
 

Decaying solitary waves propagating in one-dimensional damped granular chain 

Zongbin Song(宋宗斌), Xueying Yang(杨雪滢), Wenxing Feng(封文星), Zhonghong Xi(席忠红), Liejuan Li(李烈娟), Yuren 

Shi(石玉仁) 
Citation:Chin. Phys. B . 2018, 27(7): 074501. doi: 10.1088/1674-1056/27/7/074501 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   
 
What follows is a list of articles you may be interested in  
 

Head-on collision between two solitary waves in a one-dimensional bead chain 

Fu-Gang Wang(王扶刚), Yang-Yang Yang(杨阳阳), Juan-Fang Han(韩娟芳), Wen-Shan Duan(段文山) 

Chin. Phys. B . 2018, 27(4): 044501. doi: 10.1088/1674-1056/27/4/044501 

Envelope solitary waves and their reflection and transmission due to impurities in a granular 
material 

Wen-Qing Du(杜文青), Jian-An Sun(孙建安), Yang-Yang Yang(杨阳阳), Wen-Shan Duan(段文山) 

Chin. Phys. B . 2018, 27(1): 014501. doi: 10.1088/1674-1056/27/1/014501 

Fully nonlinear (2+1)-dimensional displacement shallow water wave equation 

Feng Wu(吴锋), Zheng Yao(姚征), Wanxie Zhong(钟万勰) 

Chin. Phys. B . 2017, 26(5): 054501. doi: 10.1088/1674-1056/26/5/054501 

Binary collision approximation for solitary waves in a Y-shaped granular chain 

Chen Qiong, Yang Xian-Qing, Zhao Xin-Yin, Wang Zhen-Hui, Zhao Yue-Min 

Chin. Phys. B . 2013, 22(1): 014501. doi: 10.1088/1674-1056/22/1/014501 

Maturing process of solitary wave train in a step-down chain 

Xia Ji-Hong,Wang Ping-Jian,Liu Chang-Song 

Chin. Phys. B . 2012, 21(2): 024501. doi: 10.1088/1674-1056/21/2/024501 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract72358.shtml�
http://cpb.iphy.ac.cn/�
http://iopscience.iop.org/cpb�
http://cpb.iphy.ac.cn/EN/abstract/abstract71851.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract71298.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract71298.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract69898.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract51674.shtml�
http://cpb.iphy.ac.cn/EN/abstract/abstract45606.shtml�


Chin. Phys. B Vol. 27, No. 7 (2018) 074501

Decaying solitary waves propagating in one-dimensional damped
granular chain∗

Zongbin Song(宋宗斌)1,2, Xueying Yang(杨雪滢)1,2, Wenxing Feng(封文星)1,2,
Zhonghong Xi(席忠红)1,2,3, Liejuan Li(李烈娟)1,2, and Yuren Shi(石玉仁)1,2,†

1College of Physics and Electronic Engineering, Northwest Normal University, Lanzhou 730070, China
2Laboratory of Atomic Molecular Physics & Functional Material of Gansu Province, Lanzhou 730070, China

3College of Physics and Hydropower Engineering, Gansu Normal University For Nationalities, Hezuo 747000, China

(Received 19 October 2017; revised manuscript received 21 March 2018; published online 25 June 2018)

We numerically investigate the nonlinear waves propagating in a one-dimensional particle chain when the damping
effect is taken into account. It is found that decaying solitary waves exist, in which the amplitude of the wave decreases
exponentially as time increases. Meanwhile, the velocity of the solitary wave also slows down as time goes. This result
implies that the damping coefficient is an important parameter in such a nonlinear system. Theoretical analysis has also
been done by the reductive perturbation method. The result indicates that the nonlinear waves propagating in such a system
can be described by the damped KdV equation.
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1. Introduction
The propagation of solitary wave in a non-prestressed

one-dimensional nonlinear granular chain was first proposed
by Nesterenko in 1984[1] and was verified lately.[2] In Refs. [1]
and [2], the authors assumed that the interaction between two
contacted particles follows the Hertzian law, and they found
that the interaction forces propagating in the one-dimensional
granular chain forms a solitary wave. This solitary wave has
strong nonlinearity.[3–5] Nesterenko noticed that the propaga-
tion of a perturbation in a granular chain with Hertzian contact
has the nature of a soliton.[6–9] The existence of this kind of
soliton pulses has also been confirmed by both theoretical and
experimental studies.[10–14] Despite the large amount of recent
work on this subject,[11,12,14–23] the granular system in physics
still needs a great deal of challenging new research.

