
 

Asymmetric response of magnetic impurity in Bernal-stacked bilayer honeycomb lattice 

Jin-Hua Sun(孙金华), Ho-Kin Tang(邓皓键) 

Citation:Chin. Phys. B . 2018, 27(7): 077502. doi: 10.1088/1674-1056/27/7/077502 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   
 
What follows is a list of articles you may be interested in  
 

Fabrication and magnetic properties of 4SC(NH2)2-Ni0.97Cu0.03Cl2 single crystals 

Chen Li-Min, Guo Ying, Liu Xu-Guang, Xie Qi-Yun, Tao Zhi-Kuo, Chen Jing, Zhou Ling-Ling, Liu Chun-Sheng 

Chin. Phys. B . 2015, 24(12): 127503. doi: 10.1088/1674-1056/24/12/127503 

Magnetic hysteresis, compensation behaviors, and phase diagrams of bilayer honeycomb 
lattices 

Ersin Kantar 

Chin. Phys. B . 2015, 24(10): 107501. doi: 10.1088/1674-1056/24/10/107501 

Double spin-glass-like behavior and antiferromagnetic superexchange interaction between 
Fe3+ ions in α-Ga2-xFexO3 (0 ≤ x ≤ 0.4) 

Lv Yi-Fei, Xiang Jian-Yong, Wen Fu-Sheng, Lv Wei-Ming, Hu Wen-Tao, Liu Zhong-Yuan 

Chin. Phys. B . 2015, 24(3): 037502. doi: 10.1088/1674-1056/24/3/037502 

Dielectric behavior of Cu-Zn ferrites with Si additive 

Uzma G 

Chin. Phys. B . 2014, 23(5): 057502. doi: 10.1088/1674-1056/23/5/057502 

Electronic structures and magnetic couplings of B-, C-, and N-doped BeO 

Pang Hua, Zhang Sha, Li Fa-Shen 

Chin. Phys. B . 2013, 22(4): 047504. doi: 10.1088/1674-1056/22/4/047504 
-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract72377.shtml�
http://cpb.iphy.ac.cn/�
http://iopscience.iop.org/cpb�
http://cpb.iphy.ac.cn/EN/abstract/abstract65983.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract65456.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract65456.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract63651.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract63651.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract59211.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract52935.shtml�


Chin. Phys. B Vol. 27, No. 7 (2018) 077502

Asymmetric response of magnetic impurity in
Bernal-stacked bilayer honeycomb lattice∗

Jin-Hua Sun(孙金华)1,† and Ho-Kin Tang(邓皓键)2

1Department of Physics, Ningbo University, Ningbo 315211, China
2Department of Physics, Faculty of Science, National University of Singapore, Singapore 117542, Singapore

(Received 3 April 2018; revised manuscript received 19 April 2018; published online 25 June 2018)

We utilize the Hirsch–Fye quantum Monte Carlo method to investigate the local moment formation of a magnetic
impurity in a Bernal-stacked bilayer honeycomb lattice. A tight-binding model with the two most significant inter-layer
hoppings, t1 between pairs of dimer sites and t3 between pairs of non-dimer sites, is used to describe the kinetic energy
of the system. The local moment formed shows an asymmetric response to the inter-layer hoppings depending on which
sublattice the impurity is coupled to. In the dimer and non-dimer couplings, the effects of t1 and t3 onto the local moment
are quite opposite. When tuning the local moment, this asymmetric response is observed in a wide parameter range. This
asymmetric response is also discussed by the computations of spectral densities, as well as correlation functions between
the magnetic impurity and the conduction electrons.
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1. Introduction
Bilayer honeycomb lattices (BHLs) with Bernal stack-

ing have been constantly studied in condensed matter physics
in relation with the fabrication of single- and multi-layer
graphene.[1–4] Very recently, unconventional superconductiv-
ity with TC ∼ 1.7 K has been observed in twisted bilayer
graphene superlattices close to the first magic angle,[5] which
reboots enormous research interests upon this class of sys-
tems. Multiple two-dimensional (2D) materials with great
current research interest can be described by the BHLs, e.g.,
the hexagonal boron nitride bilayer (h-BN),[6] the commensu-
rate h-BN graphene bilayer,[7] and more complicated materials
such as the Mn4+ ions in Bi3Mn4O12(NO3).[8] In a Bernal-
stacked BHL, the density of states (DOS) and the local den-
sity of states (LDOS) are largely affected by the inter-layer
hopping energies.[9,10] The LDOS on the two sublattices in
the same plane becomes distinct, and this inequivalence is ex-
pected to induce interesting physics in such systems.

