inside the 1/ f noise re-
gion of the SQUID. At low frequencies, atmospheric pressure
fluctuation also increases, causing higher temperature fluctu-
ation of the helium bath. The temperature drift is the main
source of output drift of the SGG. So it is very desirable to
perform the experiment at a higher frequency. We employ a
precision optical cube to increase f by a factor of 4, and use
bias angular velocity €y, to increase f; further.

As shown in Fig. 8, the laser beam from the autocollima-
tor is reflected by the alignment cube and the reflected beam is

aligned with the incident beam every 7 /2 of rotation. The time
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intervals are recorded to calculate the average angular veloc-
ities. Commercial precision alignment cubes are accurate to
5% 107® — 107> rad. This error can be reduced to < 107 rad
by repeating the experiment over each quadrant of the cube
and averaging the results, because the deviation of the sum of
the four interior angles from 27 is a second-order effect.

alignment
cube

autocollimator

Fig. 8. (color online) Turntable with an optical cube.

With the SM at 71, we control the angular velocity of the
turntable Q to keep the detector output constant, and measure
11, the time that is taken for the turntable to cover the first quad-
rant (0°-90°). Then, we move the SM slowly from zp, to zy in
the second quadrant (90°-180°) while increasing 2 gradually
and measure time interval ,. We again control 2 to keep the
detector output constant in the third quadrant (180°-270°) and
measure 3. Since Q2 cannot be controlled accurately during
the second quadrant, we exclude this part from the data analy-
sis. The change of centrifugal acceleration in response to the
displacement of the SM is

A (zi) — Agr(zL) = L[(Qy + AQ)? — QP (6)

where Q, = /2t and (AQ + Qp) = 7/2t3 are the average
angular velocity in the first and third quadrant, respectively.
With 2, = 0.2 mrad/s, we find (AQ + Q) = 0.45 mrad/s and
fs=1/(t1 +13+2t;) = 0.046 mHz. This method gives an addi-
tional advantage of canceling the gravity gradient background
of the laboratory precisely because the gravity gradient in the
first and the third quadrant is the same due to its rotational
symmetry.

To reduce the angle error of the alignment cube, we
need to repeat the measurement four times to cover all four
quadrants, and to average out the density inhomogeneity and
metrology error of the TMs along the x axis, we flip the TMs
about the z axis and repeat the experiment. So we will repeat

the measurement run eight times in total.

4. Experimental errors

With the SGG output fed back to the turntable, gravity
gradient noise I'y (t) will cause noise in the instantaneous an-
gular velocity, resulting in an error in the average angular ve-
locity. We find that the error in the differential gravity mea-
surement caused by Iy (¢) becomes

8¢ =LI[Sr (f)Af/2]'?, )

where Af = f;/16 is the bandwidth for eight runs. Substitut-
ing

SY2(f) =48 %1072 572 . Hz /2,

the detector intrinsic noise at 0.046 mHz, into Eq. (8), we
obtain 5.7 x 107> m-s=2. This corresponds to AG/G of
0.18 ppm.

Similarly, the seismic noise, ~ 3 X 1077 m-s~2.Hz !/2
at 0.046 mHz,'% rejected by CM rejection ratio 10° and
summed over three axes, results in a differential accelera-

tion error of 6.2 x 10~1% m-s~2

, corresponding to AG/G of
0.2 ppm.

The atmospheric pressure fluctuation causes a helium
boiling point fluctuation of 18.8 mK-Hz /2 at 0.046 mHz.!'7)
The temperature fluctuation causes an error in the SGG due
to the temperature sensitivity of the superconducting pene-
tration depth.l” With the temperature compensation feature
in the sensing circuit (Fig. 6), we will be able to reduce
the temperature-to-displacement sensitivity by three orders of
magnitude to 1.5 X 10~ m-K~!, which causes a differential
acceleration noise of 1.1 x 107" m-s=2.Hz /2. This cor-
responds to AG/G = 0.06 ppm. In addition, the temperature
fluctuations of the laboratory causes the SM dimension to vary.
Assuming that the temperature of the laboratory is controlled
to 1 °C and that 5% of the temperature variation occurs at our
signal frequency band, we find AG/G = 0.83 ppm.

As explained in Section 3, we will difference the av-
erage angular velocity signals measured over the first and
the third quadrant to determine the gravity signal. In addi-
tion to the SGG noise affecting the angular velocity of the
turntable, which is given by Eq. (8), the angular error in the
optical cube and the error in the autocollimator reading con-
tribute measurement errors of angular velocity. We find that
the gravity gradient error caused by the average angular veloc-

ity measurement errors is

Loy =L - = /1682 (5 +207)? /22 +262 (I2 + 21,07 +20}) /72, ®)

where 6,0 = 1079 rad is the residual angle error of the optical cube after averaging over the four quadrants, and 6, = 2.4 x
1077 rad is the repeatability of the autocollimator.!'8! We thus obtain I, = 3.1 x 103 s=2. This results in AG/G = 1.9 ppm.
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5. Expected resolution

In Table 1, we list all the errors. Assuming that the errors are uncorrelated, we obtain a total error of AG/G = 4.9 ppm by

the root sum square of the errors. The SM metrology error dominates the error budget of the proposed experiment. The detector

noise makes a very small contribution.

Table 1. Instrument errors and noises of the proposed G experiment.

Category Error source Uncertainty AG/G
Dimensions and angles Source mass dimensions 0.36 um—0.83 pm 3.6 ppm
Test mass dimensions 0.56 pm < 0.01 ppm
Detector baseline L 0.40 um 2.0 ppm
Optical cube 107 rad 1.9 ppm
Angle measurement 2.4%x1077 rad 0.14 ppm
Mass Source mass 0.1g 1.0 ppm
Density inhomogeneity Source mass 1x1073 0.1 ppm
Test mass 1x1073 < 0.01 ppm
Source-detector alignment X axis 0.55 mm < 0.01 ppm
y axis 0.55 mm 0.8 ppm
Z axis 0.51 mm 0.95 ppm
Parallelism 0.50 mrad 0.66 ppm
Noise Detector intrinsic 48x107 "2 m-s"2.Hz /2 0.18 ppm
Seismic 3%x107"m-s~2-Hz /2 0.2 ppm
Detector temperature 20 mK-Hz /2 0.06 ppm
Source temperature 0.05 K 0.83 ppm
Total error 4.9 ppm
6. Conclusions References

In this paper, we present a design of a new experiment,
which has the potential of measuring gravitational constant G
to < 10 ppm. The gravity signal is generated by a double-ring
shaped SM, which relaxes the relative positioning requirement
between the SM and the detector to a manageable level. The
gravity signal is detected by an SGG constructed with two lev-
itated TMs, which has very low noise, high CM rejection ca-
pability, with no anelasticity or other irregularities associated
with mechanical springs. The gravity signal is balanced by
a centrifugal acceleration generated by rotating the detector,
thus the apparatus forms an artificial planetary system. The
SGG acts as a null detector, so its scale factor calibration is
unnecessary. All the detector technologies used in this experi-
ment have already been developed with the SGG development
at UM.
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