In Refs. [24]–[26], the researchers also found that the soli-
tary wave in a prestressed one-dimensional granular chain is
quite different from the characteristics of a sound wave for
the non-prestressed case, implying that the prestress probably
plays an important role in the properties of solitary waves.
However, the damping effect was neglected in most of the
references mentioned above. In this paper, we find that the
properties of solitary waves will be changed when the damp-
ing effect is taken into account. In fact, the solitary waves
propagating in such a system can be described by the damped
KdV equation instead of the KdV equation. It is also found
numerically that the amplitude of the solitary wave decreases
exponentially as time increases.

2. Model
We consider the case that N identical balls (made of

steel), confined in a polytetrafluoroethylene (PTFE) tube, are
placed horizontally to form a one-dimensional granular chain,
as shown in Fig. 1. The first particle of the chain, driven
by an external force, oscillates harmonically along the hori-
zontal direction. The last ball is fixed, which causes all the
particles to move around the equilibrium position and the dis-
placement cannot be very large. The i-th ball (i = 1, 2, 3,
. . . , N) is labeled by i. We assume that all the particles have
the same radius R, the same mass m, and the same material
parameters, such as Young’s modulus Y and Poisson’s ratio
σ . The potential between two contacted particles is assumed
to be Hertz’s potential, expressed as U = 1

n kδ n, where δ is
the overlap deformation between the two contacted particles,
k = (R/2)1/2/D(Y,σ), and D(Y,σ) = 3(1−σ2)

2Y .[27] In general,
the value of n depends upon the contact geometry between two
contacted particles and typically varies between n = 5/2 and
3.[14,28] In our work, n is taken to be 5/2. For the i-th particle
(i = 2, 3, 4, . . . , N− 1), the damping force is also taken into
account, and assumed to be proportional to the i-th particle’s
velocity. Thus, the dynamic of the granular chain can be de-
scribed by a set of N coupled nonlinear equations, in which
the motion equation of the i-th particle can be expressed as

m
d2ui

dt2 = nk[(2R+ui−1−ui)
n−1− (2R+ui−ui+1)

n−1]

−βυi(t), i = 2,3, . . . ,N−1, (1)
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where ui = ui(t) is the position of the i-th particle at time t,
υi(t) =

dui
dt is its velocity, and β is the coefficient of the struc-

tural damping of the material.

i⇁ii↩ ............

R

solitary wave

Fig. 1. Illustration of a one-dimensional granular chain.

The first particle oscillates harmonically along the hori-
zontal direction. Thus the motion equation can be given easily
as

u1(t) = Asinωt, υ1(t) = Aω cosωt, (2)

where A is the amplitude, ω is the frequency, and both of them
are constants. For the N-th particle located at the most far-right
of the chain, the motion equation is

υN(t) = 0, (3)

because it is fixed.

3. Numerical simulation
We now numerically investigate the solitary waves propa-

gating in the one-dimensional granular chain shown in Fig. 1.
We place a granular chain composed of 200 particles (N =

200). In the experiment, we use steel balls. The parameters
are taken as Young’s modulus Y = 2.06× 1011 Pa, Poisson’s
ratio σ = 0.3, the density ρ = 7.9× 103 kg/m3, the radius
R = 0.006 m, and the damping coefficient β = 10 kg/s. So
we can get the mass m = 4

3 ρπR3 = 7.144× 10−3 kg and the
k = Y

3(1−σ2)

√
2R = 8.266×109 kg ·m−1/2 · s−2. In the exper-

iment, one can apply an external force on the first particle to
generate solitary waves. In our study, we assume that the first
particle is driven by an external force. The first particle os-
cillates harmonically along the horizontal direction, with the
frequency ω and a very small amplitude A. Both A and ω

are adjustable constants. In our simulation, they are taken as
A = 2.5×10−4 m and ω = 1.0×105 rad/s. We find that soli-
tary waves can be generated under such circumstances.