The Kondo effect takes place when a magnetic impurity
forms a singlet with the conduction electrons at a tempera-
ture lower than the Kondo temperature, and has been con-
stantly studied by using various methods.[11–19] The Kondo
effect and the RKKY interactions in two- or three-dimensional
(3D) Dirac systems have been studied intensively in recent
years.[20–24] At half-filling due to the vanishing DOS, the prob-
lem of magnetic impurity in Dirac systems falls into the cate-
gory of the pseudo-gap Kondo problem.[25–27] There exists a
critical value of hybridization for the impurity and the conduc-

tion electrons to form a bound state.[28,29]

The Kondo problem in the bilayer graphene (BLG) has
been studied using mean-field theory,[30–32] and it has been re-
ported that the local moment of the impurity is tunable in a
wide range, by varying parameters such as the inter-layer hop-
ping energies, the chemical potential, and the external elec-
tric field. The effect of spatial inhomogeneity on the local
moment formation in a bilayer graphene with only the inter-
layer hopping energy connecting pairs of the dimer sites has
been studied.[31] The non-dimer inter-layer hopping energy
has slightly smaller magnitude than the dimer ones but is often
ignored in the theoretical studies. These non-dimer couplings
can induce trigonal wrapping in the bilayer system.[9] In com-
parison with BLG, BHL is a more general theoretical model
in the sense that the system spans a wider range of inter-layer
hopping energies covering a large class of materials with great
current research interest. However, systematic studies on the
local moment formation in BHLs using non-perturbative nu-
merical methods are still lacking.

The purpose of this paper is to investigate the properties
of a spin-1/2 magnetic impurity in a Bernal-stacked BHL. The
host system is described by a tight-binding model with the
two most significant inter-layer hoppings, t1 between pairs of
dimer sites and t3 between pairs of non-dimer sites, which is
used to describe the kinetic energy of the system. The local
moment of a magnetic impurity in such systems is expected to
have an asymmetric response, e.g., the local moment shows an
asymmetric response to the inter-layer hoppings depending on
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which sublattice the impurity is coupled to.
The Hirsch–Fye quantum Monte Carlo (QMC) numerical

method[33,34] we utilize can offer non-perturbative results for
interacting impurity systems. The results we present are unbi-
ased and numerically exact, namely, they are free of systematic
errors, such that the local moment can be considered quan-
titatively in a wide parameter range. The Hirsch–Fye QMC
method has already been used successfully to study the mag-
netic impurity problem in normal metals,[33–35] single layer
graphene,[36] dilute magnetic semiconductors,[37] correlated
fermions,[38] and systems with spin–orbit coupling such as
topological insulators.[39]

2. Model Hamiltonian
We use the Anderson impurity model to investigate the

local moment formation of a spin-1/2 magnetic impurity in
a Bernal-stacked BHL. The model Hamiltonian consists of
three parts: the kinetic energy term H0 describing the Bernal-
stacked BHL, the magnetic impurity part Hd , and the hy-
bridization interaction HV . The total Hamiltonian is given by

H = H0 +Hd +HV . (1)

The tight-binding lattice model Hamiltonian of a BHL with
Bernal stacking reads

H0 = −t ∑
〈i j〉lσ

[
a†

lσ (i)blσ ( j)+H.c.
]

− t1 ∑
iσ

[
a†

1σ
(i)a2σ (i)+H.c.

]
− t3 ∑

〈i j〉

[
b†

1σ
(i)b2σ ( j)+H.c.

]
−µ ∑

ilσ

[
a†

lσ (i)alσ (i)+b†
lσ (i)blσ (i)

]
, (2)

where µ is the chemical potential of the system, and µ = 0
corresponds to the half-filled case. alσ (i) (blσ ( j)) annihilates
an electron with spin-σ on the i-th ( j-th) site in sublattice A
(B), l = 1,2 is the layer index, and 〈. . .〉 denotes an in-plane
or inter-layer nearest neighbor (NN) bond. t is the in-plane
NN hopping, and is used as the energy unit in our calcula-
tion. If both t1 and t3 vanish, the Hamiltonian describes two
isolated graphene sheets. t1 is the inter-layer NN hopping en-
ergy between pairs of dimer sites in sublattices A1 and A2 as
shown in Fig. 1, which will induce the parabolic dispersion
relation and finite DOS at half-filling.[10] t3 is the inter-layer
hopping energy between pairs of non-dimer sites in sublattices
B1 and B2, and this term induces trigonal wrapping in the bi-
layer system.[9]

The impurity part Hamiltonian is given by

Hd = ∑
σ

(εd−µ)d†
σ dσ +Ud†

↑d↑d
†
↓d↓, (3)

where dσ annihilates an electron with spin-σ at the localized
states, and U is the on-site Coulomb repulsion. The impu-
rity energy level εd is chosen as −U/2, which will give well-
developed local moments at low temperatures.

The hybridization interaction between the magnetic im-
purity and the conduction electrons is given by

HV = ∑
σ

V
[
c†

1σ
(i = 0)dσ +H.c.

]
, (4)

where V is the strength of the hybridization interaction. We
assume that the magnetic impurity is coupled to layer 1, and
the location of the impurity is denoted as i = 0. As given in
Fig. 1, A1 (A2) is the sublattice containing the dimer sites with
hopping energy t1 in layer 1 (2), while B1 (B2) is the sublattice
containing the non-dimer sites with trigonal hopping energy t3
in layer 1 (2). Hereinafter, we use the term “case A” to indi-
cate the case that the magnetic impurity is coupled to a site on
sublattice A1, and “case B” denotes the coupling with a site on
sublattice B1. Hence for “Case A” c1σ (i = 0) = a1σ (i = 0),
while for “Case B” c1σ (i = 0) = b1σ (i = 0) in Eq. (4).

y

x

a1

a2

A1 A2

B1

B2

tt3

B2

B1

A2

A1

t1

(a)

(b)

t3t3

case B 

case Acase 

Fig. 1. (color online) Schematics of a BHL with Bernal stacking. (a) t is
the in-plane nearest-neighbor hopping energy, and is used as the energy
unit. A1 (A2) is the sublattice containing the dimer sites with hopping
energy t1 in layer 1 (layer 2), while B1 (B2) is the sublattice contain-
ing the non-dimer sites with trigonal hopping energy t3 in layer 1 (layer
2). “Case A” represents that the magnetic impurity is coupled to a site
on sublattice A1, while “case B” represents the coupling with a site on
sublattice B1. (b) Top view of the Bernal-stacked BHL.

The Hirsch–Fye algorithm we utilize naturally returns the
imaginary-time Green’s function Gd(τ) = ∑σ Gdσ (τ) of the
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impurity. With Green function, we can easily calculate the ex-
pectation value of the local moment squared

〈m2
d〉= 〈(nd↑−nd↓)

2〉= 〈nd↑+nd↓〉−2〈nd↑nd↓〉, (5)

based on the fact that the impurity charge can either be zero or
one for a given spin. 〈nd〉= 〈nd↑+nd↓〉 is the total charge on
the impurity site, and 〈nd↑nd↓〉 describes the expectation value
of the double occupancy. The closer this value is to one, the
more fully developed the moment is.

Using the imaginary-time Green’s function obtained from
the QMC method, we can calculate the spectral density
A(ω) = ∑σ Aσ (ω) by numerically solving[40]

Gd (τ) =

∞∫
−∞

dω
e−τω A(ω)

e−βω +1
. (6)

We also use an extension of the Hirsch–Fye algorithm[41]

to compute the charge–charge correlation function

Ci ≡ 〈ndni〉−〈nd〉〈ni〉, (7)

and the spin–spin correlation function

Si ≡ 〈mdmi〉, (8)

where mi is the magnetization on the BHL with index i.