Figure 2 displays the profiles of solitary waves propagat-
ing in a one-dimensional granular chain under different pa-
rameters at the same time. The red line is the solitary wave
(called undamped soliton) when there is no damping force
(β = 0 kg/s), while the black line shows the solitary wave
(called damped soliton) when there is damping force (β =

10 kg/s). It is remarkable that for a finite granular system,
because the particle located at the most far-right of the granu-
lar chain is fixed, the reflection wave will be formed when the

solitary wave arrives near the last particle. In the numerical ex-
periment, it is also noted that the reflection wave (if it exists),
which propagates along the left direction, is still a solitary one.
However, here we only consider the case that the solitary wave
is far away from the last particle. Thus, the reflected wave is
so weak that can be omitted. It can be seen clearly from Fig. 2
that the amplitude of the damped soliton is smaller than the
undamped soliton because of damping. Furthermore, the un-
damped soliton propagates a longer distance than the damped
soliton during the same time, which implies that the aver-
age speed of the undamped soliton is faster than the damped
soliton. Under this case, the average speeds of damped soli-
ton and undamped soliton are Vdamp = 1.820× 103 m/s and
Vundamp = 2.016× 103 m/s, respectively. A detailed obser-
vation indicates that the amplitude of the undamped soliton
is nearly invariant when time goes, while the amplitude of
the damped soliton decreases exponentially as time increases,
which is shown in Fig. 3.
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Fig. 2. (color online) Profiles of solitary waves propagating in a one-
dimensional granular chain. Red line: no damping, i.e., damping coef-
ficient β = 0 kg/s. Black line: damping coefficient β = 10 kg/s.
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Fig. 3. (color online) Profiles of the damped soliton propagating in a
one-dimensional granular chain at different times t = 0.0002 s, 0.0004 s,
0.0006 s, 0.0008 s, and 0.0010 s.

In Fig. 3, one can see that the damped soliton travels along
the right direction and its amplitude decreases monotonously
as time increases. This implies that there exists kinetic en-
ergy loss because of the damping force applied on the granular
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chain. The damping force in such a system has great influences
on the propagation of solitary waves in the granular chain. In
Fig. 4, the profiles of damped soliton under different damping
coefficients are shown for a certain time t = 0.001 s.

We can see from Fig. 4 that the smaller the damping co-
efficient is, the larger the amplitude is, which suggests that
the kinetic energy loss increases when the damping coefficient
increases. It can also be seen from Fig. 4 that a damped soli-
ton travels a shorter distance than the one for a smaller damp-
ing coefficient, which implies that the average speed of the
damped soliton is lower than that one. In order to make it more
clear, the maximum average speed, which can be regarded as
the amplitude of the solitary wave, is computed as

υmax = max

{
1
5

2

∑
j=−2

υi+ j |i = iB, iB +1, . . . ,N−2

}
,

where iB should be large enough to avoid the influence of the
particles located near the most-left of the chain. In practice,
we take iB = 10.
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Fig. 4. (color online) Profiles of damped soliton under different damp-
ing coefficients β = 5 kg/s, 10 kg/s, 15 kg/s, 20 kg/s, and 25 kg/s at
time t = 0.001 s.

Figure 5 shows the maximum average speed υmax ver-
sus time t for different damping coefficients β . It can be seen
evidently from Fig. 5 that the amplitude of the solitary wave
decreases as time t increases for a given β . In order to see
that υmax decreases exponentially indeed, a fitting function
for υmax when β = 20 kg/s is achieved as υmax ≈ 8.3e−1407t ,
which is shown as a solid line in Fig. 5. It can also be seen
clearly that υmax decays faster and faster as the damping coef-
ficient β increases.
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Fig. 5. (color online) υmax versus time t under different damping coef-
ficients β = 5 kg/s, 10 kg/s, and 20 kg/s with dotted lines. Solid line is
the fitted curve when β = 20 kg/s.