3. Local moment formation
In this section, we investigate the asymmetric response of

a spin-1/2 magnetic impurity to the inter-layer hopping ener-
gies in a Bernal-stacked BHL. There are several tunable pa-
rameters in the model Hamiltonian, such as the hopping ener-
gies t1 and t3, the on-site Coulomb repulsion U , and the hy-
bridization strength V . In single layer graphene, the Coulomb
repulsion U and the hopping energy are shown to be tunable by
experimental means such as strain.[42] In the theoretical stud-
ies on BLG, t1 and t3 are usually considered as the most sig-
nificant inter-layer hopping terms, and the values are taken as
t1 ∼ t3 ∼ 0.1t.[9] Here in this present paper, we vary the inter-
layer hoppings in a wider regime: both t1 and t3 take the values
from 0 to 0.8t, in order to simulate the case that the magnetic
impurity is coupled to a BHL beyond BLG. We also tune the
values of U and V , in order to systematically investigate the
effects of the on-site Coulomb repulsion and the hybridization
on the local moment formation.

Noting that the Hirsch–Fye QMC method is based on a
finite-temperature algorithm, we choose the value β = T−1 =

40t−1 in all the results that we show below. In order to ensure
the validity of our results, we also tested with lower tempera-
tures, and the results show minor differences. We believe that
the temperatures we choose are low enough to offer correct
results for the moderate-U regime we use in our simulations.

The impurity energy level is always chosen as εd = −U/2,
which will give rise to a well-developed local moment. It is
well known that according to the mean-field solution of a mag-
netic impurity in a normal metal, the magnitude of the local
moment is affected by the relative position of εd with respect
to the Fermi level, and is also influenced by the value of U . We
use “case A” to represent the case that the magnetic impurity
is coupled to the site on sublattice A1 (dimer sites), and use
“case B” to denote the case that the magnetic impurity is cou-
pled to the site on sublattice B1 (non-dimer sites). Due to the
inter-layer hopping terms t1 and t3, the local moment formed
on the magnetic impurity for the two cases are expected to
show distinctions.

In Fig. 2, we show the QMC results of 〈m2
d〉 versus µ

for various values of t1 and t3. The parameters are chosen as
U = 1.6t, β = 40t, V = 1.0t, and εd = −U/2. If both t1 and
t3 vanish, the host material given in Eq. (2) corresponds to two
decoupled single layer honeycomb lattices with linear disper-
sion, and µ = 0 is the charge neutral point. As µ is lowered
from µ = 0, for all the cases we can see that the squared local
moment 〈m2

d〉 decreases as well. Note that the impurity en-
ergy level εd is determined by the choice of U , and does not
change together with µ . Hence as the chemical potential is
lowered, both the impurity charge and the double occupancy
are lowered. However, 〈nd〉 decreases faster, such that the lo-
cal moment is tuned to a smaller value with the decreasing µ

according to Eq. (5). The asymmetric response of the mag-
netic impurity local moment to the inter-layer hopping ener-
gies can be observed in Fig. 2. The results for “case A” are
given in Fig. 2(a). The most interesting thing is the effects of
t1 and t3 when |µ| ∼ 0. The changes of magnetic moment with
respect to the inter-layer hoppings t1 or t3 for µ = 0 in “case
A” are shown in the insets. The results for other µ values are
qualitatively the same, so they are not shown. We can see that
〈m2

d〉 grows monotonically as t1 increases, but decreases as t3
increases. In a realistic system such as BLG, both t1 and t3
take finite values, and the magnitude of the local moment is
determined by the competition of t1 and t3. We see that the re-
sults for t1 = 0 and t3 = 0.2 are almost identical to the results
for t1 = 0 and t3 = 0. This is because the inter-layer hopping
energy t3 only connects the non-dimer sites, so for small t3
the effects on the local moment for “case A” are not signifi-
cant, although large t3 can still decrease the local moment. In
Fig. 2(b), we present the results of 〈m2

d〉 for “case B”. We can
see that the tendency of 〈m2

d〉 with decreasing µ is the same
as Fig. 2(a), but the magnitude of local moment for the same
t1 and t3 is distinct from those given in Fig. 2(a), showing an
asymmetric response. The dependence of 〈m2

d〉 on t1 as well
as t3 is completely opposite to those given in Fig. 2(a). The
squared local moment around µ = 0 decreases as t1 increases,
but grows monotonically as t3 increases. The inset in Fig. 3(b)