Meanwhile, we find numerically that the radius of the par-
ticles R also has obvious effects on the solitary waves. Figure 6
shows the maximum average speed υmax versus time t for dif-
ferent particle radii R for a fixed β = 10 kg/s. One can see
from Fig. 6 that at the beginning as the solitary wave is formed,
the amplitude of the solitary wave for a smaller R is larger than
that one with bigger R. However, it decreases even faster than
that one with a bigger radius as time increases, which tells us
that a bigger radius is to the benefit of the propagating of a
solitary wave. It is also noted that the amplitude of the solitary
waves decreases exponentially, just like those shown in Fig. 5.
The solid line in Fig. 6 is a fitting function υmax ≈ 9.32e−1123t

for the case of R =0.005 m, indicating that υmax indeed de-
creases exponentially as time goes on.
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Fig. 6. (color online) υmax versus time t under different particle radii
R = 0.005 m, 0.006 m, and 0.008 m with dotted lines. The solid line is
the fitted curve when R = 0.005 m. Here we take β = 10 kg/s.

4. Theoretical analysis
To understand the above nonlinear phenomena clearly,

we now perform a theoretical analysis on Eq. (1). The ab-
solute position of the i-th particle at time t can be rewritten as
ui(t) = (2i−1)R′+si(t), where si(t) is the displacement from
its equilibrium position at time t and R′ is the effective radius
of the particle. At initial time t = 0 s, the particle chain is
prestressed by an external force, which leads to that the effec-
tive radius of each particle will become smaller. We assume
that the overlaps between two contacted particles are the same,
noted by δ0. Then R′ can be written as R′ = R− δ0

2 . Now, the
equation (1) can be rewritten as

m
d2si

dt2 = nk
[
(δ0 + si−1− si)

n−1− (δ0 + si− si+1)
n−1
]

−β
dsi

dt
, i = 2,3, . . . ,N−1. (4)

If the prestress is large enough, i.e. δ0 � si−1 − si and
δ0 � si− si+1, one can expand the two terms in the bracket
of Eq. (4) by their Taylor series. Then the equation (4) can be
approximated as

m
d2si

dt2 = n(n−1)kδ
n−2
0 [(si−1− si)− (si− si+1)]
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+
n(n−1)(n−2)

2
kδ

n−3
0

× [(si−1− si)
2− (si− si+1)

2]−β
dsi

dt
, (5)

where the cubic nonlinear term and other higher-order terms
have been omitted.

Under long-wavelength approximation, si varies slowly
in space. One can expand si±1 with the continuous approxi-
mation

si±1 = si±
dsi

di
+

1
2

d2si

di2
± 1

6
d3si

di3
+

1
24

d4si

di4
±·· · , (6)

where i is assumed to be a continuous variable.[27] Equa-
tion (5) becomes

d2si

dt2 = B1

(
d2si

di2
+

1
12

d4si

di4

)
+B2

dsi

di
d2si

di2
− β

m
dsi

dt
, (7)

where

B1 =
n(n−1)kδ

n−2
0

m
, B2 =−

n(n−1)(n−2)kδ
n−3
0

m
,

and si = si(t) = s(i, t).
Following the reductive perturbation method,[29–32] we

make the coordinate transformation{
ξ=ε (i−λ t) ,
τ = ε3i,

where ε � kc (kc the wave number) is a small parameter
(ε � 1),[30] i.e., the long wavelength approximation, and λ

is a constant which will be determined later. We also make the
expansion

s = ε
′s1 (ξ ,τ)+ ε

′3s2 (ξ ,τ)+ · · · ,

where ε ′ is also a small parameter with the same order of
ε (ε ′ = αε), i.e., the small amplitude approximation. We
choose α = 1 in the system since its value does not affect
the final results.[30] Then we substitute these expansions into
Eq. (7). At the lowest order, one can obtain λ =