077502-3



Chin. Phys. B Vol. 27, No. 7 (2018) 077502

shows the changes of magnetic moment with respect to the
inter-layer hoppings t1 or t3 for µ = 0 in “case B”. We can see
that 〈m2

d〉 grows monotonically as t3 increases, but decreases
as t1 increases. The effect of t1 and t3 is completely opposite
to that shown in the inset of Fig. 3(a). This phenomenon is
related to the changes of LDOS with respect to the inter-layer
hopping energies, and we will address this issue in Section 4
with the results of spectral densities.
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Fig. 2. (color online) The results of 〈m2
d〉 versus µ for various values of

t1 and t3. The parameters are chosen as U = 1.6t, β = 40t−1, V = 1.0t,
and εd = −U/2. (a) For the “case A”, 〈m2

d〉 grows monotonically as
t1 increases, but decreases as t3 increases in a wide range of µ . Inset
shows the values of 〈m2

d〉 with respect to t1 or t3 for µ = 0. (b) For the
“case B”, 〈m2

d〉 decreases as t1 increases, and grows monotonically as
t3 increases. Inset shows the values of 〈m2

d〉 with respect to t1 or t3 for
µ = 0. The inter-layer hoppings have the opposite effect on the local
moment in comparison with “case A”. For all the cases, 〈m2

d〉 decreases
as µ is lowered.

In general, the results we give in Fig. 2 for vanishing t3

are in consistence with the mean-field results given by previ-
ous studies,[31] in which only the t1 type inter-layer hopping
energy is considered. The inter-layer hoppings induce inho-
mogeneity on the dimer and non-dimer sites, and the local
moment is more easily formed on the dimer sites.

In order to study the effect of on-site Coulomb repulsion
U on the local moment of the magnetic impurity, we show
the results of 〈m2

d〉 versus µ for various values of U in Fig. 3.
The parameters are chosen as β = 40t−1, V = 1.0t, t1 = 0.2t,
t3 = 0.1t, and εd = −U/2. The choice of t1 and t3 values are
close to the values in the real BLG system. If we choose dif-
ferent values of inter-layer hopping energies, the magnitude of
the local moment shall change accordingly, but the qualitative
results will remain the same.

The lines from top to bottom are listed in the order of
decreasing U . Circles represent the results for “case A”, and
triangles for “case B”. For all the U values of concern, the
magnitude of the 〈m2

d〉 decreases as the chemical potential is
switched away from the zero point. We can see that as the
Coulomb repulsion U decreases, for both the “case A” and
“case B” 〈m2

d〉 decrease as well. This is reasonable since larger
U can better exclude the double occupancy, so it favors a larger
local moment. Around µ ∼ 0, “case A” always presents a
larger local moment in comparison with “case B” for the same
set of parameters. Note that this is due to our choice of t1
and t3 values. As given in Fig. 2, t1 increases the local mo-
ment in “case A”, but decreases the local moment in “case B”,
while t3 has completely the opposite effect on the local mo-
ments in “case A” and “case B” in comparison with t1. Our
choice of t1 and t3 can mimic the magnitude of the parameter
in BLG, so we can draw a conclusion that in BLG, “case A”
always shows a larger local moment than “case B”. However,
in other Bernal-stacked BHLs, the local moment for “case A”
and “case B” shall be compared after careful calculations.

We can see from Fig. 3 that the 〈m2
d〉 curves for “case

A” and “case B” with the same values of parameters intersect.
Note that the local moment is determined by the competition
between the impurity charge 〈nd〉 and the double occupancy
〈nd↑nd↓〉 as given in Eq. (5), and the intersection is mainly
caused by the crossover of 〈nd〉 curves as µ decreases. In a
normal metal, it is well known that the broadening of the impu-
rity energy level depends mainly on the hybridization strength
(since the DOS is usually set as a constant). However, in our
system where the DOS or the LDOS is not a constant obvi-
ously, the broadening of impurity energy level is also affected
by the LDOS on the two sublattices, and the renormalized im-
purity energy level is influenced by the on-site Coulomb repul-
sion U . As µ is lowered, the impurity occupation number nd

for “case A” and “case B” crosses over each other leading to
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the intersection point in the local moment, but the intersection
has not been observed in the 〈nd↑nd↓〉 curves.

The results of 〈m2
d〉 versus µ for various values of hy-

bridization interaction V are given in Fig. 4. The parameters
are chosen as β = 40t−1, U = 1.6t, t1 = 0.2t, t3 = 0.1t, and
εd = −U/2. As in Fig. 4, the lines from top to bottom are
listed in the order of increasing V . Circles represent the re-
sults for “case A” and triangles for “case B”. We can easily
see the same tendency as that given in Fig. 3 when the chem-
ical potential is lowered, and that the local moment decreases
monotonically as µ is lowered. The local moment is decreased
as V increases. The hybridization interaction mixes the lo-
calized states on the impurity site with the itinerant electrons,
such that large V lowers the local moment on the magnetic
impurity. One need to notice that the local moment for “case
A” seems to be larger than that in “case B” when µ is around
half-filling for all the choices of V , and this is mainly caused
by our choice of t1 and t3. In a BHL, if we choose different
values of t1 and t3, the results for “case A” and “case B” shall
change accordingly, and the local moment for these two cases
are determined by the competition of the two inter-layer hop-
ping energies.

<m
2
>

µ/t

d

-0.3 -0.2 -0.1 0

0.4

0.6

0.8

U/.t 
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U/.t 

U/. t

U/.t 

circles: case A 
triangles: case B

U/.t 

Fig. 3. (color online) 〈m2
d〉 versus µ for various values of U . The pa-

rameters are chosen as β = 40t, V = 1.0t, t1 = 0.2t, t3 = 0.1t, and
εd −µ =−U/2. The lines from top to bottom are listed in the order of
decreasing U . Circles represent the results for “case A” and triangles for
“case B”. Larger local moment is favored for larger U , but the relative
size of 〈m2

d〉 for “case A” and “case B” is determined by the choice of t1
and t3.

In Fig. 4, we can see similar intersection behavior of the
〈m2

d〉 curves for the same values of parameters as those shown
in Fig. 3. This is also caused by the intersection of the 〈nd〉
curve as µ decreases. The broadening of the impurity energy
level is influenced by the LDOS and hybridization, while the
on-site Coulomb repulsion U affects the renormalized impu-
rity energy. As µ is lowered, the impurity occupation number

〈nd〉 for “case A” and “case B” crosses over each other leading
to the intersection point in the local moment.
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Fig. 4. (color online) 〈m2
d〉 versus µ for various values of V . The pa-

rameters are chosen as β = 40t−1, U = 1.6t, t1 = 0.2t, t3 = 0.1t, and
εd −µ =−U/2. The lines from top to bottom are listed in the order of
increasing V . Circles represent the results for “case A” and triangles for
“case B”. The distinction of 〈m2

d〉 for a given value of V is determined
by the interlayer hopping energies, and larger local moment is favored
for smaller V .

4. Spectral densities
Figure 5 shows the spectral densities A(ω) at 1/T =

40t−1 with various values of U and V . We fix µ = 0, εd =

−U/2, t1 = 0.2t, and t3 = 0.1t, so particle–hole symmetry is
preserved and we have A(−ω) = A(ω). It is well known that
according to the Hartree–Fock solution of a magnetic impu-
rity in a normal metal, the locations of the peaks are indepen-
dent of V and the separation of two peaks is about U . How-
ever, in Fig. 5 we see that the separations of two side peaks in
A(ω) are much smaller than Coulomb repulsion U . This prop-
erty directly originates from the non-constant DOS in the BHL
with Bernal stacking, and is consistent with the results given
by the numerical renormalization group study.[43] When V in-
creases, the A(ω) peaks move toward the charge neutral point.
These results are also in agreement with those obtained in sin-
gle layer graphene.[36] Near the Dirac point, the spectral den-
sities have the same order as that of the LDOS, because when
V is induced, the eigenstates in the host system can greatly hy-
bridize with impurity orbit, and as V increases, the LDOS of
the host material influences the impurity orbit more strongly.