√
B1 . As

an assumption, it is proposed that the damping coefficient in
Eq. (7) is β = pε3, where p is a constant. Substituting these
expressions into Eq. (7) yields

∂ 2s1

∂ξ ∂τ
+

B2

2B1

∂ s1

∂ξ

∂ 2s1

∂ξ 2 +
1

24
∂ 4s1

∂ξ 4 +
p
√

B1

m
∂ s1

∂ξ
= 0. (8)

If one introduces the transformation w= ∂ s1
∂ξ

, then equation (8)
becomes the damped KdV equation

∂w
∂τ

+ γ1w
∂w
∂ξ

+ γ2
∂ 3w
∂ξ 3 + γ3w = 0, (9)

where γ1 = B2/2B1, γ2 = 1/24, and γ3 = p
√

B1/m. In Eq. (9),
the last item γ3w represents the damping effect.

For the above damped KdV equation (9), the solitary
wave solution with a generalized form is given as[33]

w = a(t)sech2

[(
γ1a(t)
12γ2

) 1
2

ζ

]
,

ζ = ξ − γ1a0

4γ3

(
1− e−

4
3 γ3t
)
+ l, (10)

where a(t) is the amplitude of the solitary wave, and

a(t) = a0 e−
4
3
∫ t
t0

γ3 dτ
= a0 e−

4
3 γ3(t−t0), (11)

a0 is the amplitude of the wave at initial time t = t0, and l is
an arbitrary constant which only affects the phase of the wave.
Furthermore, one can get

υp =
γ1a0

3
e−

4
3 γ3t , K ∝

(
γ1a0

12γ2

) 1
2

e−
2
3 γ3t ,

χ ∝

√
12γ2

γ1a0
e

2
3 γ3t , (12)

where υp is the phase velocity of the solitary wave, K the wave
number, and χ the width of the solitary wave. From Eqs. (11)
and (12), we find that the amplitude of the solitary wave de-
creases exponentially, however, the width of the solitary wave
increases, as time t increases when γ3 > 0. It is somewhat re-
versed that the amplitude of the solitary wave increases expo-
nentially but the width of the solitary wave decreases as time
goes when γ3 < 0. Meanwhile, the velocity of the solitary
wave also varies as the wave propagates.[33]
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Fig. 7. (color online) Wave frames for (a) the numerical results and (b)
the analytical results.

From the above analysis, we know that ui(t) =

(2i−1)R′+ si(t) and w = ∂ s1
∂ξ

, which results in that the veloc-

ity of the i-th particle is υi =
∂ui
∂ t = −λε2 ∂ s1

∂ξ
= −λε2w. Fig-

ure 7(a) shows the profiles of a decaying solitary wave at dif-
ferent time t by solving Eq. (1) directly and numerically. The
parameters are chosen as β = 10 kg/s and R = 0.006 m. Other
parameters are the same as before. Figure 7(b) is the graph of
an analytical solution of the damped KdV equation (9), given
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by Eq. (10). In Fig. 7(b), for the sake of simplicity, −w is in-
stead of w when making the graph. We can see from Fig. 7 that
the analytical results are rather similar to the numerical results,
implying that it is indeed that the damped KdV equation can
be used to describe the solitary waves propagating in a one-
dimensional granular chain when the damping effect is taken
into account. We also computed the numerical results and ana-
lytical solutions under lots of different parameters. The graphs
for those results are omitted because they are similar to Fig. 7.

5. Conclusion
We numerically investigate the nonlinear wave propagat-

ing in a one-dimensional particle chain when the damping
effect is taken into account. It is found that decaying soli-
tary waves exist which can be described by the damped KdV
equation. The numerical results indicate that the amplitude of
the solitary wave decreases exponentially as time increases.
Meanwhile, the velocity of the solitary wave also slows down
as time goes on. This result also implies that the damping co-
efficient is an important parameter in such a nonlinear system.
Finally, comparing the numerical solution to the analytical so-
lution of the damped KdV equation shows that the numeri-
cal solution and analytical solution are consistent qualitatively
with each other.
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