In Fig. 5(a) where V = 0.75t and U = 1.6t, we can see
that the differences in spectral densities in the three cases are
relatively small near ω = 0. In Fig. 5(b), as V is increased from
0.75t to 1.0t, the peaks in A(ω) move towards ω = 0 and thus
the A(ω) for “case B” increases dramatically while no such
changes are induced in the other two cases. We also study the
A(ω) with a larger value of Coulomb repulsion U = 2.4t and
V = 1.0t with particle–hole symmetry in Fig. 5(c). It is clear
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that the separations of two peaks in A(ω) increase but are still
much smaller than U . Near the charge neutral point, the spec-
tral densities for the three cases have the same order as that
given in Figs. 5(a) and 5(b).
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Fig. 5. (color online) A(ω) with respect to ω for (a) V = 0.75t, U = 1.6t,
(b) V = 1.0t, U = 1.6t, and (c) V = 1.0t, U = 2.4t. Here εd = −U/2,
β = 1/T = 40t−1, t1 = 0.2t, and t3 = 0.1t in all cases.

5. Spin and charge correlation function
In single layer graphene, the linear dispersion relation and

vanishing DOS at the Fermi energy lead to unusual Friedel
oscillations[44] as well as RKKY interactions.[45,46] Both the
Friedel oscillations and RKKY interactions in graphene de-
cay faster than those in normal metals, and our results of
charge and spin correlations between the magnetic impurity
and the conduction electrons can reflect these behaviors. Espe-
cially, the spin–spin correlation shows the spatial distribution
of the spin compensation cloud around the magnetic impurity,
and has been discussed recently in more complicated systems
such as topological semimetals[47,48] and topological surface
states[49] with spin–orbit couplings.

In Fig. 6, we present the results of charge–charge correla-
tion Ci and spin–spin correlation Si between the localized state
and the conduction electrons, which are given in Eqs. (6) and
(7), respectively. We choose the values of the parameters as
V = 1.0t, U = 0.8t, εd = −U/2, and β = 1/T = 40t−1. µ is
fixed at the zero point, so the system preserves particle–hole
symmetry. The magnitudes of inter-layer hopping energies are
selected as t1 = 0.2t and t3 = 0.1t, which are close to the val-
ues in a real BLG system. The impurity location is labeled as
i = 0, such that the sites with even indices are on the same sub-
lattice as the site where the impurity is added, and those with
odd indices are sites on the opposite sublattice.

Firstly, Ci and Si for all the three cases are relatively short-
ranged and their magnitudes decay rapidly with respect to the
location i. This behavior is very similar to those observed
in graphene.[44–46] Secondly, we can see that Ci presented in
Fig. 6(a) lacks oscillations. This is because at µ = 0 the BHL

is half-filled that the charge exchange between sites is greatly
suppressed. In addition, from the spin–spin correlation Si for
µ = 0 given in Fig. 6(b), we can see that the impurity spin
is antiferromagnetically correlated with the conduction elec-
tron spins on the same sublattice, and ferromagnetically corre-
lated with those on the opposite sublattice. Due to the bipartite
nature of the lattice and the localization of impurity spin, the
system would show weak spin fluctuation around the magnetic
impurity at half-filling.

Since both the charge and spin correlations decay very
fast along the zigzag lines, the screening of the conduction
electrons on the impurity charge as well as spin is mainly con-
tributed from the sites near the impurity location. If we look
at the correlations in details from Fig. 6(a1), we find that “case
B” shows larger on-site correlation |C0| than “case A”. Simi-
larly, the on-site spin–spin correlation S0 shown in Fig. 6(b1) is
stronger for “case B”. We can relate the local moment forma-
tion for “case A” and “case B” with the short-range correlation
strength. The magnitude of the on-site correlation function de-
pends on the LDOS of the carbon sites. Note that the distinc-
tion for “case A” and “case B” is determined by our choice of t1
and t3. In this case, the dimer sites have lower LDOS than the
non-dimer sites, so both C0 and S0 have smaller magnitudes
in “case A” in comparison with “case B”. Weaker screening
leads to larger local moment formed on the impurity site, so
at µ = 0 “case A” always exhibits larger local moment than in
“case B”, which is observed in both Figs. 3 and 4.
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Fig. 6. (color online) (a) The charge–charge correlation Ci and (b) the
spin–spin correlation Si versus site i. i is along a zigzag direction in
layer 1 of the BHL, and the impurity is located on top of site i = 0. In-
sets (a1) and (a2): details of C0 and C1. Insets (b1) and (b2): details of S0
and S1. In inset (b3), the sites along the red dashed (blue dotted) zigzag
lines indicate the sites we consider for “case A” (“case B”), where the
blue (red) circles represent the sites in sublattice A (B) in layer 1. The
values of the parameters are chosen as V = 1.0t, U = 0.8t, εd =−U/2,
and β = 1/T = 40t−1.
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We also focus on the behavior of on-site correlation func-
tions C0 and S0 with µ moving below the zero point in Fig. 7.
In this case the particle–hole symmetry is broken and the fill-
ing is shifted away from one. Here the parameters are chosen
as V = 1.0t, U = 0.8t, εd = −U/2, and β = 40t−1. As µ is
tuned below the Dirac point, the amplitude of on-site charge
correlations C0 in Fig. 7(a) increase because the occupancy of
the impurity orbit and conduction band shift from half-filling
so their charge exchange enhances. The differences of C0 for
the three cases are the most obvious at µ = 0. As µ is low-
ered, the differences become smaller and at µ ≈ −0.2t, three
curves touch each other. We can see the same behavior of S0 in
Fig. 7(b) as that in C0. The spin–spin correlations function di-
rectly depends on the LDOS[9] of the conduction band, where
t1 decreases the LDOS on sublattice A and increases the LDOS
on sublattice B.
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Fig. 7. (color online) (a) The charge–charge correlation C0 and (b) the
spin–spin correlation S0 versus µ . Here we use V = 1.0t, U = 0.8t,
εd =−U/2, β = 1/T = 40t−1, t1 = 0.2t, and t3 = 0.1t.

6. Conclusion
We have systematically investigated the asymmetric re-

sponse of local moment to the inter-layer hoppings in a Bernal-
stacked BHL using the non-perturbative quantum Monte Carlo
method. Due to the inter-layer hopping energies t1 and t3, the
two sublattices in the same plane become inequivalent, and
this inequivalence is reflected by the asymmetric response of
the local moment to the inter-layer hoppings. Interestingly,

both t1 and t3 show completely opposite effects in the two
cases, namely, when the magnetic impurity is coupled to the
dimer sites (“case A”) and the non-dimer sites (“case B”), re-
spectively. When the magnetic impurity is coupled to a dimer
site, t1 increases the local moment while t3 reduces it. Other-
wise if the magnetic impurity is located on a non-dimer site,
the local moment is reduced as t1 increases, but is reinforced as
t3 increases. In general, the magnitude of the local moment is
determined by the competition between these two inter-layer
hopping energies. By varying the model parameters, we can
tune the local moment between relatively large and small val-
ues, and we find that the asymmetric response persists in a very
wide parameter range. The asymmetry between the two sub-
lattices in the same plane in a Bernal-stacked BHL is reflected
by the distinctions of LDOS, so it can be measured by the scan-
ning tunneling microscopy (STM) experiments. The spin and
charge correlation functions, which also reflect the asymmetric
response in short-range, can possibly be measured by the STM
and spin-polarized STM.[50–52] Moreover, the asymmetric re-
sponse of local moment formation can be explored in exper-
iments through the measurements of magnetic susceptibility.
Our results have possible application value to the research of
Kondo effects in the class of systems whose electronic struc-
tures can be described by a BHL, e.g., the hexagonal boron
nitride bilayer (h-BN),[6] the commensurate h-BN graphene
bilayer,[7] the Mn4+ ions in Bi3Mn4O12(NO3)

[8] and in cold
atom experiments.
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